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Frustrated trimer chain model and Cu3Cl6„H2O…2"2H8C4SO2 in a magnetic field
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Recent magnetization and susceptibility measurements on Cu3Cl6~H2O!2•2H8C4SO2 by Ishii et al. @J. Phys.
Soc. Jpn.69, 340 ~2000!# have demonstrated the existence of a spin gap. In order to explain the opening of a
spin gap in this copper-trimer system, Ishiiet al. have proposed a frustrated trimer chain model. Since the
exchange constants for this model have not yet been determined, we develop a 12th-order high-temperature
series for the magnetic susceptibility and fit it to the experimentally measured one. We find that some of the
coupling constants are likely to beferromagnetic. The combination of several arguments does not provide any
evidence for a spin gap in the parameter region with ferromagnetic coupling constants, but further results, e.g.,
for the magnetization process are in qualitative agreement with the experimental observations.

DOI: 10.1103/PhysRevB.63.174407 PACS number~s!: 75.50.Ee, 75.40.Mg, 75.45.1j
r-
ou
n

io
ve
e

en
in

re

o
n
ob
io

l
e

ls

ge
g

p.
of
ters

ion

pro-

ally
tant
he
e
fe

n
h-
the

ut-
ore
tion

use
ical
del
21.

in-
i-
I. INTRODUCTION

The trimerizedS5 1
2 Heisenberg chain in a strong exte

nal magnetic field has already received a substantial am
of theoretical attention, one reason being a plateau at o
third of the saturation magnetization in the magnetizat
curve.1–5 Some frustrated variants of the trimer model ha
also been investigated6–10 since they can be shown to hav
dimer ground states and thus a spin gap.

While many materials with trimer constituents exist~see,
e.g., Ref. 11!, the behavior in high magnetic fields has be
investigated only in a few of them, for instance
3CuCl2•2dioxane.12 Also Cu3Cl6~H2O!2•2H8C4SO2 belongs
to the known trimer materials,13,14but its behavior in a strong
magnetic field has been measured only recently15 and at the
same time its magnetic susceptibility has been remeasu
Surprisingly, a spin gap of about 3.9 T~that is roughly 5.5 K!
is observed both in the magnetic susceptibility
Cu3Cl6~H2O!2•2H8C4SO2,

16 as well as in the magnetizatio
as a function of external magnetic field. This system pr
ably exhibits also a plateau at one-third of the saturat
magnetization in addition to the spin gap.

Motivated by the crystal structure,13 the authors of Ref. 15
have proposed the following model~see also Fig. 1!:17

H5J1(
i 51

L/3

$S3i•S3i 111S3i 11•S3i 12%1J2(
i 51

L/3

S3i 12•S3i 13

1J3(
i 51

L/3

$S3i 11•S3i 131S3i 12•S3i 14%2h(
i 51

L

Si
z . ~1.1!

Since the spin is localized on Cu21 ions, theSi are spin-12
operators at sitei. In Eq. ~1.1!, the reduced fieldh is related
to the physical fieldH by h5gmBH in units wherekB51.
The numerical prefactor is determined bymB
'0.671 71 K/T as well as the value ofg which for the
present material is slightly above 2~the precise numerica
value depends on the direction of the external magnetic fi
relative to the crystal axes!.

For a study of the phase diagram of the Hamiltonian~1.1!,
it is useful to observe that the Hamiltonian and therefore a
0163-1829/2001/63~17!/174407~9!/$20.00 63 1744
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the phase diagram are invariant under the exchange ofJ1 and
J3 such that one can concentrate, e.g., onuJ3u<uJ1u. In fact,
the h50 phase diagram with antiferromagnetic exchan
constants (Ji>0) has been explored in Ref. 18 usin
bosonization and exact diagonalization~see also Ref. 19! de-
termining in particular a parameter region with a spin ga
Very recently, this was complemented by a computation
the magnetization curve at some values of the parame
using density-matrix renormalization group~DMRG!.20 The
investigations of Refs. 18–20 concentrated on the reg
with all coupling constants in Eq.~1.1! antiferromagnetic
(Ji>0) because Ref. 15 suggested that this should be ap
priate for Cu3Cl6~H2O!2•2H8C4SO2. However, the param-
eters relevant to the experimental system have not re
been determined so far. We believe that this is an impor
issue in particular in view of the fact that according to t
crystallographic data,13 all angles of the Cu–Cl–Cu bonds li
in the region of 91–96°—a region where usually no sa
inference on the coupling constantsJi can be made, not eve
about their signs. We will therefore develop a hig
temperature series for the magnetic susceptibility of
model ~1.1! and use it todeterminethe coupling constants
from the experimental data.15 It will turn out that some cou-
pling constants are likely to beferromagnetic, i.e., the ex-
perimentally relevant coupling constants lie presumably o
side the region studied so far. We then proceed to study m
general properties of the model and to address the ques
of a spin gap in the relevant parameter region. We
mainly perturbative arguments supplemented by numer
methods. Some supplementary results on the trimer mo
are contained in the appendixes or can be found in Ref.

