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Classical dynamics of electrons in quantized-acoustoelectric-current devices

A. M. Robinson and C. H. W. Barnes
Cavendish Laboratory, University of Cambridge, Madingley Road, Cambridge CB3 0HE, United Kingdom

~Received 31 August 2000; published 4 April 2001!

We present a numerical study of the classical dynamics of interacting spinless electrons in quantized-
acoustoelectric-current devices. In these devices, a surface acoustic wave~SAW! captures electrons from a
two-dimensional electron gas~2DEG! and transports a fraction of them through a narrow depleted constriction.
If the same number of electrons are transported in each cycle, a quantized current will result. In our model,
each SAW minimum captures;30 electrons as the SAW maximum behind it passes through the 2DEG
chemical potential. It then moves toward the center of the constriction losing on average one electron every 3
ps as it becomes smaller. For temperatures below;1.7 K the electrons form a crystal, which heats up to this
temperature through the equipartition of excess potential energy produced by the loss of electrons. Thermal
excitation out of the minima then results in variations in the number of electrons transported. At temperatures
above;1.7 K the electrons are in a more liquidlike state and evaporative cooling occurs. The dependence of
acoustoelectric current on the constriction potential and the temperature are found to be in good agreement
with experiment.

DOI: 10.1103/PhysRevB.63.165418 PACS number~s!: 85.35.Gv, 73.23.Hk, 73.50.Rb, 45.50.2j
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I. INTRODUCTION

Quantized acoustoelectric current devices are curre
being developed as a possible means of producing a stan
of electrical current.1–9 These devices operate at gigahe
frequencies and a single device delivering one electron
cycle can produce a current large enough to be meas
with an accuracy suitable for metrological application
Competing devices such as the electron pump,10,11 which at
present are more accurately quantized, are fundamentall
stricted to megahertz frequencies so that thousands of
vices would need to be operated in parallel in order to p
duce a similar current. The realization of a standard
current is important because it would close the ‘‘metrolo
cal triangle’’ of resistance, voltage and current measurem
or could alternatively be used to obtain a measure of
charge of an electron.

Metrological applications ideally require the accuracy
current-standard devices—the precision to which the cur
they produce is defined—to be better than one hundred p
per billion. For a quantized-acoustoelectric-current device
operate at this level of precision, the design will need to ta
into account all possible error mechanisms, and hence e
aspect of the dynamics of the electrons as they are tr
ported through the constriction will need to be understoo

The properties of quantized-acoustoelectric-current
vices have been extensively investigated since the first r
ization of such a device in 1996.1–9 A schematic diagram o
a typical device is shown in Fig. 1. It consists of
GaAs/AlxGa12xAs heterostructure containing a two
dimensional electron gas~2DEG! that is formed into a mesa
by wet etching and further patterned with a metallic surfa
split-gate. When a sufficiently large negative voltage is
plied to the split gate, a narrow depleted constriction is
fined that connects two regions of 2DEG.

An interdigitated transducer powered by a microwave f
quency source is used to launch a surface acoustic w
~SAW! toward and parallel to the constriction, and the piez
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electric properties of GaAs and AlxGa12xAs cause a wave o
electrostatic potential to travel along with this SAW. Th
potential modulation due to the SAW, together with the p
tential due to the constriction, produces a series of quan
dots, each one corresponding to a particular minimum of
SAW potential, which pass through the constriction. Ea
quantum dot fills with electrons on the left side of the co
striction ~see Fig. 1!, and empties on the right, thereby pr
ducing a current. Each such event is independent becaus
SAW wavelength is approximately the same as the length
the constriction so that the constriction only contains o
quantum dot at a time.

In principle these devices could produce a standard
current because each quantum dot that passes throug
constriction should be described by an essentially ident
time-dependent potential function, and therefore over so
range of external parameters it should be possible to en
that each dot captures and transports the sameintegernum-
ber of electronsn from the left 2DEG to the right 2DEG
This would produce a quantized currentI 5ne f, wheref is
the SAW frequency ande is the electronic charge. Exper
mentally, the depth and size of the dots are altered by swe
ing the split-gate voltage or SAW power, and a series

FIG. 1. Schematic diagram of a quantized-acoustoelect
current device.
©2001 The American Physical Society18-1
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A. M. ROBINSON AND C. H. W. BARNES PHYSICAL REVIEW B63 165418
current plateaus corresponding to a range of values ofn is
observed.

The best quantized-acoustoelectric-current devices to
have produced current plateaus that were flat to within
parts per million,4–7 although as yet the current on the pl
teau has only been demonstrated to be equal toe f to ap-
proximately 160 parts per million.8 However, many devices
have shown much poorer plateaus.12 The theoretical maxi-
mum possible accuracy of these devices is not known,
indeed, even the nature of the error mechanisms is not f
understood.

When the first observation of quantized current produ
by a SAW-based device was reported by Shiltonet al.,1 they
suggested that the mode of operation of the devices i
follows: each quantum dot formed by the SAW and the c
striction initially contains more than one electron; as
moves toward the center of the constriction its poten
minimum passes above the 2DEG chemical potentials an
size decreases; the decrease in size causes electrons
forced to leave the dot because of the Coulomb repuls
between them; and the Coulomb interaction fixes the fi
number of electrons left in each of the dots.

Recent theoretical works have added to this understan
by considering quantum mechanical tunneling as an e
mechanism. An exact time-dependent one-dimensio
single-particle model by Maksym13 finds that the electrons
that are transported through the constriction are those in
lowest energy states of the SAW minima. The error mec
nism for the first plateau is tunneling through a ‘‘leaky
Landau-Zener process:14 when a state in the dot anticross
with a continuum state in the 2DEG, some part of the el
tron probability escapes. Flensberget al.15 consider a mode
that includes both tunneling via the WKB approximation a
the Coulomb-blockade effect. In their model, they propo
that the rapid decrease in tunneling coupling that occurs a
the definition of the quantum dot prevents thermal equi
rium between the dot and the 2DEG. This then leads to fl
tuations in the occupation number of the dot and therefor
deviations from the quantized values of the acoustoelec
current.

