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Electric field gradient antishielding for HD and D2

P. A. Fedders
Department of Physics, Washington University, St. Louis, Missouri 63130

~Received 25 July 2000; revised manuscript received 28 September 2000; published 2 April 2001!

We calculate the electric field gradient~efg! antishielding factors for the nuclei of HD and D2 in their J
50 and J51 states using perturbation theory. ForJ51, the factor depends on themj state. Since the
antishielding factor is quite large, the effective efg felt by the nuclei can be more than an order of magnitude
greater than the bare efg on, say, an H atom. Combined with NMR results on deuterium nuclei, this yields a
compelling argument that the isolated molecular hydrogen in a-Si:H~D! resides in sites of approximate cubic
symmetry, such as the amorphous analogue of tetrahedral sites. We also report on a variational calculation for
axial field gradients of arbitrary magnitude.
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I. INTRODUCTION

Recently, it has been suggested1–4 that a substantial frac
tion of the hydrogen in amorphous hydrogenated silic
@a-Si:H~D!# lies in the analogue of isolatedT-like sites. In
crystalline Si, the tetrahedral orT site lies at the center of th
large open volume in the lattice and the site has tetrahe
symmetry with respect to the four Si atoms that are neare
it. Since the site is the center of a large open space,
rather easy for hydrogen molecules to reside there. In a-S
there are also large open volumes that are the amorp
analogue of the crystallineT site, although they no longe
possess, tetrahedral symmetry. Related experiments als
dicate that H2(D2) resides in theT sites in c-Si.5 Since pro-
ton spins (I 5 1

2 ) are totally insensitive to their electrical en
vironment, NMR on deuterons (I 51) is necessary to obtai
detailed information on the electrical environment of t
molecules. However, the molecular state can have an e
mous effect on the nuclear spin relaxation time calledT1,
and can also effect nuclear spin lineshapes through the d
lar interaction. Further more, in infrared experiments,
perturbation on hydrogens from efg’s can affect the sp
trum. Finally, molecular hydrogen is used to probe surfa
and study two-dimensional models on surfaces of vari
materials.6

In particular, the electrical environment affects the de
teron nuclear spin through its quadrupole moment, and
interaction is directly proportional to the efg and the nucle
quadrupole moment. However, besides the direct effec
the efg on a nucleus, there can be an indirect effect tha
general, is much larger than the direct effect. For some
clei, the indirect effect can be hundreds of times greater t
the direct effect, and the ratio of the two is called the Ste
heimer antishielding factor7 because the indirect effect in
variably has the opposite sign from the direct effect. Fo
hydrogen molecule one can physically think of the efg
ducing changes in the electronic~angular momentum! wave
function which, in turn, causes an additional efg at t
nucleus. For a free or chemically bonded H atom there is
indirect effect. For molecular hydrogen the indirect effe
turns out to be between one and two orders of magnit
larger than the direct effect. If it is not taken into accou
errors in interpretation of experiments can arise that are
between one and two orders of magnitude and can tot
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distort the results. For these reasons, we have calculated
efg antishielding factor for D2 and HD by perturbation
theory for an arbitrarily oriented set of efg’s. We have al
calculated the antishielding for an arbitrary large axial efg
the ground state of the molecule.

In Sec. II we shall calculate the antishielding factor
perturbation theory for a diatomic molecule in theJ50 and
J51 states. Section III will contain a variational calculatio
for an arbitrary axial efg. The results will be discussed w
respect to HD and D2 in a-Si:H~D! in Sec. IV. In the remain-
der of the present section we shall review some theoret
details needed for the calculation.

The interaction of a spin~nuclear! I with an efg can be
written as8

H5~eQe/4I ~2I 21!!

3$Vzz~3I z
22I ~ I 11!!1~Vxx2Vyy!~ I x

22I y
2!%, ~1!

where theVii are the efg’s in the principal axis system whe
the off-diagonal efg’sVi j ( iÞ j ) vanish, Qe is the electric
quadrupole moment of the nucleus, andI is the nuclear spin
whereI>1. The above equation applies to a simple nucl
spin, a compound nucleus such as HD or D2, and actually
also for the electronic part of an atom or molecule wherI
becomesJ, the angular momentum. It is this Hamiltonia
that is used to calculate the NMR lineshape of nuclei with
quadrupole moment.

For the hydrogen molecule, the efg mixes higherJ states
into theJ50 or J51 state and the dimensionless perturb
tion parameter isP5eQeV/B, whereV is the magnitude of
the efg andB is defined in terms of the unperturbed molec
lar energy levels

E~J!5BJ~J11!. ~2!

