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Frustrated trimer chain model and CusClg(H,0),:2HC,SO, in a magnetic field
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Recent magnetization and susceptibility measurements g@lgH,0),-2HgC,SO; by Ishii et al. [J. Phys.
Soc. Jpn69, 340(2000] have demonstrated the existence of a spin gap. In order to explain the opening of a
spin gap in this copper-trimer system, Iskii al. have proposed a frustrated trimer chain model. Since the
exchange constants for this model have not yet been determined, we develop a 12th-order high-temperature
series for the magnetic susceptibility and fit it to the experimentally measured one. We find that some of the
coupling constants are likely to ferromagnetic The combination of several arguments does not provide any
evidence for a spin gap in the parameter region with ferromagnetic coupling constants, but further results, e.g.,
for the magnetization process are in qualitative agreement with the experimental observations.
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I. INTRODUCTION the phase diagram are invariant under the exchande aifid
J3 such that one can concentrate, e.g.|dji<|J,|. In fact,

The trimerizedS= ; Heisenberg chain in a strong exter- the h=0 phase diagram with antiferromagnetic exchange
nal magnetic field has already received a substantial amougbnstants {;=0) has been explored in Ref. 18 using
of theoretical attention, one reason being a plateau at ongpsonization and exact diagonalizati@ee also Ref. J%e-
third of the saturation magnetization in the magnetizatior‘termining in particular a parameter region with a spin gap.
curvel™ Some frustrated variants of the trimer model have\/ery recently, this was complemented by a computation of
also been investigatéd'® since they can be shown to have the magnetization curve at some values of the parameters
dimer ground states and thus a spin gap. using density-matrix renormalization grodpMRG).° The

While many materials with trimer constituents exisee,  jnyestigations of Refs. 18-20 concentrated on the region
e.g., Ref. 11, the behavior in high magnetic fields has beenyth all coupling constants in Eq(1.1) antiferromagnetic
investigated only in a few of them, for instance in (j.>0) because Ref. 15 suggested that this should be appro-
3CuCh-2dioxane:? Also CuCle(H;0),-2HsC,SO; belongs  priate for CuCly(H,0),-2HaC,SO, However, the param-
to the known trimer materialS*but its behavior in astrong  eters relevant to the experimental system have not really
magnetic field has been measured only recehitind at the  peen determined so far. We believe that this is an important
same time its magnetic susceptibility has been remeasure@s;e in particular in view of the fact that according to the
Surprisingly, a spin gap of about 3.9(fhat is roughly 5.5 K ¢rystallographic dat& all angles of the Cu—Cl-Cu bonds lie
is observed both in the magnetic susceptibility of;, the region of 91-96°—a region where usually no safe
CusClg(H,0),- 2HsC,S0;,, *° as well as in the magnetization inference on the coupling constardscan be made, not even
as a function of external magnetic field. This system probyzpout their signs. We will therefore develop a high-
ably exhibits also a plateau at one-third of the Saturat'oriemperature series for the magnetic susceptibility of the

magnetization in addition to the spin gap. model (1.1) and use it todeterminethe coupling constants
Motivated by the crystal structuréthe authors oflfef. 15 from the experimental daf.It will turn out that some cou-
have proposed the following modedee also Fig. pling constants are likely to bferromagnetici.e., the ex-
L/3 L3 perimentally relevant coupling constants lie presumably out-

H=J .S 4+Se 1 Su 4] - side the region studied so far. We then proceed to study more
12’1 (S Soieat Saia-Sai2d 22’1 Sz Saiv3 general properties of the model and to address the question

of a spin gap in the relevant parameter region. We use

‘ . ‘ 4 2 mainly perturbative arguments supplemented by numerical
+‘]3i§1 {Sai+1-Saivat Saivz Saival hgl S @D hethods. Some supplementary results on the trimer model
are contained in the appendixes or can be found in Ref. 21.