A third study consists of two papers by Aizin an
co-workers.16,17 Of particular significance is that they fin
that electrons are transported through the constriction ou
equilibrium with the 2DEG’s in a manner similar to th
proposed in the original experimental paper.1 In calculating
the acoustoelectric current, Aizin and co-workers16,17 use a
quasistatic approximation, and tunneling out of the dot
calculated in the WKB approximation. The first paper co
siders just a single electron, but in the second paper
electrons are considered and the exact Coulomb interac
between them is included. All of the above works show t
if tunneling could be made to be the dominant error mec
nism then current quantization in these devices which sat
the requirements of metrologists.

In this paper we develop a 2D interacting classical mo
for the study of quantized-acoutoelectric-current devices
allows us to look in detail at electron dynamics in the capt
process. In Sec. II we discuss the form of the effective
tential produced by the constriction and the moving SA
16541
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and use experimental observations to parametrize it.
scheme used to calculate the acoustoelectric current and
role of chaos are described in Sec. III, and in Sec. IV we g
a detailed account of the motion of the electrons as they p
through the constriction. In Sec. V we give results for curre
versus barrier height and compare our results with publis
experimental data. The transport on the first current plat
is investigated in Sec. VI by analyzing the variations of t
potential and kinetic energies of the electrons with time, a
the origin of errors in the number of electrons transported
explained. In Sec. VII we discuss error mechanisms
higher current plateaus, and Sec. VIII describes the dep
dence on the initial temperature of the electrons that
model predicts. Section IX gives a justification for the use
a classical model and Sec. X is a summary of our finding

II. THE EFFECTIVE POTENTIAL

The precise form for the effective potential in a split-ga
constriction is still a matter for debate.18 The contribution of
trapped electrons on the semiconductor surface, the loca
and state of ionization of donor atoms, and the strain aro
split-gate are all unknowns for a specific device. Howev
for our purposes a precise form for the effective potentia
not important since we are only concerned with understa
ing the processes that occur when electrons are for
through a constriction by a SAW and are not attempting
model specific experimental devices to high degrees of ac
racy.

Typically, the metallic surface split-gate used in the d
vices is 0.7mm long with a 1-mm-wide gap, and the 2DEG
is situated 0.1mm below the surface. The split-gate is ope
ated well beyond conductance pinch-off~by typically a
couple of tenths of a volt beyond the pinch-off voltage in t
absence of a SAW! so that the edge of the depleted region
well away from the edge of the surface metal and theref
has a smooth shape. In this regime, the potential from
split gate may be approximately represented using a sim
combination of Gaussian functions. The SAW is added a
sine wave, producing a total potential,

Vtot~x,y!5e2x2/2l 2@V12~V12V22V0!e2y2/2w2
#

2Acos@~2px/l!22p f t#2V0 , ~1!

where thex andy axes are in the plane of the 2DEG with th
x axis parallel to the direction of propagation of the SA
and the point (0,0) is at the center of the constriction. In
absence of the SAW,V1 is the height of the barrier under th
surface metal and well away from the constriction,V2 ~the
‘‘barrier height’’! is the height of the center of the constri
tion above the 2DEG chemical potentialsVm50, and2V0
is the limiting value of the potential asuxu→`. The length of
the constriction is determined byl, w determines its width,A
is the SAW potential amplitude,l is the SAW wavelength,
and f is the SAW frequency.

Below the 2DEG chemical potentialsVtot will be
screened by electrons, but we do not include this inVtot
because the form of the potential in the 2DEG region
irrelevant to our calculations since we are only interested
8-2
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CLASSICAL DYNAMICS OF ELECTRONS IN . . . PHYSICAL REVIEW B63 165418
the behavior of electrons in the dots, and within each dot
of the interactions between electrons are treated explicitly
addition to this dynamic screening, the SAW amplitude w
be affected by the presence of the split-gates16 and the
2DEG. A position-dependent SAW amplitude could be tri
ally incorporated into our model, but we do not believe th
this is necessary for our purposes since in our model
basic features of the dynamics rely only on the number
electrons that the dot can hold decreasing to some minim
value after the dot defines.

Solving the 3D Poisson equation using a Fourier meth
to obtain the potential in the plane of the 2DEG, we find th
for the device dimensions given above,l 50.4 mm and w
51.5 mm provide a good representation of the potential
the region of interest. Experiments4 suggest that the opti
mized conditions for producing a quantized current in th
devices are an unscreened SAW amplitudeA of a few tens of
meV and a barrier potential ofV2;100 meV. Typical split-
gate voltages of;23 V give V1;3000 meV, and the SAW
wavelength and frequency are typically approximatelyl
51 mm and f 52.7 GHz respectively.

Figures 2~a!–~e! show the effective potentialVtot through
the center of the constriction at 0.05 ns intervals during o
cycle, for a SAW amplitudeA540 meV, a barrier potentia
with V25100 meV and V153000 meV, a value V0
555 meV so that the length of the pinched-off region
approximately 1mm with no SAW present, and values fo
the other parameters as given above. For regions w
2DEG exists, this figure incorporates screening by
2DEG’s schematically by using a ‘‘screening factor’’ th
varies linearly with the local 2DEG density. Experiments
the effect of a SAW on the conductance of an open qu
one-dimensional channel12,19 suggest that the screened SA

FIG. 2. Effective potential through the center of the constrict
in the direction of SAW propagation for times~a! 0.595 ns,~b!
0.645 ns,~c! 0.695 ns,~d! 0.795 ns and~e! 0.845 ns~the zero of
potential has been chosen to be at the 2DEG chemical potential
in the 2DEG region the screened potential is represented sche
cally!, ~f! contour plot of the potential at time 0.73 ns and relati
to surface split gates~gray shows 2DEG!.
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potential in the constriction is of the order of 1 meV for th
values of SAW power used to generate quantized curre
Figure 2~f! shows a contour plot ofVtot at t50.73 ns, which
is close to the instant when there is a quantum dot at
center of the constriction. The 2DEGs are indicated by g
shading and the split gates by white rectangles.

