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Critical fluctuation effects near the normal-metal-superconductor phase transition
at low temperatures
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The effects of the fluctuations on the conductivity in the normal state near normal-metal—superconductor
phase transition for temperatures close to zero are studied. The generic phase diagram for the classical and
guantum critical fluctuation regime is derived.
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In recent years a variety of materials have been studieth the “classical” region our results coincide with those of
where a normal-metal-to-superconductor transition occur&ef. 8 under special conditions discussed below. In 3D case
when parameters such as pressure or carrier concentrationr derivation leads to results different from theirs.
are varied. These transitions can happen even at zero tem- We begin our discussion by introducing the nonstationary
perature where they are driven by quantum fluctuations ofsinzburg-Landau equation
superconducting phase nuclei, i.e., quantum phase transition.
The heavy fermion systems Cef&i, and Celg that show
superconductivity in a narrow interval of high pressure close

to a magnetic quantum critical point belong to this class of .
materials: Similar behavior with some distinctive dif- whereg, the coherence length, and the distance from the

ferences are found in various low-dimensional or anicphase—transition line are the parameters that depend on tem-

q h haMTSE), X 9 perature and purity. The term witlmondissipativg second-
supercon uctors,2 such as tha'M > group X order time derivatives that has been analyzed in Ref. 9 is
=PF;,AsF;, ...).© A further example of a quantum phase

! e : : omitted here, and we take only the dissipative linear time
transition of a Fermi liquid to a superfluid fotHe nan  derivative into account, which is most important in the low-
aerogel has been discoveréd@ihe best-known case is found frequency region. Note that in the absence of particle-hole
in overdoped high-temperature superconductors where Séymmetry at the Fermi level there is a propagative compo-
perconductivity disappears upon excessive carrier doping. nent to the time derivativé’. Here we consider only the dis-

At finite temperatures the superconducting phase transkipative part, because its influence clearly dominates the con-
tion is accompanied by the appearance of inhomogeneoutuctivity behavior. The frequency of the order-parameter
configurations of the superconducting order parameter, i.efluctuations is obtained immediately from the equation
thermal fluctuations of the superconducting order parameter.

The typical energies of the fluctuation modes are much . €+ £0K?

smaller tharT, so that the classical statistics is appropfiate lo=—"%7"" )
(kg=h=1). The influence of thermal critical fluctuations on

the metallic properties such as the conductivity or diamagwhich is equivalent to the inverse relaxation time for a given
netic susceptibility has been investigated for a long time.wave vectork. This frequency is the key quantity that dis-
Generally we expect that as zero temperature is approachdiiguishes between the classical and the quantum regime.
the energy of fluctuations becomes larger than the temperd-he situation with final critical temperature studied usually
ture. The configurational or thermal fluctuations play then &or the ordinary superconductors either clean or doped by the
diminishing role giving way to the dynamical or quantum impurities not causing the depairing effects is characterized
fluctuations® Within the framework of a weak-coupling BCS by e=T—T./T. and a= /8T, where T, is the eventual
model we analyze here the necessary conditions for thtransition temperature. The basic frequency proportional to
guantum critical fluctuations to gain importance and presen{T —T.) is much smaller than the temperatdreeT.. Con-

the corresponding generalization of the Aslamazov-Larkinsequently, the fluctuations of the order parameter can be con-
theory’ for fluctuation corrections to the dc conductivity. The sidered as the quasistatic configurations with positive energy
problem of the normal-metal—superconductor quantum phagey|, that couple with the other degrees of freedom of the
transition has been studied recently also by Ramazashvithermodynamic system, fast fluctuating with frequencies of
and Coleman for exotic superconductors withthe order of temperature.

“odd-pairing”’ and for a quantum critical point driven by ~ To see where and in which form the classical picture
pair-breaking disordét.Our study has the same starting breaks down we consider now a superconductor close to a
point as Ref. 8. We intend, however, to analyze critical be-quantum critical point with pressuf as the controlling pa-
havior in the entire region around the phase transition. Forameter. This situation can be realized if the initial pressure-
the weak-coupling BCS limit in two-dimensionéD) case dependent critical temperatufgy(P) is suppressed down to

92 o2 _
aat+§0( iV)e+ey(r,t)=0, (1)
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E A We will now investigate the difference of the two regimes

2 quantum in the behavior of the paraconductivity. For this purpose we

g generalize the calculation of the Aslamazov-Larkin part of
eI T T ) the paraconductivifyto be valid both in the static and the

P = classical dynamic case. This can be done based on the formulation by

IlO

Aronov et al.”” and leads to

superconducting o2 62)2J~ kiddk % dZ[ L k)]2 J h z
oq =(2e&; —df 5—[JL(z, —cothz=,
(247) 21T 0z 2T
. (@)

where
FIG. 1. Schematic phase diagram of pressure versus tempera-
ture. The solid line indicates the superconducting phase transition
and the dashed line corresponds to the crossover between classical L(z,k)= 52
and quantum regimes. e+ gk —iaz

temperature

®)