L/3 L

Since the spin is localized on €uions, theS are spin3
operators at sité In Eq. (1.1), the reduced fieldh is related
to the physical fieldH by h=gugH in units wherekg=1. Ji
The numerical prefactor is determined byug
~0.67171K/T as well as the value @ which for the

present material is slightly above (the precise numerical J3
value depends on the direction of the external magnetic field
relative to the crystal axgs FIG. 1. The frustrated trimer chain model. All corners and in-

For a study of the phase diagram of the Hamiltor(d),  tersections carry a spint coupled with exchange constants indi-
it is useful to observe that the Hamiltonian and therefore als@ated by the connecting lines.
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[l. MAGNETIC SUSCEPTIBILITY AND SPECIFIC HEAT boundary condition& Just two small refinements to this el-
ementary approach have been made. The first one is that we
computed the traces separately for all subspaces ofzthe

First we discuss some high-temperature series in zeroomponent of the total spi;,;. This is already sufficient to
magnetic field. We have used an elementary approach tobtain series for the specific hegt and the magnetic sus-
perform the computations. Denote the Hamiltonian of aceptibility y. The second one is to make also the ordet2
length L chain withh=0 by Ho. Then the fundamental in- usable: At this order, only the coefficient at"335” is af-
gredient for any higher-order expansion is that contributiongected by the finiteness of the chain and this coefficient can
of tr(Hg) to suitable physical quantities become independenbe corrected by hand using results for a Heisenberg ring of
of the system sizé if one uses a long enough chain with length 2./3.
periodic boundary conditions. The concrete Hamiltorti&n For notational convenience, we introduce the partition
given by Eq.(1.1) must be applied /3 times to wind once function for L sites by
around the system and to feel that it is finite. On the other _
hand, contributions from tH}) with N<2L/3 are indepen- Z =tr(e” o) 2.1

, 0 pen

dent of L. We have used this observation to determine thewith kgT=1/5.
high-temperature series by simply computing the traces for The lowest orders of a reduced magnetic susceptibylity
the lowest powerd on a chain with a fixed. and periodic  are found to be

A. High-temperature series for zero field

1 &
= —B(H —h320>

h=0
tr[ ( z 2e—BHO] 2 3
Jé S““Z—L = /Zg— %(2J3+J2+ 2J7)— 5—6(J§+J§+J§—6J3J1—2J231— 2353,)
ﬁA 3 2 2 2 3 2 3 ﬁs 2 2 212 212
+ 1755895733835+ 6350, + 63303+ 87— 33,01+ 33) + 40— 2803050, — 280307, + 36133 + 83503

+8J5J2— 2330, — 343303 34030, — 100,33 — 23,33 — 10033, — 28153, 35+ 1437 + 1435+ 535) + O(8).
(2.2

Similarly, we obtain the lowest orders of the high- the coupling constant§;. We used the data for the single
temperature series for the specific heat crystal(Hllb axis) and the polycrystalline sampfeas well as
some unpublished new measurements for all three axes of a

2 2 ) -
Co(B) _ B—a—ln(z ) single crystaf* For the polycrystalline case the average
kg L dB° - factor is known to bey,~2.1 from electron spin resonance
) 3 (ESR while in the single-crystal caSewe used they factor

=2 (2324324232 + °(233+ 233+ 33 as a fitting parameter. The following prefactors are used to
1621t J2t 2035+ 55(205+ 2014, match the serie€2.2) to the experimental data:

4
—6J3J,J,) — B—(8J§J2Jl+ 8J3J2J,+ 12322 3NAQ® 15 1

256 Xexp(T): k—BXred(? . (2.9

+8J335+8J5)2+ 6J7+ 65+ I3+ 8J5J,J9) o ,
We performed fits in various intervals of temperature with a
+O(B%). (2.3  lower boundary T) lying between 150 and 250 K, while the
ugper boundary was kept fixed at 300 K. Fits were per-
formed with the raw 12th-order series. For both experimental
data sets of Ref. 15 we obtained reasonable, though volatile
fits aroundT,;=150-250K yielding the following estimates:
J;=—250K*=40K, J,=250K*=40K, J;=—-40K=30K.
For the single-crystal sample we additionally determiggd
=1.95+0.05.
We have further performed fits to unpublished single-
Now we use our 12th-order series for the susceptibilitycrystal data sets where tigefactors are known from ESFK.
(2.2) to fit the experimental datdand thus extract values for When a constant is added to Eg.2), the data for all three

Complete 12th-order versions of both series can be access
via Ref. 21.

For a uniform Heisenberg chaid,=J, andJ;=0), the
coefficients of the series forand In@)/L (or c,) agree with
those given, for instance, in Ref. 23 when they overlap.

B. Fit to the experimental susceptibility
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FIG. 2. Experimental results for the susceptibility+") in
comparison with the fitJ;=—-300K, J,=280K, and J;= _ o - R
— 60 K. We show the raw 12th-order seri@otted ling as well as J;=—60K. The thick line is an extrapolation whereas thin lines

several Padepproximantsf7,6] (full line), [6,6] (long dashes and irfzfzr(lflnltedsyite)sm s:jZf?:‘ ;01(2]( (I(Ij)otted, L =18 (short dashes
[6,5] (short dashes = ong dashes andL = ull).