III. CALCULATION OF THE CURRENT

The sequence of potentials in Fig. 2 shows that the SA
is capable of transporting electrons through the constric
since a local minimum is present throughout the cycle.
isolated quantum dot containing a number of electrons fo
to the left of the constriction in Fig. 2~a!. This dot then
passes through the constriction taking a fraction of th
electrons with it. Since the length of the constriction is a
proximately the same as the SAW wavelength, only o
minimum passes through the constriction at a time so tha
our calculations we can treat each minimum separately. F
longer constriction it would be possible for an escaping el
tron to interact with, or be caught in, the next minimum a
this would affect the transport.

Our calculation of the current through the constricti
consists of a series of simulations in which~slightly! differ-
ent configurations of electrons are started in the quantum
at the instant of its definition@Fig. 2~a!#. Their classical dy-
namics is then calculated until the dot has passed the ce
of the constriction, at which instant the rear barrier of the d
is so large that it is not possible for any electrons to esc
back to the left 2DEG. The current is calculated from t
total charge transported through the constriction in a giv
time.

Consideration of the dynamics prior to the definition
the dot is fundamentally problematic in a classical model.
the experiment the 2DEGs form Fermi liquids but in a cla
sical model the 2DEGs would form an electron crystal at l
temperatures and a Coulomb liquid at high
temperatures.20,21Unlike in an electron crystal or a Coulom
liquid, electrons occupying states well beneath the chem
potential in a Fermi liquid are not free to scatter. It is the
fore reasonable to expect that once the combination o
SAW minimum and the constriction potential confines so
electrons beneath the chemical potential, these trapped
trons will evolve with little or no excitation until they pas
through the chemical potential. At the instant of definition
the quantum dot the configuration of the electrons wo
then be a small random perturbation away from the insta
neous quantum-mechanical ground state. For our class
model we therefore choose the initial configuration of t
electrons in the quantum dot to be a small random pertu
tion away from the classical instantaneous ground state.
varying the size of this random perturbation we can cho
the initial temperature of the electrons in the dot.

We use simulated thermal annealing22 to determine the
ground state configuration—the number of electrons a
their positions—of the quantum dot at the instant it becom
defined. An example is shown in Fig. 3 for a dot containi
27 electrons and as expected it has a crystalline form w
triangular coordination.23,24 For greater than ten electron
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A. M. ROBINSON AND C. H. W. BARNES PHYSICAL REVIEW B63 165418
this method often results in different initial random seeds
the anneal producing different values for the maximum nu
ber of electrons that the dot can hold, and/or different el
tron configurations. This is simply because the large ph
space for a large number of electrons means that the s
lated thermal anneal often tends toward a local minimum
energy rather than finding the absolute minimum. This pr
lem is alleviated by trying a large number of different initi
random seeds and then choosing the final configuration
has the largest number of electrons, and the lowest pote
energy for that number. The precise configuration of
many-electron initial state is not found to affect the me
number of electrons transported through the constric
when only a small fraction of the initial number of electro
are transported.

The initial velocities of the electrons are determined
evolving the dot backward in time~backward so that the do
is still large enough to hold the electrons! for a short time
interval while keeping the electrons in the ground state
repeatedly minimizing their energy. The velocities are th
simply calculated as the difference in positions divided
this time interval. Note that because the dot is continua
changing shape, the initial velocities are of different siz
and are in different directions. The electrons, which ha
effective massmeff50.067me , are subjected to the force du
to the potentialVtot and the bare Coulomb forces from all o
the other electrons in the dot. The relative dielectric cons
of the medium is taken to be 13.0. Newton’s equations
motion for the electrons are then solved using a stand
library routine~NAG D02PCF! until the SAW minimum of
interest has passed through the constriction, and the num
of electrons transported through the constriction is th
counted. For a given initial configuration, the calculati
must predict that a well-defined integer number of electr
should be transported in each cycle since the equation
motion are solved exactly. However, the result is found
have an extremely sensitive dependence on the initial p
tions and velocities of the electrons, indicating that their d
namics is chaotic. In fact changing the initial positions
only 1026 mm can significantly alter the positions of th

FIG. 3. Typical initial configuration of a dot containing 27 ele
trons.
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electrons only 0.05 ns later, and a detailed check for con
gence has been necessary. In reality the system would ha
finite temperature and would be continually disturbed
phonons, electromagnetic pickup on the surface gates
connecting wires, and so on, causing the average numbe
electrons transported to be nonintegral. The initial grou
state positions, which typically have electron separations
0.05–0.1mm, are therefore calculated to a precision of on
1024 mm using the simulated thermal anneal. These po
tions are then perturbed by 1024 mm in random directions
and the resulting number of electrons transported is avera
over many simulations of the motion. These perturbatio
away from the ground state correspond to an increase
energy equivalent to less than a few milliKelvin.