) o _is the Green’s function of the Ginzburg-Landau EL. The
Tc(P) by the scattering of the quasiparticles at magnetic Oypression above is valid when the current vertex corrections
ordinary impurities(the latter is possible for unconventional (blocks containing three normal-metal Green functibi

superconducting or superfluid stateBor strong enough im- g6 , andk independent. Our calculations show that this is
purity scattering at some critical pressure related t0 thgyfiled under the conditionwr<1 andve7k<1. We use
mean-free  time of the quasiparticle scattering  eypression(4) to study the behavior of paraconductivity in
=/ Teo(Pc), the superconducting transition temperature isgherconductors of different geometry: a bulk supercon-
sqppressgd completely and. we have reached the quantyfyctor. a thin film of thicknesb< &= ¢,/€2, and a wire of
critical point (Iny~0.577 . . . is theEuler constant® To be cross sectiors< £2.

concrete let us assume thgf,(P) is a monotonically de- In the static limit corresponding te<aT this equation

creasing function of pressure. At pressuRes P where the  (oquces to the known Aslamazov-Larkin fofm
real transition temperaturg.(P)<T.(P), it can be shown

that the parameters and &, in Eq. (1) behave liké! e K2d
=7 T—-T(P)], ég=ve7, anda=r7. The last relation and o= 2(2€§S)zan S — (6)
the validity of the time-dependent Ginzburg-Landau equa- (2m) e+ £2k?)8

tion nearT=0 in the presence of pair-breaking scattering has . ) . .

been recently demonstrated by HerbfiHence we find that from which we immediately obtain the standard results,
up to T;(P;) =0 approaching the transition point by chang-
ing temperature at fixed pressutey|<T and the classical
fluctuation regime is realized. For this reason the fluctuation
correction to the specific heat always originates from classic
thermal fluctuations and follows standard behabior. e?aT

2
(bulk), (7)

o=

7T§051/2

On the other hand, we may approach the transition by op==——— (film), (8)
changing the pressure at a fixed temperdturieere we ob- 2mel
tain
_ezano . 9
_ J |nTC0( P) of= 263/28 (ere)1 ( )

oo [P—Pd(T)] 3
representing the classical behavior.

In the dynamical or quantum limig>aT the evaluation
of Eqg. (4) is more difficult. However, we may obtain the
parametric dependence of the paraconductivity in leading or-
rcjer by consideringgT/e€)<1 as a small parameter. Then we
find, up to a numerical factor of order unity, the following
behavior deep in the quantum regirtigg. 1):

and as abovea= 7. From this point of view the two regimes
are more conveniently distinguished, s |=¢/a can be
smaller as well as larger thah In the latter situation the
dynamics of the order-parameter fluctuations become impo
tant in defining the quantum regime. It is worth noting here
that at|w,|>T the equation based on the first-order time
derivative (1) is still valid as long as the inequalitiw,| 7 5 )
<1 holds. On the other hand, the scattering raté pro- e“(aT)

vides the necessary cutoff in infrared singularities appearing TN o2 £oe? (bulk), (10
in the theory forT— 0.2 In Fig. 1 we give a schematic view
of the phase diagram where the dashed line represents the 2 2

_ : 2e“(aT)
crossover between the classical and quantum regimes for oq= —————— (film), (11)
eachP (T)=P.(0)(1—A7?T?) whereA is of order one. 3m2€l
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2e?(aT)2&, In summary, we have studied the fluctuation correction to
o= o (Wire). (120  the conductivity near the phase transition to the supercon-
TETS ducting state at low temperatures within the framework of a

weak-coupling BCS theory. We determined the regimes
where thermal and quantum order-parameter fluctuations are
important. Finally we found that the dynamical or quantum
fluctuations are less efficient in the augmentation of the con-
ductivity than thermal fluctuations.

We see that in the region of importance of dynamic fluctua
tionsaT< e the Aslamazov-Larkin corrections to conductiv-
ity (10)—(12) areaT/e times smaller than in the classic re-
gionaT>e.

We may now discuss our result in comparison with the

work of Ramazashvili and Colemdfi These authors studied
the low-temperature properties for the cad®e P (T=0),

The authors are grateful to A. A. Varlamov and A. I.

which lies within the classical regime in our phase diagramlLarkin for enlightening discussions. In particular, we would

Using Eq.(7) and(8) with exT? we get agreement with their
weak-coupling result for the two dimensionaty<T~1), but
we differ in the three-dimensional camur o< const versus
their O'ﬂoch/Z) .
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