FIG. 3. Magnetization curve fo,;=—300K, J,=280K, and

_ investigations®-2° this conclusion is somewhat surprising.
crystal axes can be fitted consistently with~—300K, J,  Note that none of our fits converged to aJi>0. Additional
~280K, andJ;~—60K in an interval of high temperatures assumptiongincluding a constraint on th&) are necessary
(220=T=300K). This set of coupling constants is in agree-to determine fromy(T) what the optimal values of th&
ment with our earlier fits and we will use the latter in the would be in this antiferromagnetic region and thus allow for
further discussion below. a comparison with Fig. 2. Such a fit and a comparison with

Figure 2 shows the measured susceptibility for the polythe present one is discussed in Appendix A. The upshot is
crystalline sampl together with the series result. Since the that the experimentally observedT) (Ref. 19 cannot be
parameters were obtained from a fit which was performquxmained with only antiferromagneti; .
with a different data set, we have usge2.03 (which dif- The findings of this section necessitate a detailed reanaly-

fers slightly from the experimentally foung,~2.1) in or-  sjs of the Hamiltoniar(1.1) since earlier works did not look
der to obtain agreement of the raw series with the experimengt the appropriate parameter region.

tal data forT=240K. Clearly, the raw series should not be
trusted down into the region of the maximum gfwhere
Padeapproximants should be used instead. The region below
the maximum cannot be expected to be described with a In order to study the zero-temperature behavior of the
high-temperature series. The overall agreement is reasonalfleistrated trimer chain we have performed Lanczos diagonal-
though the theoretical result reproduces the experimental origations of small clusters with periodic boundary conditions.
in the vicinity of the maximum only qualitatively. This dis- Although computations were performed for various values of
crepancy might be due to the frustration in the model whichithe parameters, we will present explicit results only for the
leads to cancellations in the coefficients. Note also that, duénal parameter set determined above. Further results in the
to the frustration, the maximum of is located at a lower regionJ;>0 are in agreement with Refs. 18—20 and are used
temperature than would be expected for a nonfrustrateth Appendix A.
model with coupling constants of the same order of magni- Figure 3 presents the zero-temperature magnetization
tude. Consequently, higher orders are important in the entireurve for the trimer chain model. Here and below the mag-
temperature range covered by Fig. 2, precluding in particulanetization{M) is normalized to saturation valuesl. First, it
the analysis of the high-temperature tail pfin terms of a  is reassuring that the system still has antiferromagnetic fea-
simple Curie-Weiss law. tures despite two ferromagnetic coupling constantte that

The agreement for intermediate temperatures can be inwe are now probing a region far from that used for determin-
proved if the maximum is included in the fitting region and ing the J;). Since experiments found a spin g&mn impor-
Padeapproximants are used in the fit. The main change withtant question clearly is if we also obtain a gap from the
respect to the fits discussed above is thaends to be closer model with these parameters. We have therefore performed a
to J;. However, it will become clear from the discussion in finite-size analysis of the gap t8°=1 excitations(corre-
later sections that the region with; close toJ; is not ap- sponding to the first step in the finite-size magnetization
propriate to describe the experimental observations of theurves of Fig. 3. All our approaches led to results compat-
low-temperature region. ible with a vanishing gap. However, it is difficult to reliably

Although we are not able to determine the coupling con-exclude a gap of a few K with system sizes<30. We will
stants to high accuracy, all our fits lead to the conclusion thatherefore return to this issue later and assume for the extrapo-
J, should be antiferromagnetic adg andJ; (or at least one lated thick line in Fig 3 a vanishing spin gap. In general, this
of them must beferromagneticif one wants to model the extrapolation was obtained by connecting the midpoints of
susceptibility measured at high temperattiesith the frus-  the steps of thé. =30 magnetization curve, except fa¥)
trated trimer chain(1.1). In view of earlier theoretical =1 and(M)=3 where the corners were used.