IV. DESCRIPTION OF ELECTRON DYNAMICS

For the values of the parameters we have been discus
and a barrier height of 104 meV~chosen so that a singl
electron is transported!, the dot initially contains 27 electron
in their classical ground state~Fig. 3!. Figure 4 shows how
the depth and curvature of the dot vary with time for o
choice of potential. The curvature is the sum of the seco
spatial derivatives of the potential in thex andy directions at
the bottom of the dot. A smaller curvature means that
potential in the dot is less steeply sloping, and for a giv
depth of dot the curvature therefore relates to the area of
dot. As can be seen, from the instant when the dot define
0.595 ns to approximately 0.68 ns the depth and curvatur
the dot decrease. The decrease in depth dominates and
the effect that electrons are ejected from the dot during
interval. The rearmost electron is ejected only 2 ps after
dot defines, and leaves so quickly that the other electron
not have time to adjust and are left in an excited configu
tion. The electrons move toward new equilibrium positio
but because the dot continues to become more shallow,
ther electrons are ejected at an average rate of approxim
one every 3 ps. The result of this process is that initially
motion is characterized by portions of the crystal struct
‘‘flowing’’ as the electrons try to rearrange themselves into
configuration with lower potential energy, but once the nu

FIG. 4. Depth~left axis, thick line! and curvature~right axis,
thin line! of the quantum dot versus time from when the rear bar
rises above the chemical potential to when the dot is precisely a
center of the constriction.
8-4
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CLASSICAL DYNAMICS OF ELECTRONS IN . . . PHYSICAL REVIEW B63 165418
ber of electrons drops below;10 most or all of the electron
are seen to vibrate about local equilibrium positions. For t
particular set of parameters, the dot holds only a single e
tron by 0.68 ns, and this electron is transported through
constriction because subsequently the dot becomes de
and can easily accommodate it. Figures 5~a!–~l! illustrate the
sequence of escape and excitation by showing the posit
of the electrons during one particular simulation for a set
times from 0.644 ns when the dot is just about to lose one
eight remaining electrons through to 0.655 ns when it is l
ing one of five remaining electrons.

V. CURRENT VERSUS BARRIER HEIGHT

Experimentally the current produced by a quantize
acoustoelectric-current device is measured as a functio
split-gate voltage. The principal effects of changing the sp
gate voltage are to change the height and gradient of
barrier, which for our choice of potential function corr
sponds to changingV2. Dzurak et al.25 found that for a
pinched-off 0.3-mm wide split-gate, the height of the barrie
in eV is approximately three quarters of the difference
tween the gate voltage~in volts! and the value of the gat
voltage at conductance pinch-off. It is plausible that suc
linear relationship should hold for the wider split gates us
in quantized-acoustoelectric-current devices, although
constant of proportionality would be expected to be dep
dent on the gate geometry. The data presented in this p
has ‘‘barrier height’’ as the independent variable; for t
purposes of comparing this data with experiments we ass

FIG. 5. Positions of the electrons~black dots! during a particular
simulation for a sequence of times from~a! 0.644 ns through in 1 ps
intervals to~l! 0.655 ns. The position and shape of the dot is sho
by contour plots of the effective potential.
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that the linear relationship is valid and that the constant
proportionality is of the order of 1 eV/V.

Figure 6 shows a plot of current against barrier heightV2
for the parameters given in Sec. II obtained by averag
over 10 000 initial configurations per barrier height valu
The current is the mean number of electrons transpo
through the constriction per cycle multiplied bye f. In order
to show how well quantized the transport is at the level
individual dots, this figure also shows the standard deviat
of the number of electrons transported per cycle. We see
on the first current plateau, the standard deviation drops
low value, indicating that the plateau results from the maj
ity of the dots being singly occupied rather than there be
a random occupation that averages to one. For higher
teaus the minima of the standard deviation curve are at
cessively higher values, indicating that the performance
the device is decreasing. The standard deviation curve
shows that when the current is (n1 1

2 )e f, each dot transports
either n electrons orn11 electrons, so that the standa
deviation of the number transported is1

2 . These results could
be verified experimentally by measuring the shot noise p
duced by these devices.

The upper inset shows just the central region of the fi
plateau~the ‘‘noise’’ arises from statistical errors due to th
finite number of calculations!, and the lower inset shows th
initial number of electrons in the dot for each value of barr
height. From the smoothness of the current versus ba
height curve we see that the fluctuations in the initial num
of electrons due to the performance of the simulated ther
annealing method used does not noticeably affect the cur
calculated.

The computation time required for these calculations
restricted the number of barrier height values (DV2
50.25 meV) and the number of simulations per barr
height ~10 000! that we have considered. For a particul

n

FIG. 6. Current versus barrier height determined by averag
over 10 000 simulations per point, and upper inset a close-up of
center of the first plateau. Gray line: standard deviations of the
number of electrons transported by individual dots, right ax
Lower inset: initial number of electrons in the dot for each value
barrier height considered.
8-5
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A. M. ROBINSON AND C. H. W. BARNES PHYSICAL REVIEW B63 165418
value of barrier height, the accuracy to which we can spe
the current and the standard deviation of the number of e
trons transported per cycle,s, is therefore limited. The pre
cision to which we can specify the values of barrier heig
where the slope of the plateaus is minimized, or wheres is
minimized, is also limited. However, the data in the inset
the figure shows that the first plateau does not occurI
5e f to within the accuracy of our calculations, so that i
creasing the numerical accuracy is not necessary. The fla
part of the first plateau is seen to be between approxima
103.5 meV and 105.25 meV, the slope of the plateau in
region being approximately 0.1%/meV. The current at
center of this region is approximately 0.1% belowe f. The
minimal value for the standard deviation of the number
electrons transported per cycle,s50.009 999 5, was found
at a barrier height of 103.5 meV—at the edge of the flatt
region. The current here was calculated to be 0.9999e f, but
this value and the value fors are subject to statistical error
arising from only one out of the ten thousand dots conside
failing to transport an electron. Note that experimentally, u
less an accurate measurement of the shot noise can be m
the point where the plateau is flattest rather than wheres is
minimized will have to be chosen as the point where a SA
based current standard device is operated.