FIG. 1. The frustrated trimer chain model. All corners and
tersections carry a spin2

1
2 coupled with exchange constants ind

cated by the connecting lines.
©2001 The American Physical Society07-1
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A. HONECKER AND A. LÄUCHLI PHYSICAL REVIEW B 63 174407
II. MAGNETIC SUSCEPTIBILITY AND SPECIFIC HEAT

A. High-temperature series for zero field

First we discuss some high-temperature series in z
magnetic field. We have used an elementary approac
perform the computations. Denote the Hamiltonian of
lengthL chain withh50 by H0 . Then the fundamental in
gredient for any higher-order expansion is that contributio
of tr(H0

N) to suitable physical quantities become independ
of the system sizeL if one uses a long enough chain wi
periodic boundary conditions. The concrete HamiltonianH0
given by Eq.~1.1! must be applied 2L/3 times to wind once
around the system and to feel that it is finite. On the ot
hand, contributions from tr(H0

N) with N,2L/3 are indepen-
dent of L. We have used this observation to determine
high-temperature series by simply computing the traces
the lowest powersN on a chain with a fixedL and periodic
h-
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r
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boundary conditions.22 Just two small refinements to this e
ementary approach have been made. The first one is tha
computed the traces separately for all subspaces of thz
component of the total spinStot

z . This is already sufficient to
obtain series for the specific heatcv and the magnetic sus
ceptibility x. The second one is to make also the order 2L/3
usable: At this order, only the coefficient ofJ1

L/3J3
L/3 is af-

fected by the finiteness of the chain and this coefficient
be corrected by hand using results for a Heisenberg ring
length 2L/3.

For notational convenience, we introduce the partiti
function for L sites by

ZL5tr~e2bH0! ~2.1!

with kBT51/b.
The lowest orders of a reduced magnetic susceptibilitx

are found to be
x red~b!5
1

bLZL

]2

]h2 tr~e2b~H02hStot
z

!!U
h50

5
b

L

tr@~Stot
z !2e2bH0#

ZL
5

b

4
2

b2

24
~2J31J212J1!2

b3

96
~J1

21J2
21J3

226J3J122J2J122J3J2!

1
b4

1152
~8J3

323J3
2J216J2

2J116J3J2
218J1

323J2J1
21J2

3!1
b5

4608
~228J3

2J2J1228J3J1
2J2136J3

2J1
218J3

2J2
2

18J2
2J1

222J2
3J1234J3J1

3234J3
3J1210J2J1

322J3J2
3210J3

3J2228J3J1J2
2114J1

4114J3
415J2

4!1O~b6!.

~2.2!
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Similarly, we obtain the lowest orders of the hig
temperature series for the specific heat

cv~b!

kB
5

b2

L

]2

]b2 ln~ZL!

5
b2

16
~2J1

21J2
212J3

2!1
b3

32
~2J3

312J1
31J2

3

26J3J1J2!2
b4

256
~8J3

2J2J118J3J1
2J2112J3

2J1
2

18J3
2J2

218J2
2J1

216J1
416J3

41J2
418J3J1J2

2!

1O~b5!. ~2.3!

Complete 12th-order versions of both series can be acce
via Ref. 21.

For a uniform Heisenberg chain~J15J2 andJ350!, the
coefficients of the series forx and ln(ZL)/L ~or cv! agree with
those given, for instance, in Ref. 23 when they overlap.

B. Fit to the experimental susceptibility

Now we use our 12th-order series for the susceptibi
~2.2! to fit the experimental data15 and thus extract values fo
ed

y

the coupling constantsJi . We used the data for the singl
crystal~Hib axis! and the polycrystalline sample15 as well as
some unpublished new measurements for all three axes
single crystal.24 For the polycrystalline case the averageg
factor is known to begav'2.1 from electron spin resonanc
~ESR! while in the single-crystal case15 we used theg factor
as a fitting parameter. The following prefactors are used
match the series~2.2! to the experimental data:

xexp~T!5
3NAg2mB

2

kB
x redS 1

TD . ~2.4!

We performed fits in various intervals of temperature with
lower boundary (Tl) lying between 150 and 250 K, while th
upper boundary was kept fixed at 300 K. Fits were p
formed with the raw 12th-order series. For both experimen
data sets of Ref. 15 we obtained reasonable, though vol
fits aroundTl5150– 250 K yielding the following estimates
J152250 K640 K, J25250 K640 K, J35240 K630 K.
For the single-crystal sample we additionally determinedgb
51.9560.05.