Ill. LANCZOS RESULTS
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60 ; ; ; T and the third case, one finds ferrimagnetic behavior with a
ok Tt ot spontaneous magnetizatioM )= 3 and only the second re-
R R x| gion exhibits the requested gap.
A0 x0T ] For J;=J3<0, we found only two regions:
2 30 | s - (i) For
|54} + % +
207 X X 1 J2>_J1 (41)
10k 5 the ground state is formed by singlets on thebonds and
0" ‘ : ‘ ' free S= 3 spins in between. This again gives rise to ferrimag-
- 0 w2 T netic behavior with a spontaneous magnetizagioh = 3.
(i) When
FIG. 4. Lowest three excitations in ti&=1 sector forL =24 J<—3 4.2
(*+") andL=30 (“ Xx") with J;=—-300K, J,=280K, andJ; 2 1 (4.2)
=—60K. the entire system behaves like a ferromagnet. In this case the
system is spontaneously completely polarizédl{=1).
For the parameters of Fig. 8V )=13 is reached with a We conclude that—unlike fol;=J;>0—the ground

magnetic fieldH =20-25T. The order of magnitude agrees state is always gapless fdf=J;<0 which we have argued
with the experimental finding even if the value found to be more appropriate for QOlg(H,0),- 2HgC,SOs.
within the model is a factor of 2—3 below the experimental
one. Above this field, Fig. 3 exhibits a Cle(dtfl>=% plateau V. EFFECTIVE HAMILTONIANS FOR THE GROUND
which is expected on general grourids. STATE

We conclude this section by presenting in Fig. 4 the low- ] o
est three excitations for th8°=1 sector as a function of The low-energy behavior of the model Hamiltoniin1)

momentunk, wherek is measured with respect to the ground ¢@n be analyzed further using degenerate perturbation theory.
state, i.e.k=kg_;—Kgs. This spectrum is very similar to Truncation at a certain order of the coupling constants leads

that of anS= 1 Heisenberg chain of lenglty3 with coupling to effective Hamiltonians which in some cases turn out to be
constant~16 K. In particular, one can recognize the two- Well-known models.

spinon scattering continuum and a few higher excitations. W& Will use the abbreviations
This identification of the low-energy excitations of the frus-

trated trimer chain with an effectiv®=3 Heisenberg chain ji:i, \]_Izi (5.1)
is one of the numerical indications for the absence of a spin J1 J2
gap.
A. J, large and antiferromagnetic
IV. LINE J,=J, To test the method, we first consider the case of antifer-

romagneticJ;. For this purpose we extend the first-order
The Lanczos results of the previous section raise the quegffective Hamiltonian of Ref. 20 for the cade>J,,J;=0
tion if the trimer chain model has a spin gap in the regionto second order. Fod, large and antiferromagnetic, the
with J;,J3<<0: In this region, the model behaves like an ground-state space of a trimer is given bySm} represen-
antiferromagnetsee, e.g., Fig. Bwhich is frustrated since tation. In this subspace of doublets, the effective Hamil-

the number of antiferromagnetic coupling constants around gynjan has the form of a;-J, chain when truncated after the
triangle is odd. Therefore a spin gap appears possible in prinsecond order:
ciple and we proceed with further arguments to decide
whether it appears in the relevant parameter region.
Evidence for a spin gap in the parameter reginds Heff:jlzi: 3'3+1+u72§i: S-S+2- (5.2
>0 was actually first obtained on the ling=J;.1° The
reason is presumably that the lidg=J; can be treated ana- Here, theS are effective spink operators. The effective ex-
lytically at least to some extent because then the total spin ishange constants are
locally conserved on each bond coupledBy In fact, one
can easily discuss the entire magnetization prdcessl not ﬂ_ ‘_1(_3 +3,) - Ej2+ i’j ot ﬁjz
just the question of a spin gap and we refer the interested J; 9 “2 "2/ 4053 135°2°2 16202
reader to Ref. 21 for some comments on this aspect. (5.3
Recall that the mode[l.1) with h=0 gives rise to three
types of ground states in different regions with=J;>0
(we will assumel,>0 throughout this sectigrt® That of the A 91_.. 22 _ 0.
1 . . . Ye . T7/H2, T 772
S=3-S=1 ferrimagnetic chain fod,<0.908 16,, a spon- 3.~ " 7863 " 22392931 57392 (5.4
taneously dimerized state for 0.908J16:J,<2J; and, fi- !
nally, singlets are formed on all bonds coupled Byfor  In this approximation, the ferrimagnetic phase found in Ref.
J,>2J, with effectively free spins in between. In the first 18 is given by an effective ferromagnetic Hamiltoniaff, (

and
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<0) while the antiferromagnetic phase corresponds7io good quantitative agreement since the required valuel of

>0. The transition line can thus be determined frgfp ~ andJs are not small but of the same order Bs

=0.2® We find Now we turn to the more interesting cadg J;<0. Then
the coupling constant.7) is always ferromagnetic/,<0.