The dependence of acoustoelectric current on bar
height in Fig. 6 has a number of features that are in ag
ment with experiment.1–5,8,9The plateaus have a character
tic asymmetric shape and finite slope. Their flattest points
below the ideal ‘‘quantized’’ values, with higher platea
becoming successively more steeply sloping and further
low the ideal values. Experimentally, the points where
current takes the valuesI 50.5e f and I 51.5e f are typically
separated by 20 mV in gate voltage, and the first plat
occurs roughly 200 mV beyond conductance pinchoff.
Figure 6, the separation between theI 50.5e f and I 51.5e f
points ~approximately 10 meV! compared with the distanc
of the first plateau beyond pinchoff~approximately 100
meV! is in agreement with these experimental values. T
decreasing separation between the corresponding point
the higher plateau also agrees with experimental data. T
quantities do not reflect the flatness of the plateau, but ra
the form of the potential in the constriction and its variati
with gate voltage, and this agreement therefore provide
partial justification for our choice of potential function. Fo
our data, the flattest 1 meV of the first plateau has a slop
approximately 0.1%/meV; experimentally, the flattest 1 m
observed so far had a slope of approximately 0.04%/
~Ref. 4! but other published data has slopes for the flatte
mV of approximately 0.09%/meV,8 0.2%/meV,2 and
0.4%/meV.5 We note that the plateaus in these papers w
optimized to produce a;100 mV long region over which
the current varied by;100 ppm.

VI. THE FIRST CURRENT PLATEAU

In order to understand what causes deviations from p
fect quantization on the first plateau and to understand
ther details of the transport, this section looks in detail
how the potential and kinetic energies of electrons in the
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vary with time. We use the parameters given in Sec. II an
barrier of height of 104 meV so that the mean number
electrons transported per cycle is close to one.

A. Potential energy

Figure 7 shows the potential energy of different numb
of electrons in the dot at a series of times for electrons t
are in classical ground-state configurations. These ener
are determined by simulated thermal annealing and are
sum of the potential energies due toVtot plus the total Cou-
lomb potential energy of the electrons. For each time,
zero of potential is chosen so that a single electron in the
will have zero potential energy. Unlike conventional Co
lomb blockade devices26 there is no compensating positiv
background charge because the dot-potential minimum is
above the 2DEG chemical potentials and therefore the
crease in potential energy when an electron is added is la
if there are more electrons in the dot. The curve for a p
ticular number of electrons terminates when the dot is
small to hold that number.

Figure 7 also shows the total potential energy of electr
in the dot when in motion, as a function of time obtained
averaging over 10 000 simulations, vertical bars indicate
standard deviation of this quantity; an example curve from
single simulation; and a plot of the mean number of electr
in the dot versus time.

The potential-energy curve obtained from a single sim
lation of the motion shows that the number of electro
within the dot is the dominant factor in determining the to
potential energy. This is because there are distinct step
the total potential energy corresponding to electrons leav
the dot, and these steps are aligned with the ground-s
energy values. We know that the steps correspond to e
trons leaving the dot from inspecting the steps in the num
of electrons in the dot, as illustrated by the curves for
mean number of electrons and the mean total poten
energy.

FIG. 7. Approximately horizontal solid lines: ground-state en
gies versus time—the lowest curve is for one electron, the n
highest for two electrons, etc. Solid line: mean total potential
ergy versus time from time-dependent calculations, averaged
10 000 calculations, standard deviation indicated by line thickn
and vertical bars. Dashed line: curve from a single simulation,
set by 0.02 ns for clarity. Thick solid line: mean number of ele
trons in the dot, right axis.
8-6
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CLASSICAL DYNAMICS OF ELECTRONS IN . . . PHYSICAL REVIEW B63 165418
From the data obtained by averaging over many simu
tions we see that for the bulk of the motion there are m
electrons in the dot than the dot can actually contain in eq
librium. This is because the electrons that leave are not
cisely at the edge of the dot, and hence they take a finite t
to leave. Note that we are taking the edge of the dot to b
the local maximum ofVtot , which neglects the effect of th
Coulomb potential from the electrons. The smoothness of
curve for the mean number of electrons within the dot sho
that the chaotic nature of the motion causes the times w
electrons leave to vary significantly between different cal
lations.

B. Kinetic energy

Figure 8 shows the Boltzmann temperature of the e
trons in the dot versus time. For each time, it was calcula
from the kinetic energies of electrons within the dot in
frame moving with the instantaneous velocity of the mi
mum of the dot. Histograms of these kinetic energies w
produced from 10 000 simulations and were fitted to
Boltzmann distribution. The insets show log plots of the
histograms at three times, and each plot forms a g
straight line showing that the distribution of kinetic energ
of electrons in the dot is close to the Boltzmann distributio
Note that a temperature of 1 K corresponds to a spee
approximately 21 000 m/s~approximately seven times th
SAW velocity! or an energy of approximately 0.09 meV.

From this figure we see that at the start of the simulatio
the electrons have close to zero temperature. As the
moves toward the center of the constriction and electr
leave the dot, the temperature of the electrons still in the
tends to rise. At 0.685 ns the well contains exactly one e
tron for all the simulations and the temperature is appro
mately 1.7 K. Some further heating occurs up to 0.74 ns
which instant the dot is precisely in the center of the co

FIG. 8. Boltzmann temperature versus time, with error bars
selection of times. Vertical lines indicate the times when electr
are most likely to leave the dot; the numbers indicate the m
occupation at these times. Insets: the distribution of kinetic ener
~in units of kB31 K) at three chosen times, averaged over 10 0
simulations and with the number of electrons plotted on log sca
Each of the insets shows the straight lines used to obtain the B
zmann temperature and its error.
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striction, and after 0.74 ns some cooling occurs. The incre
in temperature observed up to approximately 0.68 ns ar
because when an electron leaves the dot it leaves so qu
that a hole is left behind in the electron crystal. Such a c
figuration has a higher potential energy than the instan
neous ground state energy for the number of electrons le
the dot. This results in heating because the interactions
tween electrons rapidly causes half of this excess poten
energy to become kinetic energy: heating through equipa
tion of excess potential energy. When there is only one e
tron left in the dot, a further increase in temperature occ
due to adiabatic compression. This can be understood f
Fig. 4, which shows that the curvature of the dot increa
from approximately 0.68 ns to 0.74 ns. Note that this mec
nism does not explain the rise in temperature during the
part of the motion because the curvature actually decre
up to a time of approximately 0.68 ns. The decrease in
apparent area of the dot that occurs while electrons leav
simply a result of the decrease in the depth of the dot; it d
not reflect the shape of the potential within the dot and d
not lead to adiabatic compression. After the dot has pas
the center of the constriction a reduction in temperature
curs due to adiabatic expansion.