Fortunately, theJ dependence ofQe is negligible. As a
charged entity gets closer to a hydrogen molecule, the eV
increases as one divided by the cube of the distance sep
ing the two. By considering the efg due to a simple po
charge of magnitudee, one can see thatP becomes of order
one when the molecule gets about 4 Å from a point charge.

For our purposes, the interaction of an angular momen
state of the hydrogen molecule with an efg is written as

VQ5
1

6
eQe(

i
Vii ~3g i

221! ~3!
©2001 The American Physical Society01-1
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in the principal axis system whereQe is the electronic quad
rupole moment andg i is the angular momentum directio
cosine in the Cartesian directioni. Thus the equation de
scribes the coupling between the efg’sVii and the angular
momentum represented by theg i . Equation~3! will be used
to calculate the perturbedJ state.

The new wave functions can then be used to calculate
indirect effect on the nuclear spins. From Ramsey9 we get
the quadrupole interaction which will yield the effect of th
angular momentum on the nuclear spins sinceIW is the
nuclear spin operator:

H52
5

2
\dQ18 X, ~4!

dQ18 5eQ1q/10I ~2I 21!,
~5!

X53~ IW•gW !22 IW• IW,

wheregW is the vector formed from the direction cosines a
Q1q is given in Ramsey’s book. There is actually a sm
dipolar contribution todQ18 besides the quadrupolar contrib
tion. However, as shown by Ramsey, this interaction ta
exactly the same form as the above equations and is
included in the definition ofdQ18 .

II. JÄ0,1 STATES

First we consider antishielding for a molecule in theJ
50 state. The efg’s can be oriented arbitrarily but we
working in the principle axis system, and the perturbat
must be small. Since the quadrupole Hamiltonian conne
statesJ to J62, we shall need a set ofJ52 states. We have
found it easier to work with the Cartesian components rat
than the spherical ones, and we thus denote them manifold
of J52 with the convenient orthonormal set:

Ti5A3•5g jgk ~ i , j ,k cyclic 1,2,3!,

T45~A3•5/2!~gx
22gy

2!, ~6!

T55~A5/2!~3gz
221!,

as well as the ground state with a wave function of one. T
matrix elements consist of simple angular averages

^auM ub&5E dV

4p
TaTbM ~V!, ~7!

where, as usual,V represents the solid angle. The expec
tion of the perturbation in the ground state is zero and o
Ta with a54 and 5 are connected to the ground state by
perturbation given by Eq.~3!. Thus we have to first order in
VQ :

ug&5u0&1A4uT4&1A5uT5&, ~8!

whereg is the new ground state and

Aa5^TauVQu0&/~E~0!2E~2!!,
16520
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A452eQVzz/12A5B, ~9!

A552eQ~Vxx2Vyy!/12A15B.

We now use this perturbed ground state to calculate
expectation value ofHQ given by Eq.~4!, integrating out the
angular momentum variables but, of course, not the spin
erators. This will enable us to calculate the effects on
nuclear spins. Although it is far from obvious, since theJ
50 state was originally spherically symmetric, the form
^guXug& is exactly the same as given by Eq.~1!. A modest
amount of algebra yields

Hi5~eQRo/4I ~2I 21!!

3$Vzz~3I z
22I ~ I 11!!1~Vxx2Vyy!~ I x

22I y
2!%,

~10!

Ro52eQ1q/30B.

As noted, the equation has exactly the same form as
direct effect given by Eq.~1!, but the effect is multiplied by
Ro . Using the values in Ramsey’s book for the relevant p
rameters we obtainRo5240.5 for D2 and 227.5 for HD.
The difference between the two is almost entirely due to
smaller value forB for the heavier D2.

The calculation for theJ51 states is similar but consid
erably more tedious. Furthermore, there is technically no
tishielding factor, since the form of the spin Hamiltonia
depends on them angular momentum state. Only after ave
aging overm states is the interaction in the form of Eq.~10!.

As earlier, we find it easier to work in a Cartesian basis
for the J51 subspace we use the orthonormal basis

Ti5A3g i , i 51,2,3 ~11!

and for theJ53 space the states

T1i5A21/8g i~5gz
221!, i 51,2,

T2i5A35/8g i~g i
22g j

2!, i 51,2 and j 52,1,

T05A7/4gz~5gz
223!, ~12!