We have further performed fits to unpublished sing
crystal data sets where theg factors are known from ESR.24

When a constant is added to Eq.~2.2!, the data for all three
7-2
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FRUSTRATED TRIMER CHAIN MODEL AND . . . PHYSICAL REVIEW B63 174407
crystal axes can be fitted consistently withJ1'2300 K, J2
'280 K, andJ3'260 K in an interval of high temperature
(220&T<300 K). This set of coupling constants is in agre
ment with our earlier fits and we will use the latter in th
further discussion below.

Figure 2 shows the measured susceptibility for the po
crystalline sample15 together with the series result. Since t
parameters were obtained from a fit which was perform
with a different data set, we have usedg52.03 ~which dif-
fers slightly from the experimentally foundgav'2.1! in or-
der to obtain agreement of the raw series with the experim
tal data forT>240 K. Clearly, the raw series should not b
trusted down into the region of the maximum ofx where
Padéapproximants should be used instead. The region be
the maximum cannot be expected to be described wit
high-temperature series. The overall agreement is reason
though the theoretical result reproduces the experimental
in the vicinity of the maximum only qualitatively. This dis
crepancy might be due to the frustration in the model wh
leads to cancellations in the coefficients. Note also that,
to the frustration, the maximum ofx is located at a lower
temperature than would be expected for a nonfrustra
model with coupling constants of the same order of mag
tude. Consequently, higher orders are important in the en
temperature range covered by Fig. 2, precluding in partic
the analysis of the high-temperature tail ofx in terms of a
simple Curie-Weiss law.

The agreement for intermediate temperatures can be
proved if the maximum is included in the fitting region an
Padéapproximants are used in the fit. The main change w
respect to the fits discussed above is thatJ3 tends to be close
to J1 . However, it will become clear from the discussion
later sections that the region withJ3 close toJ1 is not ap-
propriate to describe the experimental observations of
low-temperature region.

Although we are not able to determine the coupling co
stants to high accuracy, all our fits lead to the conclusion
J2 should be antiferromagnetic andJ1 andJ3 ~or at least one
of them! must beferromagneticif one wants to model the
susceptibility measured at high temperatures15 with the frus-
trated trimer chain~1.1!. In view of earlier theoretical

FIG. 2. Experimental results for the susceptibility~‘‘ 1’’ ! in
comparison with the fit J152300 K, J25280 K, and J35
260 K. We show the raw 12th-order series~dotted line! as well as
several Pade´ approximants:@7,6# ~full line!, @6,6# ~long dashes!, and
@6,5# ~short dashes!.
17440
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investigations,18–20 this conclusion is somewhat surprisin
Note that none of our fits converged to allJi.0. Additional
assumptions~including a constraint on theJi! are necessary
to determine fromx(T) what the optimal values of theJi
would be in this antiferromagnetic region and thus allow
a comparison with Fig. 2. Such a fit and a comparison w
the present one is discussed in Appendix A. The upsho
that the experimentally observedx(T) ~Ref. 15! cannot be
explained with only antiferromagneticJi .

The findings of this section necessitate a detailed rean
sis of the Hamiltonian~1.1! since earlier works did not look
at the appropriate parameter region.

III. LANCZOS RESULTS

In order to study the zero-temperature behavior of
frustrated trimer chain we have performed Lanczos diago
izations of small clusters with periodic boundary condition
Although computations were performed for various values
the parameters, we will present explicit results only for t
final parameter set determined above. Further results in
regionJi.0 are in agreement with Refs. 18–20 and are u
in Appendix A.

Figure 3 presents the zero-temperature magnetiza
curve for the trimer chain model. Here and below the ma
netization^M& is normalized to saturation values61. First, it
is reassuring that the system still has antiferromagnetic
tures despite two ferromagnetic coupling constants~note that
we are now probing a region far from that used for determ
ing theJi!. Since experiments found a spin gap,15 an impor-
tant question clearly is if we also obtain a gap from t
model with these parameters. We have therefore perform
finite-size analysis of the gap toSz51 excitations~corre-
sponding to the first step in the finite-size magnetizat
curves of Fig. 3!. All our approaches led to results compa
ible with a vanishing gap. However, it is difficult to reliabl
exclude a gap of a few K with system sizesL<30. We will
therefore return to this issue later and assume for the extr
lated thick line in Fig. 3 a vanishing spin gap. In general, th
extrapolation was obtained by connecting the midpoints
the steps of theL530 magnetization curve, except for^M &
51 and^M &5 1

3 where the corners were used.