For some calculations, the chaotic nature of the mot
enables the last electron left in the dot to gain enough kin
energy to be ejected from the dot despite the fact that
height of the rear barrier is'0.75 meV~see Fig. 4!. Even
though the Boltzmann temperature of the last electrons le
the dots is 1.7 K, corresponding to an energy of only a
proximately 0.15 meV, the Boltzmann distribution ensur
that some of these electrons escape. It is this mechanism
causes the first current plateau to have a finite slope an
mostly below the correct value.

VII. HIGHER PLATEAUS

As the height of the barrier formed by the split-gates
reduced, the dots formed by the SAW and the constrict
can transport more and more electrons through the cons
tion. For our choice of potential this is because the slope
the potential due to the constriction decreases, leading to
increase in the minimum depth of the dot during the tra
port and a related increase in the area of the dot. Lar
currents are desirable for metrological applications, but
the devices tested to date the accuracies of the higher
teaus have always been considerably poorer than that o
first plateau. It is important to understand the reason for
since it may then be possible to design devices where
effect is reduced or absent.

At a value of barrier height for which in ideal operatio
each dot should transportn electrons, our model sugges
that errors arise for the following reasons: a dot may tra
port n11 electrons if the paths of the electrons are such t
the extra electron does not pass close to the rear of the
before the dot deepens again; and the dot may transport
n21 electrons if one of the electrons close to the back of
dot gains enough kinetic energy to leave, or if the electro
adopt a configuration where one of the electrons can
‘‘pushed out’’ by the others. It is ‘‘easier’’ for a dot to los
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A. M. ROBINSON AND C. H. W. BARNES PHYSICAL REVIEW B63 165418
an electron than to transport an extra electron, and this
sults in the current plateaus having an asymmetric shap

The magnitude of the errors produced by the abo
mechanisms will depend on the following: the kinetic ener
gained by the electrons as the dot moves toward the cent
the constriction; the minimum height of the rear barrier
the dot that the rearmost electron sees~which is not the same
as the minimum depth of the dot since it must include
potential contribution from the other electrons in the dot!; the
shape of the dot; and the time scale on which changes in
depth or shape of the dot occur. For our choice of poten
these quantities are roughly constant for the different p
teaus and probably do not explain the worsening of hig
plateaus. Indeed the effective temperature of the electron
found to be slightly lower for higher plateaus. Instead t
poorer quality of higher plateaus appears to be dire
caused by the increase in the number of electrons b
transported. For higher plateaus an electron is more likel
leave the dot when ideally it would be transported throu
the constriction for the following reasons: with more ele
trons there is a greater probability of one of them hav
sufficient kinetic energy to leave; the kinetic energy is co
stantly being transferred among the electrons by collisio
so that with more electrons there is a greater probability
the rearmost electron being given enough kinetic energ
leave at some time; and with more electrons there are m
possible configurations that do not closely resemble
ground-state configuration so that the electrons are m
likely to arrange themselves in a configuration where
rearmost electron is ‘‘pushed out.’’

VIII. DEPENDENCE ON EXTERNAL TEMPERATURE

Finite initial temperatureT can be incorporated into ou
model by starting the electrons with a Boltzmann distribut
of kinetic energies at temperature 2T. The factor of 2 arises
because for simplicity we can still start the electrons off w
positions close to the ground-state configuration since a
just the first 0.01 ns the electrons have undergone a
collisions and the motion is thermalized, with energy equa
partitioned on average between kinetic and potential ter
Figure 9 shows current versus barrier height for the par
eters given in Sec. II for different temperatures.

In agreement with experiment, we conclude that the p
teaus do not improve significantly below;1 K because the
curves for 0 K and 1 K lie on top of each other to within the
errors. This is easily explained using the results of Sec.
even if the electrons start off with zero temperature, th
final temperature is greater than 1 K. Some caution is
vised because it is not clear how the measured experime
temperature corresponds to the initial temperature of
electrons in the dot. This initial temperature will depend
the temperature of the 2DEG and on the details of how
electrons in the dot respond to the reduction in screenin
the dot becomes defined. In addition, since significant h
ing by the applied microwave power or by attenuation of
SAW may be present, it is not known how the measu
temperature corresponds to the lattice temperature or
2DEG temperature. These temperatures will depend on
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amount of heating present, the thermal contact between
sample and its holder, the rate at which heat from the 2D
is carried away by its connecting wires, and on the rate
which the electrons can emit or absorb phonons.

Figure 10~a! shows the Boltzmann temperature vers
time for dots with electrons given initial Boltzmann distribu
tions of kinetic energies characteristic of a series of tempe
tures between 0 and 200 K. The parameters given in Se
were used, and a barrier height of 104 meV so that the c
rent was close toe f for the lower temperatures. In thes
curves, it can be seen that above a temperature of'1.7 K
the electrons are cooled in the initial part of the motion. T
cooling is due to the fact that above this temperature
classical electron crystal melts and there is an increa
probability of an electron with high kinetic energy leavin
the dot. The transition from crystal to liquid does not occ
suddenly at'1.7 K in our calculations: the transition tem
perature is greater when a smaller number of electrons
present; and we observe that portions of the crystal may fl
or break up at lower temperatures and that portions can re
crystalline characteristics at higher temperatures. At l
temperatures electrons are trapped in the electron crysta
do not have sufficient kinetic energy to move over the wh
of the dot. It is then just the rearmost electrons that lea
first, not the most energetic and no net cooling results. Fig
10~b! showsG, the ratio of the potential energy of the ele
trons to their kinetic energy for the same set of temperatu
used in Fig. 10~a!. In classical 2D systems, for values ofG
.127 the electrons form an electron crystal and forG

FIG. 9. Current vs barrier height for different initial temper
tures, obtained by averaging over 5 000 calculations per ba
height point, top: unbroken line 0 K, long-dashed line 1 K, dash
line 2 K, dotted line 3 K, dash-dot line 4 K, and bottom: solid lin
0 K, long-dashed line 50 K, dashed line 100 K.
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CLASSICAL DYNAMICS OF ELECTRONS IN . . . PHYSICAL REVIEW B63 165418
,127 they form an interacting electron liquid.27 Our simula-
tions show that this is approximately the case for our sys
provided the number of electrons in the dot is large.