~ 12, 9 1 = =~ If [J;] and|J| are large enough?; also becomes ferromag-
= —_— —_—— — 2 . l . . 3 . . 1 . .
‘]3_79‘]2 79+ 158\/17 2435+48240,+ 32400 netic. This is compatible with the behavior found in Sec. IV
on the lineJ;=J3<0. If |J;] and|J;| are small,7; remains
=3, —J§+O(J§), (5.5 antiferromagnetic. Since7, is always ferromagnetic, no

80 frustration arises in the effective model and a spin gamots

. expected to open. This is true to the order which we have

which improves the agreement of the approximatigirJ,  considered. Higher orders might actually yield frustrating

(Ref. 20 with the numerical results of Ref. 18. contributions. In any case, frustration is substantially weaker
The dimer phase with a spin gap is characterized byor ferromagnetic J;,J;<0 than for antiferromagnetic

J21J,>0.241167(5)(see Ref. 27 and references thejein j,,3,>0. Itis therefore plausible that a spin gap is absent in

Using Egs. (5.3 and (5.4), it is found to open at)J, the ferromagnetic regiorfunless|J;| and/or|J;| are very

~3.60,)3~1.361 with a square-root-like behaviordf as a large and the present argument is not applicable

function ofJ,. Since this is not in the weak-coupling region, 't Should be noted that Eqé5.6) and(5.7) turn out to be

it is not surprising that the numbers differ substantially fromsmall if J;—Jz is small. In fact, one can argue that the results

those obtained numerically in Ref. 18. However, the topol-of this section remain qualitatively correct fay —J; small

ogy of the ground-state phase diagram comes out correctlyyen ifJ_1 andJ_g, are not separately small: Fd5=J;, the

from our effective Hamiltonian: In partiCUIar, the dimerized intermediate Spins are effective]y decoup|ed due to the pres-

spin-gap phase is located inside the antiferromagnetic phaggce of the singlets on thi bonds(see Sec. Iy, A small

and arises because of a sufficiently large effective Seconéetuning J,# J; generates an effective coupling of the inter-

neighbor frustration?,. mediate spins via higher-order processes. However, the ef-
fective coupling will stay small as long dg— Js is small. If
B. J, large and antiferromagnetic one wants to model GClg(H,0),-2HgC,SO, ,|J;— J5| must

The preceding argumentation is not applicable to the retheréfore at least be on the same scale as, e.g., thehfield
gion J,>0,J;,J;<0. However, a similar case has been dis-~80K reclglreq to polarlz_e the intermediate spins leading to
cussed earliéf and J,>|J,|,|J5| has been found to be a (M)f 1/3.° This observation rules outk very close tals.
useful limiting case. We will now analyze this region in the  Finally, we also calculated the effective Hamiltonian for a
same manner as above. strong ferromagnetic intratrimer interactidpn. The problem

For J,5|J4],|35], the spins on alll, bonds couple to then maps to a frustrate®= 2 chain with four-spin interac-

singlets and only the intermediate spins contribute to thdions: Even if this is not a well-known Hamiltonian and the
low-energy excitations. In the space of these intermediatsSu€ Of @ spin gap thus remains unclear in this case, we
spins, we can again map the Hamiltonidnl) to the Hamil- present it in Appendix B in order to open the way for further

tonian (5.2) to the lowest orders id; ,J5. Up to fifth order, ~ Nvestigation of this limit.
we find the effective coupling constants to be giver®oy

VI. MAGNETIZATION PLATEAUX

T — 51 3(01t+d3) —— _ o _ _
3, (J1=3a)%) 5+ ——— +341Js We complete our theoretical analysis with a discussion of
plateaux in the magnetization curves of the frustrated trimer
(31+33)[ 10733+ 33) — 4063, J5] chain model. A plateau withM) = 5 is abundant in the mag-
- oa (5.6 netization curve(compare Fig. Band can be easily under-
stood in the limits|J,|,|J5|<<J; or |Jq],|35|<J,. This is
and readily done by adding the couplinly to the series of Ref.
4. More details as well as the explicit series for the bound-
To (I1+33)(3,—Jp)* aries of the(M)=3 plateau are available under Ref. 21.
£= 4 . (5.7 Here we just mention that the main conclusions of Ref. 4