FIG. 3. Magnetization curve forJ152300 K, J25280 K, and
J35260 K. The thick line is an extrapolation whereas thin lin
are for finite system sizes:L512 ~dotted!, L518 ~short dashes!,
L524 ~long dashes!, andL530 ~full !.
7-3
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A. HONECKER AND A. LÄUCHLI PHYSICAL REVIEW B 63 174407
For the parameters of Fig. 3,^M &5 1
3 is reached with a

magnetic fieldH520– 25 T. The order of magnitude agre
with the experimental finding15 even if the value found
within the model is a factor of 2–3 below the experimen
one. Above this field, Fig. 3 exhibits a clear^M &5 1

3 plateau
which is expected on general grounds.1–5

We conclude this section by presenting in Fig. 4 the lo
est three excitations for theSz51 sector as a function o
momentumk, wherek is measured with respect to the grou
state, i.e.,k5kSz512kGS. This spectrum is very similar to
that of anS5 1

2 Heisenberg chain of lengthL/3 with coupling
constantJeff'16 K. In particular, one can recognize the tw
spinon scattering continuum and a few higher excitatio
This identification of the low-energy excitations of the fru
trated trimer chain with an effectiveS5 1

2 Heisenberg chain
is one of the numerical indications for the absence of a s
gap.

IV. LINE J1ÄJ3

The Lanczos results of the previous section raise the q
tion if the trimer chain model has a spin gap in the reg
with J1 ,J3,0: In this region, the model behaves like a
antiferromagnet~see, e.g., Fig. 3! which is frustrated since
the number of antiferromagnetic coupling constants aroun
triangle is odd. Therefore a spin gap appears possible in p
ciple and we proceed with further arguments to dec
whether it appears in the relevant parameter region.

Evidence for a spin gap in the parameter regionJ1 ,J3
.0 was actually first obtained on the lineJ15J3 .10 The
reason is presumably that the lineJ15J3 can be treated ana
lytically at least to some extent because then the total sp
locally conserved on each bond coupled byJ2 . In fact, one
can easily discuss the entire magnetization process25 and not
just the question of a spin gap and we refer the interes
reader to Ref. 21 for some comments on this aspect.

Recall that the model~1.1! with h50 gives rise to three
types of ground states in different regions withJ15J3.0
~we will assumeJ2.0 throughout this section!:10 That of the
S5 1

2 -S51 ferrimagnetic chain forJ2,0.908 16J1 , a spon-
taneously dimerized state for 0.908 16J1,J2,2J1 and, fi-
nally, singlets are formed on all bonds coupled byJ2 for
J2.2J1 with effectively free spins in between. In the fir

FIG. 4. Lowest three excitations in theSz51 sector forL524
~‘‘ 1’’ ! and L530 ~‘‘ 3’’ ! with J152300 K, J25280 K, andJ3

5260 K.
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and the third case, one finds ferrimagnetic behavior wit
spontaneous magnetization^M &5 1

3 and only the second re
gion exhibits the requested gap.

For J15J3,0, we found only two regions:
~i! For

J2.2J1 ~4.1!

the ground state is formed by singlets on theJ2 bonds and
freeS5 1

2 spins in between. This again gives rise to ferrima
netic behavior with a spontaneous magnetization^M &5 1

3 .
~ii ! When

J2,2J1 ~4.2!

the entire system behaves like a ferromagnet. In this case
system is spontaneously completely polarized (^M &51).

We conclude that—unlike forJ15J3.0—the ground
state is always gapless forJ15J3,0 which we have argued
to be more appropriate for Cu3Cl6~H2O!2•2H8C4SO2.

V. EFFECTIVE HAMILTONIANS FOR THE GROUND
STATE

The low-energy behavior of the model Hamiltonian~1.1!
can be analyzed further using degenerate perturbation the
Truncation at a certain order of the coupling constants le
to effective Hamiltonians which in some cases turn out to
well-known models.

We will use the abbreviations

J̃i5
Ji

J1
, J̄i5

Ji

J2
. ~5.1!

A. J1 large and antiferromagnetic

To test the method, we first consider the case of anti
romagneticJ1 . For this purpose we extend the first-ord
effective Hamiltonian of Ref. 20 for the caseJ1@J2 ,J3>0
to second order. ForJ1 large and antiferromagnetic, th
ground-state space of a trimer is given by anS5 1

2 represen-
tation. In this subspace of doublets, the effective Ham
tonian has the form of aJ1-J2 chain when truncated after th
second order:

Heff5J1(
i

Si•Si 111J2(
i

Si•Si 12 . ~5.2!

Here, theSi are effective spin-12 operators. The effective ex
change constants are

J1

J1
5

4

9
~2 J̃31 J̃2!2

79

405
J̃3

21
8

135
J̃2J̃31

211

1620
J̃2

2

~5.3!

and

J2

J1
52

91

486
J̃3

21
22

243
J̃2J̃31

10

243
J̃2

2. ~5.4!