T3a5A3•5•7/4gz~gx
22gy

2!,

T3b5A3•5•7 gxgygz .

The rest of the calculation is a straightforward generali
tion of theJ50 calculation. The results can be expressed
follows. The average over all threem states yields the spin
Hamiltonian given by Eq.~10! but with

R0523eQ1q/250B, ~13!

so thatR05214.6 for D2 and 29.9 for HD. For the three
statesi given by Eq.~11!, the results are@see Eqs.~4! and
~5!#:
1-2
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^X&z523~e/350B!

3H S 9

5DVzz@3I z
22I ~ I 11!#1~Vxx2Vyy!~ I x

22I y
2!J ,

~14!

Xx52~e/250.7B!H 9Vzz@~3I z
22I ~ I 11!!2~ I x

22I y
2!#

1
1

4
~Vxx2Vyy!@~3I z

22I ~ I 11!!#135@~ I x
22I y

2!#J ,

~15!

^X&y is given by^X&x with x andy interchanged.

III. STRONG AXIAL EFG

Consider the ground state of a molecule in an arbitra
large axial efg. The perturbation is now

V5V0~3gz
221!, ~16!

whereV05eQVzz/4 and the unperturbed energy of the mo
ecule in the statel is Bl( l 11). The wave function for the
state can be expanded as

uc&5(
l

al u f l&Y S (
l

al
2D 1/2

, ~17!

where the summation is froml 50 to l 5`. Since the states
l are described simply by the Legendre polynomialsPl , we
have

f l~gz!5~~2l 11!/2!1/2Pl~gz!; ~18!

and one can easily show that

^ f l ugz
2u f l 8&5A0~ l !d~ l ,l 8!1A1~ l !d~ l 8,l 11!,

A0~ l !5~8l 214l 21!/~4l 21!~4l 13! ~19!

A1~ l !5~2l 11!~2l 12!/~4l 13!@~4l 15!~4l 11!#1/2,

whered( l ,l 8! equals one ifl 5 l 8 and is zero otherwise.
Furthermore, one can take the expectation value of

Hamiltonian given by Eq.~16! and get

^cuHuc&5F(
l

~al
2F~ l !!1alal 11G~ l !G Y (

l
al

2 ,

F~ l !52B~2l 11!13V0A0~ l !2V0 ,
~20!

G~ l !56V0A1~ l !.
o

rb
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This can be easily minimized using a conjugate gradi
method.

IV. DISCUSSION AND CONCLUSION

We have computed the antishielding factors or induc
efg at nuclear sites for arbitrarily oriented but weak efg’s
theJ50 andJ51 states of HD and D2 and for a strong axial
efg on theJ50 state. For D2 and HD in theJ50 states, the
antishielding factors using perturbation theory are240.5 and
227.5, respectively, and the indirect effect has exactly
same form as the direct effect. The net effect of the efg’s
the sum of the direct effect plus the indirect effect. Thus
net effect forJ50 HD and D2 is that the total efg felt at the
nuclei is multiplied by a factor of239.55240.511.00 and
226.55227.511.00, respectively. For theJ51 states, av-
eraged over them states, the factors are213.6 and28.9,
respectively.

As noted in the Introduction, these calculations were m
tivated by DMR measurements1 on a-Si:H~D!, where one
observes a sharp Pake doublet with a splitting of 66 kHz
a broad Gaussian-like line with a width of about 33 kHz. T
claim is made that the Pake doublet arises from D chemic
bonded to a Si atom, and the Gaussian arises from isol
HD and D2 in the amorphous analogue ofT-like sites. Be-
cause of the unique shape of this line, this claim for t
bonded D has never been questioned and can be accept
fact.

However, for the broad central line, one can ask why
molecules in an open space in the network can experie
large enough efg’s to allow it a width of12 –1

3 of the bonded
D! The answer is that the efg at the molecule is not t
large. Since the line width of the molecular broad central l
is two to three times narrower than the Pake doublet,
apparent efg for D2 and HD is two to three times smalle
than the efg for the bonded D. However, since the actual
is being magnified by an amount between 27 and 40~de-
pending on the relative amounts of D2 and HD!, it is about
1% ~a factor of 27 to 40 times 2 or 3! of that experienced by
the bonded D. A neglect of this correction will lead to
determination of a ridiculously high efg at the molecular si
Thus molecular hydrogen resides at site with very sm
efg’s, which makes theT-like site the prime candidate for th
molecules to reside in.
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