regarding this plateau remain qualitatively unchanged in the
This mapping is now applicable regardless of the sigd.of presence of the additional couplidg.
andJ; as long as),>0. First we consider the case of anti-  Regarding plateaux wittiM )+ 3, observe first that, when
ferromagneticJ,,J;>0. Then the effective coupling con- a spin gap opens in the frustrated trimer model, the ground
stants are essentially always antiferromagnetic, i%®,.7»,  state is dimerized, i.e., translational invariance is spontane-
>0 leading to a frustrated chain. [f; and J; are large ously broken by a period 2. Spontaneous breaking of trans-
enough,7,/7; can exceed the critical value of about 0.241 lational invariance by a period two also permits the appear-
(see aboveand a spin gap opens. These observations arance of a plateau withM)=% (see Ref. 29 and references
again in qualitative agreement with the phase diagram ofherein. We will now investigate this possibility further.
Ref. 18. As for the preceding limit, one should not expect First we consider the cash >0 and start in the limit of
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strong trimerization {,=0J3;=0). When one applies a VIl. CONCLUSIONS

ic fi _3
?117%)8 (t|'1: T Tf;e_ld2|?°l_T>zil|'T ”t;l)e a:;v?je Séitee;lygg e?g? We have studied the frustrated trimer chélnl) (Fig. 1)
9 gy using a variety of methods. First, we have computed 12th-

This degeneracy is then lifted by the couplingsJs. The order high-temperature series for the susceptibijtyand

effective Hamiltonian to first order is aXXZ chain in a " ) . . .
magnetic field°-2%We obtain the following effective cou- spgmﬂc heat. Fits of the high-temperate tail of the suscepti-
plings for theXXZ chain: bility computed from the model to the one measured on
CuClg(H,0),-2HgC,SO, (Ref. 15 lead to J,=250K
1 2 +40K and ferromagnetic J=-260K+50K, J;=
xy= 927 393 —40K+30K (we showed in Appendix A thag(T) cannot
be fitted with the antiferromagnetic parameters proposed in
1 Refs. 18-20 We assumed that these parameters remain
JZ=%(J2+8J3), valid down to low temperatures since we are not aware of
any indication of a drastic change in the magnetic behavior
1 of CusClg(H,0),- 2HgO,SO, as temperature is lowered. In
he=h—he— == (5J,+ 22J3) (6.2 fact, features of other experimental observations at interme-
36 diate and low temperatures are roughly reproduced with the
aforementioned parameters: We find a maximuny(i) in
the region 56 T<100K and a smooth increase of the low-
J,+8J3 temperature magnetizatigiv) from 0 to 5 as the external
Aet=Ta7—5577- (6.2 magnetic field is increased from zero to several ten Tesla.
guantitative point of view, the agreement may how
For 2 <J3/J,< i, we haveA >1 and thus a gap, i.e., an €ver not yet be entirely satisfactory: Deviations between the
<M>=§ plateau in the original model. A plateau wi{M) measured susceptibility from the one obtained within the
=2 can be indeed observed numerically somewhere in thighodel can be seen in the interval 8U<200K and the

region (see, e.g., Ref. 20The lineJ;/J,=1 describes the model predicts an(M)=3 magnetization for a magnetic

Ising limit A gg=0e. field that is a factor 2—3 below the one actually required in
In order to address the region of ferromagnetic we  the experiment.

now start from the limitJ;=J;=0 and apply a magnetic Probably the most exciting experimental observfidor

field h,=J,. Then the two state$|1) and (1#2)(||1)  CWCle(H0)2-2Hs0,SO, is the existence of a spin gap of

—|71)) on theJ, dimer become degenerate in energy while&bout 5.5 K. We have therefore searched for a spin gap in the

the intermediate spins are already polarized. This can beegion of ferromagnetid; and J; using several methods.

again treated by degenerate perturbation theory Ja.Up Neither Lanczos diagonalization, discussion of the line

to third order we find anKXZ chain with =J; nor an effective Hamiltonian for largé, provide any
evidence in favor of a spin gap in this parameter region. A
Jyy

1 — == = further careful analysis of this issue would certainly be de-
3, g (21311 J3)(J1=33)%, sirable in particular in view of the small size of the actually
observed gap. At present, however, it seems likely that the
J, 1 — _— _ model d_oes not reproduce a spin gap in the relevant param-
N §(J1+J3)(J1—JS)2, eter region. _ _