In this approximation, the ferrimagnetic phase found in R
18 is given by an effective ferromagnetic Hamiltonian (J1
7-4
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FRUSTRATED TRIMER CHAIN MODEL AND . . . PHYSICAL REVIEW B63 174407
,0) while the antiferromagnetic phase corresponds toJ1
.0. The transition line can thus be determined fromJ1
50.26 We find

J̃35
12

79
J̃22

90

79
1

1

158
A17 245J̃2

2148 240J̃2132 400

5 J̃22
1

80
J̃2

21O~ J̃2
3!, ~5.5!

which improves the agreement of the approximationJ̃35 J̃2
~Ref. 20! with the numerical results of Ref. 18.

The dimer phase with a spin gap is characterized
J2 /J1.0.241 167(5)~see Ref. 27 and references therei!.
Using Eqs. ~5.3! and ~5.4!, it is found to open atJ̃2

'3.60,J̃3'1.361 with a square-root-like behavior ofJ̃3 as a
function of J̃2 . Since this is not in the weak-coupling regio
it is not surprising that the numbers differ substantially fro
those obtained numerically in Ref. 18. However, the top
ogy of the ground-state phase diagram comes out corre
from our effective Hamiltonian: In particular, the dimerize
spin-gap phase is located inside the antiferromagnetic p
and arises because of a sufficiently large effective sec
neighbor frustrationJ2 .

B. J2 large and antiferromagnetic

The preceding argumentation is not applicable to the
gion J2.0,J1 ,J3,0. However, a similar case has been d
cussed earlier1,4 and J2@uJ1u,uJ3u has been found to be
useful limiting case. We will now analyze this region in th
same manner as above.

For J2@uJ1u,uJ3u, the spins on allJ2 bonds couple to
singlets and only the intermediate spins contribute to
low-energy excitations. In the space of these intermed
spins, we can again map the Hamiltonian~1.1! to the Hamil-
tonian~5.2! to the lowest orders inJ1 ,J3 . Up to fifth order,
we find the effective coupling constants to be given by28

J1

J2
5~ J̄12 J̄3!2H 1

2
1

3~ J̄11 J̄3!

4
13J̄1J̄3

2
~ J̄11 J̄3!@107~ J̄1

21 J̄3
2!2406J̄1J̄3#

64 J ~5.6!

and

J2

J2
5

~ J̄11 J̄3!~ J̄12 J̄3!4

4
. ~5.7!

This mapping is now applicable regardless of the sign ofJ1
andJ3 as long asJ2.0. First we consider the case of an
ferromagneticJ1 ,J3.0. Then the effective coupling con
stants are essentially always antiferromagnetic, i.e.,J1 ,J2
.0 leading to a frustrated chain. IfJ1 and J3 are large
enough,J2 /J1 can exceed the critical value of about 0.2
~see above! and a spin gap opens. These observations
again in qualitative agreement with the phase diagram
Ref. 18. As for the preceding limit, one should not expe
17440
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good quantitative agreement since the required values oJ1
andJ3 are not small but of the same order asJ2 .

Now we turn to the more interesting caseJ1 ,J3,0. Then
the coupling constant~5.7! is always ferromagnetic:J2,0.
If uJ1u anduJ3u are large enough,J1 also becomes ferromag
netic. This is compatible with the behavior found in Sec.
on the lineJ15J3,0. If uJ1u anduJ3u are small,J1 remains
antiferromagnetic. SinceJ2 is always ferromagnetic, no
frustration arises in the effective model and a spin gap isnot
expected to open. This is true to the order which we ha
considered. Higher orders might actually yield frustrati
contributions. In any case, frustration is substantially wea
for ferromagnetic J1 ,J3,0 than for antiferromagnetic
J1 ,J3.0. It is therefore plausible that a spin gap is absen
the ferromagnetic region~unlessuJ1u and/or uJ3u are very
large and the present argument is not applicable!.

It should be noted that Eqs.~5.6! and~5.7! turn out to be
small if J̄12 J̄3 is small. In fact, one can argue that the resu
of this section remain qualitatively correct forJ̄12 J̄3 small
even if J̄1 and J̄3 are not separately small: ForJ15J3 , the
intermediate spins are effectively decoupled due to the p
ence of the singlets on theJ2 bonds~see Sec. IV!. A small
detuningJ1ÞJ3 generates an effective coupling of the inte
mediate spins via higher-order processes. However, the
fective coupling will stay small as long asJ12J3 is small. If
one wants to model Cu3Cl6~H2O!2•2H8C4SO2,uJ12J3u must
therefore at least be on the same scale as, e.g., the fieh
'80 K required to polarize the intermediate spins leading
^M &51/3.15 This observation rules out aJ1 very close toJ3 .