In our model, we have not included any mechanism
electrons in the dot to absorb phonons and this has the e
that the current plateaus persist until;100 K as can be see
in Fig. 9. At this temperature, however, the evaporative co
ing we have described above cools the dot to'7 K, which is
consistent with the temperature at which experimentally
plateaus are lost. Shiltonet al. observe a trace similar to th
lowest trace in Fig. 9~b! at approximately 7 K.1 This suggests
that at 7 K the coupling to phonons is very strong and
electrons in the dot are able to equilibrate with the lattice,
the good agreement at low temperatures between our re
and the experiments suggests that below;2 K they do not
have time to equilibrate. This is consistent with recent m
surements of electron-phonon coupling in GaAs systems
ing thermopower measurements28 and with the theory of
acoustic phonon production in GaAs.29 They quote the hea
production by phonons asdQ/dt5270T5ne

23/2 in eV/s forT
in K and ne in units of 1015 m22. We take the time over
which the dot in our calculations sheds its electrons to be
ns and take the electron density to be 0.231015 m22 ~this

FIG. 10. ~a! Boltzmann temperature vs time for a dot with ele
trons given an initial Boltzmann temperature of 200 K~uppermost
curve!, 100 K, 40 K, 20 K, 10 K, 4 K, 2 K, 1 K, and 0 K~lowest
curve!, obtained by averaging over 10 000 calculations. Horizon
lines indicate temperatures of 1.7 K and 7.25 K.~b! G, the ratio of
the potential energy to the kinetic energy of electrons in the dot
the same temperatures~the uppermost curve is 0 K!. The horizontal
line indicatesG5127.
16541
m

r
ct

l-

e

e
t
lts

-
s-

.1

can be deduced approximately from Fig. 3!. At 1 K, the
formula above then gives that the energy picked up by e
electron will be 331024 meV, an amount that could no
significantly change our calculations. However, at 7 K ea
electron would pick up 5 meV, which would be a very si
nificant amount of energy and suggests that at this temp
ture the electrons in the dot would be well equilibrated w
the lattice.

IX. CLASSICAL VERSUS QUANTUM MECHANICAL

This section looks at the connection between the expe
true quantum mechanical behavior of our system and
classical dynamics that we present. The aim is to provid
justification for, and an understanding of, the quantitat
agreement between experimental data and our classical s
lations. We discuss the initial conditions, dynamics, and
cape processes for the quantum mechanical and clas
cases and consider the role of decoherence. This enable
to suggest that the heating effect discussed in Sec. VI B,
principal error mechanism at low temperatures, is relevan
experimental quantized-acoustoelectric-current devices.

A. Initial conditions

In our calculations we start with the quantum dot form
by the SAW and the constriction containing the maximu
number of electrons for its size and shape. These elect
are arranged in a configuration that minimizes the total
tential energy, and are given velocities so that as the
moves they initially remain close to a configuration of min
mum potential energy.

Time-dependent noninteracting quantum-mechan
calculations13 have shown that it is the lowest-energy ele
trons that are transported through the constriction. In th
calculations, these electrons start in the lowest-lying bou
states of the SAW minima at the entrance to the constrict
Experiments on the effect of a SAW on the conductance
an open quasi-one-dimensional channel12,19 suggest that the
screened SAW potential in the constriction is of the order
1 meV for the values of SAW power used to generate qu
tized currents, so that many electrons could be trapped
such bound states. Electrons in these states are then bro
up through the Fermi energy by the moving SAW potenti
If Coulomb interactions were introduced into these calcu
tions, the electrons trapped in the quantum dot should rem
in the ground state because below the Fermi level there
be no free states for them to scatter into. The capture of
lowest-energy electrons is consistent with a physical pict
since the SAW would not expel these electrons in favor
capturing electrons with much greater velocities~the Fermi
velocity is typically 50 times the SAW velocity!.

Classically, the ground-state configuration for a quant
dot formed by the SAW and constriction potentials is
Wigner cluster,23,24 whereas quantum mechanically th
ground state is an interacting liquid for the densities we
considering.30–35 However, the quantum-mechanical groun
state has the following connections to the classical gro
state: the two-particle correlation function is nearly identic
to the classical two particle correlation function;32,33,35owing
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A. M. ROBINSON AND C. H. W. BARNES PHYSICAL REVIEW B63 165418
to the asymmetry of the SAW quantum dot the points wh
particles are most likely to be found will correlate well wi
the points where classical electrons are found;33,35 and the
number of electrons that the dot can hold will be very simi
to the classical result since this is governed by the Coulo
energy.32–35

B. Dynamics

The dynamics of an interacting many-particle system s
as the one we are considering have never been calcu
quantum mechanically to our knowledge, but it is likely th
the time evolution of the two-particle correlation functio
would be very similar to that of the classical two-partic
correlation function. We would expect there to be analog
of classical effects in a quantum-mechanical treatment,
indeed there must be two important similarities between
two cases. The first is that at any time during the transp
the Coulomb energy and the depth and size of the dot m
be the dominant factors determining the number of electr
in the dot. Second, the processes by which electrons le
the dot occur too quickly for the remaining electrons to s
in the ground state. The velocity derived from the unc
tainty principle for a confinement of 0.07mm ~the typical
separation of the electrons in our simulations! is approxi-
mately 25 000 m/s, and our calculations show that electr
leave the dot on a time scale of only a picosecond. A d
tance of only 0.025mm can be traveled in this time at th
speed, and hence we do not expect that the wave func
would be able to respond adiabatically to these changes