2 It should be noted that the coupling constants which we
have determined are about two orders of magnitude larger
than the experimentally observed gap. Therefore a small
modification of the model is sufficient to produce a gap of
, this magnitude. The possibilities include dimerization of the
that is coupling constants, exchange anisotropy as well as addi-
tional couplings. A modification of the model along these
lines may also help to improve the quantitative agreement
with the features observed in gTig(H,0),- 2HgC,SO, at
energy scales of about 100 K. Further measurements are,
In the region where this treatment is valid, we always have @owever, needed to discriminate between these possibilities.
small A, i.e., no plateau atM)=5%. Indeed, one can see For example, it would be interesting to measure the specific
that the dimer excitations can hop at second order i3 1/ heat and compare it with our seri¢®.3). It emerges also
while up to this order all diagonal terms involve only a singlefrom our analysis that a temperature of 300 K is still too
dimer site. Thus up to second order the diagonal terms corsmall to allow for application of a simple Curie-Weiss law to
tribute only tohes and to this order one obtains &Y chain  the magnetic susceptibility. It would therefore be useful to
in a magnetic field. A small anisotropy is restored at thirdmeasurey to higher temperatures in order to permit analysis
order before terms that are not described by a sit§¥&  via truncation of Eq(2.2) after the ordefm 2 which would
chain arise at fourth order. provide a more direct check that 2(+ J3) +J, is negative.

J

and therefore the effective anisotropys=J,/|J/ is

e _ N ai30- 3302 63
3, "3, T 20t 70 da) (6.3

Ji+J;

1243, + 34
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However, inelastic neutron scattering would presumably
be most helpful: First, this should clearly decide if
CusClg(H,0),- 2HgC,SO, is really quasi-one-dimensional

M
and secondly it would yield direct information on the exci- m;
tation spectrum which could hopefully be interpreted in -
terms of coupling constants. Such a determination of the vy
coupling constants would also circumvent the question E 025

whether model parameters change as a function of tempera-

ture since neutron scattering is carried out at low tempera- L . , .

tures, i.e., the temperature scale of interest. We therefore 0 50 100 150 200 250 300

hope that neutron scattering can indeed be performed and are TIK]

curious if excitations will be observed that are similar to

those computed in the trimer chain modElg. 4). FIG. 5. Experimental results for the susceptibility+") in
The frustrated trimer chain model is also interesting in itscomparison with the fid;=120K, J,=141K, andJ;=79K. We

own right: It has a rich phase diagram which among othershow the raw 12th-order seriédotted ling as well as thg7,6]

includes many aspects of thé;-J, chain such as a Padeapproximant(full line).

frustration-induced spin gap in some parameter re{fiof?

Also plateaux in the magnetization curve exist in this modelwas extrapolated th = in the same manner as in Ref. 19,

A plateau with(M)=% is abundant both in the regions with i.e., with a polynomial fit h ((M))=h.((M))+a/L

antiferromagnetic and ferrimagnetis=0 ground states. +b/L% For the spin gap, this amounts to reproducing the

Also a plateau With(M)z% can be shown to exist in the computation of Ref. 19. The numerical solutions to El)

region withJ;,J3>0 (see Ref. 20 and Sec. VILike in the ~ were then approximated by

case of the spin gap, the opening of the latter plateau is . _

accompanied by spontaneous breaking of translational in- J3=0.33J,—-0.852+0.63, (A2)

variance in the groundstate. Amusingly, however, ¢ . .
=2 plateau opens already fak,,J;<J;—a region where where we used the notatidb.1). An analytic formula was

the spin gap is absent. In this context of magnetization plal€eded in order to implement the constrdt) by inserting
teaux, we hope that the magnetization measurertieasm ~ £d- (A2) into Eq. (2.2) before performing a fit. Equation
be extended to slightly higher fields which should unveil the(A2) is valid for 0.6sJ,=<2.

lower edge of thd M)=1 plateau. The constraintA2) is stillnot sufficient to ensure antifer-
romagneticJ;>0 with 0.6<J,<2. To achieve this goal, we
ACKNOWLEDGMENTS had to make the following further adjustments when fitting

our series(2.2) to the experimental dafg:(i) Keepg as a
We are very grateful to M. Ishii and H. Tanaka for pro- fitting parameter(ii) add a constant to E¢2.2) and use this
viding us with their partially unpublished data for the sus-as another parameter in the filii) start fitting at low tem-
ceptibility and for discussions. In addition, useful discussiongyeraturesr,~ 100 K.
with D. C. Cabra, F. Mila, M. Troyer, and T. M. Rice are  Note that bothg and the additive constant turn out to be
gratefully acknowledged. A.H. is indebted to the Alexanderquite large. For example, for the parameters used in Fig. 5,

von Humboldt Foundation for financial support during thewe foundg~2.9 and an additive constant of abou.17
initial stages of this work as well as to the ITP-ETHZ for %« 103 K~ Y/kg . This means that the prefactor in €g.4) is

hospitality. off by a factor of about 2 from the value determined by ESR
and that the absolute value of the additive constant is almost
APPENDIX A: ANTIFERROMAGNETIC COUPLING 40% of the susceptibility observed &t 300 K!
CONSTANTS On the basis of these unrealistic parameters, one could