Finally, we also calculated the effective Hamiltonian for
strong ferromagnetic intratrimer interactionJ1 . The problem
then maps to a frustratedS5 3

2 chain with four-spin interac-
tions. Even if this is not a well-known Hamiltonian and th
issue of a spin gap thus remains unclear in this case,
present it in Appendix B in order to open the way for furth
investigation of this limit.

VI. MAGNETIZATION PLATEAUX

We complete our theoretical analysis with a discussion
plateaux in the magnetization curves of the frustrated trim
chain model. A plateau witĥM &5 1

3 is abundant in the mag
netization curve~compare Fig. 3! and can be easily under
stood in the limitsuJ2u,uJ3u!J1 or uJ1u,uJ3u!J2 . This is
readily done by adding the couplingJ3 to the series of Ref.
4. More details as well as the explicit series for the boun
aries of the^M &5 1

3 plateau are available under Ref. 2
Here we just mention that the main conclusions of Ref
regarding this plateau remain qualitatively unchanged in
presence of the additional couplingJ3 .

Regarding plateaux witĥM &Þ 1
3 , observe first that, when

a spin gap opens in the frustrated trimer model, the gro
state is dimerized, i.e., translational invariance is sponta
ously broken by a period 2. Spontaneous breaking of tra
lational invariance by a period two also permits the appe
ance of a plateau witĥM &5 2

3 ~see Ref. 29 and reference
therein!. We will now investigate this possibility further.

First we consider the caseJ1.0 and start in the limit of
7-5
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strong trimerization (J250,J350). When one applies a
magnetic field hc5 3

2 J1 , the two states u↑↑↑& and
(1/A6)(u↓↑↑&22u↑↓↑&1u↑↑↓&) are degenerate in energ
This degeneracy is then lifted by the couplingsJ2 ,J3 . The
effective Hamiltonian to first order is anXXZ chain in a
magnetic field.30–35,29We obtain the following effective cou
plings for theXXZ chain:

Jxy5
1

6
J22

2

3
J3 ,

Jz5
1

36
~J218J3!,

heff5h2hc2
1

36
~5J2122J3! ~6.1!

and therefore the effective anisotropyDeff5Jz/uJxyu is

Deff5
J218J3

u6J2224J3u
. ~6.2!

For 5
32 ,J3 /J2, 7

16 , we haveDeff.1 and thus a gap, i.e., a
^M &5 2

3 plateau in the original model. A plateau with^M &
5 2

3 can be indeed observed numerically somewhere in
region ~see, e.g., Ref. 20!. The lineJ3 /J25 1

4 describes the
Ising limit Deff5`.

In order to address the region of ferromagneticJ1 , we
now start from the limitJ15J350 and apply a magnetic
field hc5J2 . Then the two statesu↑↑& and (1/&)(u↓↑&
2u↑↓&) on theJ2 dimer become degenerate in energy wh
the intermediate spins are already polarized. This can
again treated by degenerate perturbation theory in 1/J2 . Up
to third order we find anXXZ chain with

Jxy

J2
5

1

8
~21 J̄11 J̄3!~ J̄12 J̄3!2,

Jz

J2
5

1

8
~ J̄11 J̄3!~ J̄12 J̄3!2,

heff

J2
5

h

J2
212

1

2
~ J̄11 J̄3!2

1

4
~ J̄12 J̄3!2 ~6.3!

that is

Deff5
J̄11 J̄3

u21 J̄11 J̄3u
. ~6.4!

In the region where this treatment is valid, we always hav
small Deff , i.e., no plateau at̂M &5 2

3 . Indeed, one can se
that the dimer excitations can hop at second order in 1J2
while up to this order all diagonal terms involve only a sing
dimer site. Thus up to second order the diagonal terms c
tribute only toheff and to this order one obtains anXY chain
in a magnetic field. A small anisotropy is restored at th
order before terms that are not described by a simpleXXZ
chain arise at fourth order.
17440
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e
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VII. CONCLUSIONS

We have studied the frustrated trimer chain~1.1! ~Fig. 1!
using a variety of methods. First, we have computed 12
order high-temperature series for the susceptibilityx and
specific heat. Fits of the high-temperate tail of the susce
bility computed from the model to the one measured
Cu3Cl6~H2O!2•2H8C4SO2 ~Ref. 15! lead to J25250 K
640 K and ferromagnetic J152260 K650 K, J35
240 K630 K ~we showed in Appendix A thatx(T) cannot
be fitted with the antiferromagnetic parameters proposed
Refs. 18–20!. We assumed that these parameters rem
valid down to low temperatures since we are not aware
any indication of a drastic change in the magnetic behav
of Cu3Cl6~H2O!2•2H8O4SO2 as temperature is lowered. I
fact, features of other experimental observations at inter
diate and low temperatures are roughly reproduced with
aforementioned parameters: We find a maximum inx(T) in
the region 50<T<100 K and a smooth increase of the low
temperature magnetization̂M& from 0 to 1

3 as the external
magnetic field is increased from zero to several ten Te
From a quantitative point of view, the agreement may ho
ever not yet be entirely satisfactory: Deviations between
measured susceptibility from the one obtained within
model can be seen in the interval 80<T<200 K and the
model predicts an̂ M &5 1

3 magnetization for a magneti
field that is a factor 2–3 below the one actually required
the experiment.