C. Tunneling

Tunneling ultimately leads to an increased depopulat
of each SAW quantum dot over the classical result. This
because classically there is a sharp cutoff between states
have sufficient energy to escape the dot and those tha
not. Quantum mechanically, electrons with lower energ
than the classical cutoff energy may escape and elect
above the classical cutoff may be reflected back. For a p
bolic barrier, if there was an even distribution of electr
energies about the classical cutoff point then there would
no difference on average between the number of elect
that escape classically and the number that escape qua
mechanically. However, our calculations predict that the
ergy distribution closely follows the Boltzmann distributio
with a characteristic energykBT,0.2 meV, which is much
less than the depth of the dot~Fig. 4!. This means that in a
quantum-mechanical treatment there would be more e
trons attempting to leave the dot below the classical cu
point than above it, resulting in more electrons leaving
dots on average than would classically. Nevertheless,
probability of an electron at the bottom of the dot tunneli
out must be rather small because of the experimentally
served accuracies of these devices, and since the tunn
probability depends exponentially on the energy of
particle36 then excitations of the form predicted by our mod
must be very important.

This suggests that tunneling should not change the gen
form of our results, but an example of where this does
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hold is the regime where the SAW amplitude is very sma
In this regime each minimum of the SAW potential is on
capable of capturing one electron from the 2DEG, but if t
gradient of the constriction potential is sufficiently shallo
then classically each of these electrons is successfully tr
ported through the constriction. If tunneling were includ
then the electrons would always escape from the d
through the small rear barriers of the dots.

D. Decoherence

In general, the effect of decoherence on a quantu
mechanical system is to cause it to behave more classica37

and therefore the dynamics of the quantum dot we have b
considering can be determined classically provided the do
subject to sufficient decoherence. This could be a furt
justification for expecting our results to be consistent w
experiment. Experimentally, the principal sources of de
herence in our system are expected to be from the proce
losing electrons, coupling to acoustic phonons, and from
screened microwave radiation. Using the results of Sec. V
for temperatures below 2 K each electron should pick up les
than 4meV of energy from phonons during the 0.1 ns fro
when the dot defines to when it arrives at the center of
constriction. This therefore should be a negligible decoh
ing factor. The density of microwave photons in the cav
containing the device should be small since the dimensi
of the cavity are much less than the wavelength of the ra
tion, and they should therefore give rise to negligible de
herence.

We believe, however, that intrinsic decoherence result
from electrons exiting the dot cannot be neglected. Wh
electrons leave the dot by tunneling or excitation over
barrier, they will initially remain entangled with the electron
in the dot38 but on contact with conduction electrons in th
adjacent 2DEG they will decohere. This will have the effe
that the electrons remaining in the dot will also partia
decohere. From Fig. 7 it can be seen that on average e
trons leave the dot every 3 ps and the proximity of the l
2DEG will cause decohering events to occur on this sa
time scale. If at some point in the motion, each electron w
confined to an area given by the mean interparticle spac
('70 nm) then the standard uncertainty relation would p
dict that in 3 ps they could not expand to fill the dot. Th
does not prove that the motion is classical but it suggests
if decoherence arising from losing electrons were to mak
classical then losing electrons at such a rate would cause
remain classical.

E. Temperature effects

Within our model, the principal error mechanism causi
deviations from quantized current plateaus is a tempera
effect: at low temperatures the trapped electrons form a c
tal that warms up as it passes through the constriction.
temperature at the instant when the dot has minimum de
then crucially determines the error through Boltzmann sta
tics. The value ofr s;7 for the electrons in our dot is a
order of magnitude smaller than that necessary for Wig
crystallization to occur, but as we have said above,~i! the
8-10
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CLASSICAL DYNAMICS OF ELECTRONS IN . . . PHYSICAL REVIEW B63 165418
quantum-mechanical and classical two-particle correla
functions are likely to be similar,~ii ! decoherence from elec
tron loss will make this more true, and~iii ! in a quantum-
mechanical treatment, electrons would still be lost very r
idly thereby leaving the system with excess potential ene
The increase in temperature arises from the equipartition
this excess potential energy. A many-particle system
suddenly loses a single particle will find some way to rel
and in the absence of the possibility for it to give up acous
phonons to the lattice or radio-frequency photons to the c
ity it will probably relax by putting energy into plasm
waves in the electron system. Classical and quant
mechanical plasma frequencies are comparable and ther
this process would be expected to occur on the same
scale as our simulations. This is the heating effect we h
been describing and is likely to lead to full equipartition.

X. SUMMARY

We have presented a study of the classical dynamic
interacting electrons in quantized-acoustoelectric-current
vices. In these devices, electrons caught in a SAW poten
minimum are forced through a short, narrow, depleted c
striction. We find that at any instant of time the combinati
of the SAW and the constriction produces a single mov
quantum dot, the minimum of the dot corresponding to
minimum of the SAW potential. At the instant when a dot
first defined, it is relatively large and contains many ele
trons~for our choice of potential the number is;30), but as
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it passes through the constriction it becomes smaller
electrons are forced out at an average rate of approxima
one every 3 ps leading to a complicated and chaotic pat
of motion for the remaining electrons.

At low temperature, when an electron leaves the do
leaves so quickly that a hole is left behind in the electr
crystal, resulting in a configuration that has a higher poten
energy than the instantaneous ground state. This resul
heating because the interactions between electrons rap
cause half of this excess potential energy to become kin
energy. We find that even if the electrons initially have clo
to zero temperature, this mechanism causes them to bec
excited to a temperature of approximately 1.7 K. This p
duces errors in the number of electrons transported thro
excitation out of the dot. This error mechanism accounts
the experimentally observed flatness of the current plate
the significant worsening of higher plateaus, and the sat
tion of the performance of the devices at a temperature
approximately 1 K.
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