) ) ) ) ) already discard this fit tq(T). Nevertheless, we compare it
In this appendix we discuss a fit of the magnetic suscepy, the ‘one shown in Fig. 2: Fig. 5 shows the measured sus-

tibility x with antiferromagnetic coupling constaits>0. A ceptibility for the polycrystalline sampltogether with the
number of assumptions are necessary in order to obtain at alkries evaluated al;=120K, J,=141K, andJ;=79K.
a convergent ﬁg_‘z"(’)ith parameters in the antiferromagneticryis parameter set is close to parameters proposed in Ref.
Spin-gap feg'oﬁ- , o ) 19. This proposal was based on two assumpti¢isThe
First we fix the ratio of the magnetic fiell((M)=3) to  odel should give rise to the experimentally observed spin
the spin gamh((M)=0) approximately to the experimental gan of around 5 K (i) The maximum ofy is located at
value T~0.7J,. While we do indeed reproduce the spin gap rather
accurately, the second assumption is falsified by our compu-
h((M)=3) tation: The frustration pushes the maximum@f) again to
W =14.1. (AL Jower temperatures as compared to a nonfrustrated system.
Figure 5 should be compared to Fig. 2. The seemingly
To this end, we used numerical data flo¢(M)=3) and better agreement in the region ¥00<200K is due to in-
h:.((M)=0) on systems of size=12, 18, and 24. This data cluding this temperature interval in the fit for Fig. 5, but not
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in Fig. 2. Note that théJ;| are now smaller by a factor of where theS; are now effective spig-operators.
about 2 than those used in Fig. 2. One would therefore ex- The coupling constants are found to be
pect better convergence in the vicinity of the maximum of

x(T), i.e., for 50=T=<100K. This expectation is confirmed 1 197J§+ 2121,d5+ 212.]§
by the fact that in Fig. 5, th¢7,6], [6,6], and[6,5] Pade Ja=§(J2+233)+ 2593,] ,
approximants are indistinguishable. However, while the se- !
ries reproduces the maximum roughly in Fig. 2, this is defi-
nitely not the case in Fig. 5. The better agreement of the fit in B 2J5+53,5+ 235
Fig. 2 with the experimental data @&t=70K is particularly Jo= 27134 '
remarkable since this temperature range is far from the fitting
region in this case, while closeby temperatures were used in 2 2
Fig. 5. In combination with the unrealistic assumptions _Alet 1OOJ2‘]3+36]3,
needed to obtain a convergent fit with dl>0 one can ¢ 12963,
therefore conclude safely that only antiferromagnet coupling
constants are not suitable for describing the experimental 4(2J§+ 5J,J3+ 2J§)
datd® for the susceptibilityy(T). TJq=— 2437, . (B2)
1
APPENDIX B: EFFECTIVE HAMILTONIAN FOR  J; Even if this effective Hamiltonian is not a well-known one, it
LARGE AND FERROMAGNETIC is clear that there is no spin gap in first order, since then the

. . . § .
For a strong ferromagnetic intratrimer interactiop the ~ SySteém is effectively a nearest neightB+; Heisenberg

noninteracting ground states are built from products of trimefch&in which is either gapless{+ 2J;>0) or ferromagnetic
S=2 states. Up to second order we find the following effec-(J212J3<0).

tive Hamiltonian in this subspace of low-lying trimer quar-  !f one geglepts theJ. and Jy terms, one obtains a frus-
tets: tratedS=3 chain which has been investigated with DMRG

and leads to a gap foff,/ 7,=0.33% It seems to be possible
to obtain antiferromagnetig, and.7, in this region ifJ, and
Herr= jaZ S-St jbzi S-Sz J; are chosen suitably and large region including the cou-
pling constants determined in Sec. )l.Blowever, then one
Jd is not in the perturbative region anymore and thieand 74
+jczi (S S0+ 72 {(S-S+2) terms may also become important. Further discussion is
therefore needed for reliable conclusions about a gap on the
X(S11°S4+2)+(S42:S:0)(S4+1-S)}, (BY basis of the HamiltoniaB1) with coupling constantéB2).
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