Probably the most exciting experimental observation15 for
Cu3Cl6~H2O!2•2H8O4SO2 is the existence of a spin gap o
about 5.5 K. We have therefore searched for a spin gap in
region of ferromagneticJ1 and J3 using several methods
Neither Lanczos diagonalization, discussion of the lineJ1
5J3 nor an effective Hamiltonian for largeJ2 provide any
evidence in favor of a spin gap in this parameter region
further careful analysis of this issue would certainly be d
sirable in particular in view of the small size of the actua
observed gap. At present, however, it seems likely that
model does not reproduce a spin gap in the relevant par
eter region.

It should be noted that the coupling constants which
have determined are about two orders of magnitude la
than the experimentally observed gap. Therefore a sm
modification of the model is sufficient to produce a gap
this magnitude. The possibilities include dimerization of t
coupling constants, exchange anisotropy as well as a
tional couplings. A modification of the model along the
lines may also help to improve the quantitative agreem
with the features observed in Cu3Cl6~H2O!2•2H8C4SO2 at
energy scales of about 100 K. Further measurements
however, needed to discriminate between these possibili
For example, it would be interesting to measure the spec
heat and compare it with our series~2.3!. It emerges also
from our analysis that a temperature of 300 K is still t
small to allow for application of a simple Curie-Weiss law
the magnetic susceptibilityx. It would therefore be useful to
measurex to higher temperatures in order to permit analy
via truncation of Eq.~2.2! after the orderT22 which would
provide a more direct check that 2(J11J3)1J2 is negative.
7-6
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However, inelastic neutron scattering would presuma
be most helpful: First, this should clearly decide
Cu3Cl6~H2O!2•2H8C4SO2 is really quasi-one-dimensiona
and secondly it would yield direct information on the exc
tation spectrum which could hopefully be interpreted
terms of coupling constants. Such a determination of
coupling constants would also circumvent the quest
whether model parameters change as a function of temp
ture since neutron scattering is carried out at low tempe
tures, i.e., the temperature scale of interest. We there
hope that neutron scattering can indeed be performed an
curious if excitations will be observed that are similar
those computed in the trimer chain model~Fig. 4!.

The frustrated trimer chain model is also interesting in
own right: It has a rich phase diagram which among oth
includes many aspects of theJ1-J2 chain such as a
frustration-induced spin gap in some parameter region.18–20

Also plateaux in the magnetization curve exist in this mod
A plateau with^M &5 1

3 is abundant both in the regions wit
antiferromagnetic and ferrimagnetich50 ground states
Also a plateau witĥ M &5 2

3 can be shown to exist in th
region withJ1 ,J3.0 ~see Ref. 20 and Sec. VI!. Like in the
case of the spin gap, the opening of the latter platea
accompanied by spontaneous breaking of translational
variance in the groundstate. Amusingly, however, the^M &
5 2

3 plateau opens already forJ2 ,J3!J1—a region where
the spin gap is absent. In this context of magnetization p
teaux, we hope that the magnetization measurements15 can
be extended to slightly higher fields which should unveil t
lower edge of thê M &5 1

3 plateau.
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APPENDIX A: ANTIFERROMAGNETIC COUPLING
CONSTANTS

In this appendix we discuss a fit of the magnetic susc
tibility x with antiferromagnetic coupling constantsJi.0. A
number of assumptions are necessary in order to obtain a
a convergent fit with parameters in the antiferromagne
spin-gap region.18–20

First we fix the ratio of the magnetic fieldh(^M &5 1
3 ) to

the spin gaphc(^M &50) approximately to the experimenta
value15

h~^M &5 1
3 !

hc~^M &50!
514.1. ~A1!

To this end, we used numerical data forh(^M &5 1
3 ) and

hc(^M &50) on systems of sizeL512, 18, and 24. This data
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was extrapolated toL5` in the same manner as in Ref. 1
i.e., with a polynomial fit hL(^M &)5h`(^M &)1a/L
1b/L2. For the spin gap, this amounts to reproducing
computation of Ref. 19. The numerical solutions to Eq.~A1!
were then approximated by

J̃350.3~ J̃220.85!210.63, ~A2!

where we used the notation~5.1!. An analytic formula was
needed in order to implement the constraint~A1! by inserting
Eq. ~A2! into Eq. ~2.2! before performing a fit. Equation
~A2! is valid for 0.6& J̃2&2.

The constraint~A2! is still not sufficient to ensure antifer
romagneticJi.0 with 0.6< J̃2<2. To achieve this goal, we
had to make the following further adjustments when fitti
our series~2.2! to the experimental data:15 ~i! Keep g as a
fitting parameter;~ii ! add a constant to Eq.~2.2! and use this
as another parameter in the fit;~iii ! start fitting at low tem-
peraturesTl'100 K.

Note that bothg and the additive constant turn out to b
quite large. For example, for the parameters used in Fig
we foundg'2.9 and an additive constant of about20.17
31023 K21/kB . This means that the prefactor in Eq.~2.4! is
off by a factor of about 2 from the value determined by ES
and that the absolute value of the additive constant is alm
40% of the susceptibility observed atT5300 K!

On the basis of these unrealistic parameters, one co
already discard this fit tox(T). Nevertheless, we compare
to the one shown in Fig. 2: Fig. 5 shows the measured s
ceptibility for the polycrystalline sample15 together with the
series evaluated atJ15120 K, J25141 K, and J3579 K.
This parameter set is close to parameters proposed in
19. This proposal was based on two assumptions:~i! The
model should give rise to the experimentally observed s
gap of around 5 K.15 ~ii ! The maximum ofx is located at
T'0.7J1 . While we do indeed reproduce the spin gap rath
accurately, the second assumption is falsified by our com
tation: The frustration pushes the maximum ofx(T) again to
lower temperatures as compared to a nonfrustrated syst

Figure 5 should be compared to Fig. 2. The seemin
better agreement in the region 100<T<200 K is due to in-
cluding this temperature interval in the fit for Fig. 5, but n

FIG. 5. Experimental results for the susceptibility~‘‘ 1’’ ! in
comparison with the fitJ15120 K, J25141 K, andJ3579 K. We
show the raw 12th-order series~dotted line! as well as the@7,6#
Padéapproximant~full line!.
7-7
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in Fig. 2. Note that theuJi u are now smaller by a factor o
about 2 than those used in Fig. 2. One would therefore
pect better convergence in the vicinity of the maximum
x(T), i.e., for 50<T<100 K. This expectation is confirme
by the fact that in Fig. 5, the@7,6#, @6,6#, and @6,5# Padé
approximants are indistinguishable. However, while the
ries reproduces the maximum roughly in Fig. 2, this is de
nitely not the case in Fig. 5. The better agreement of the fi
Fig. 2 with the experimental data atT'70 K is particularly
remarkable since this temperature range is far from the fit
region in this case, while closeby temperatures were use
Fig. 5. In combination with the unrealistic assumptio
needed to obtain a convergent fit with allJi.0 one can
therefore conclude safely that only antiferromagnet coup
constants are not suitable for describing the experime
data15 for the susceptibilityx(T).

APPENDIX B: EFFECTIVE HAMILTONIAN FOR J1

LARGE AND FERROMAGNETIC

For a strong ferromagnetic intratrimer interactionJ1 , the
noninteracting ground states are built from products of trim
S5 3

2 states. Up to second order we find the following effe
tive Hamiltonian in this subspace of low-lying trimer qua
tets:

Heff5Ja(
i

Si•Si 111Jb(
i

Si•Si 12

1Jc(
i

~Si•Si 11!21
Jd

2 (
i

$~Si•Si 11!

3~Si 11•Si 12!1~Si 12•Si 11!~Si 11•Si !%, ~B1!
r

tt

S

.

n

i,

17440
x-
f

-
-
n

g
in

g
al

r
-

where theSi are now effective spin-3
2 operators.

The coupling constants are found to be

Ja5
1

9
~J212J3!1

197J2
21212J2J31212J3

2

2592uJ1u
,

Jb5
2J2

215J2J312J3
2

27uJ1u
,

Jc5
41J2

21100J2J3136J3
2

1296uJ1u
,

Jd52
4~2J2

215J2J312J3
2!

243uJ1u
. ~B2!

Even if this effective Hamiltonian is not a well-known one,
is clear that there is no spin gap in first order, since then
system is effectively a nearest neighborS5 3

2 Heisenberg
chain which is either gapless (J212J3.0) or ferromagnetic
(J212J3,0).

If one neglects theJc andJd terms, one obtains a frus
tratedS5 3

2 chain which has been investigated with DMR
and leads to a gap forJb /Ja*0.3.36 It seems to be possible
to obtain antiferromagneticJa andJb in this region ifJ2 and
J3 are chosen suitably and large~a region including the cou-
pling constants determined in Sec. II B!. However, then one
is not in the perturbative region anymore and theJc andJd
terms may also become important. Further discussion
therefore needed for reliable conclusions about a gap on
basis of the Hamiltonian~B1! with coupling constants~B2!.
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