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Symmetry-adapted BCS-type trial wave functions for mesoscopic rings
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In mesoscopic systems, the symmetry of the wave function cannot be broken and must be considered. We
construct symmetry-adapted trial wave functions of the Bardeen-Cooper-Schrieffer-type for mesoscopic rings
described by an extended-Hubbard model at half-filling. The comparison with exact nunieeoakzos
diagonalization in small rings indicates that this variational approach is reasonably accurate. Within this
approach, we demonstrate a crossover from a weak-correlation regime to a strong correlation one. Particularly
interesting is the behavior of the lowest-excitation energy, which switches from a highest-occupied-molecular-
orbital-lowest-unoccupied-molecular-orbital gap to a splitting energy related to a collective tunneling of elec-
trons.
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[. INTRODUCTION variational treatment based on trial functions appropriately

In condensed matter physics, variational approachesonstructed. To illustrate this, we shall consider here finite
based on, e.g., BCS-type trial wave functions turned out tgings described by an extended-Hubbard model at half-
be very useful for describing various ordered phases likdilling. Various Hubbard models have been often used to
superconductivity or excitonic insulatof§ hese approaches €xamine strongly correlated electrons in numerous low-
are transparent physically but approximate. To test their vadimensional compounds ranging from conducting polymers
lidity for nontrivial models, the comparison with exa@r to cuprates. The one-dimensional extended-Hubbard model
almost exadtresults obtained by numerical methddsian- IS interesting because its ground state displays various types
tum Monte Carlo, exact diagonalization, density matrix©f orderings. Out of these, charge- and spin-density-waves
renormalization groupDMRG)] is necessarg® Usually, the  (CDW, SDW) are most relevant phases for quasi-one-
interest of such numerical studies on strong correlations wagdimensional compounds.
in infinite systems. Although inherently carried out in finite
systems, they investigated the si@é¢) dependence only to Il. MODEL AND GENERAL PROPERTIES
deduce, via finite-size scaling analysis, resultsNes . In
view of recent advances in the fields of nanostructures ang
synthesis of larger molecules, thedependence can also be e

Let us consideiN electrons onN sites (half-filling case
scribed by an extended-Hubbard Hamiltonian,

considered a problem of interest by itself. This was con- N
firmed by the results of several recent studies on mesoscopic H=—t t T

. ) =— Ci ,Ci1,+Ciiq,Ci
Peierls ringg:® J.Zl U;’l (§ 6Cj+ 10T Cj+1,6Cj.0)

Besides exact numerical methodsntrolledapproximate
treatments are useful for mesoscopic systems as well. Com-
puter storage problems impose sevédésc space and/or
computation timglimitations on the largest size in quantum
Monte Carlo and exact diagonalization calculationsHere, ¢ (c') denotes creatiorfannihilation operators for
(N~10-50. Larger systems N~100) can be studied electronsn; ,=c/ ,c;,, nj=n; +n; , tisthe hopping in-
within DMRG, but mesoscopic rings are difficult to study, tegral between nearest neighb@usless otherwise specified,
since convergence problems arise when applying periodiset throughout to unily U andV are on-site and nearest-
boundary conditions.On the other side, it is unlikely to neighbor potentials, respectively. Numerous meth@ds
expect predictions in a certain field without the understand€luding mean field, quantum Monte Carlo exact numerical
ing in terms of simple physical concepts. diagonalization, DMR@ have been employed previously to

For mesoscopic systems, it is impossible to employ di-study the phase diagram of the mod&), but they were
rectly trial functions used for infinite systems, since theyultimately applied to the limitN—o.5=°
describe ordered states whhokensymmetry. A certain type In a sense, finitdmesoscopicsystems are more interest-
of ordering could develop in the ground state of a finiteing than infinite systems. Besides the model parameters (
system, but this should occwithout symmetry breakingh U, V) characterizing the latter, the sikErepresents an extra
concrete situation of this kind is encountered in mesoscopiparameter that can modify the physical properties of the
Peierls rings and has been discussed recéntlythis paper, former.
we shall demonstrate the importance of incorporating the Physical insight into the modélL) can be gained by ex-
correct symmetry in the wave function of mesoscopic sysamining the (classical limit t—0. Then, for G<U<2V,
tems of strongly correlated electrons. Moreover, we showthere are two equivalent multielectronic configurations
that these systems can be described reasonably well within| @ DW, ,) for which the energy is the lowest, corresponding

N
+j21 (Unj’Tnj’l+annj+1). (1)

0163-1829/2001/635)/1553088)/$20.00 63 155308-1 ©2001 The American Physical Society



IOAN BA LDEA, HORST KCPPEL, AND LORENZ S. CEDERBAUM PHYSICAL REVIEW B3 155308

TABLE I. Symmetries of the ideal-ordered states characterizing the CDW and SDW orderings in closed-
and open-shell systems.

State N=4n+2 (PBO N=4n (ABC) N=4n (PBO N=4n+2 (ABC)
CDW, T*RYCYF~ T*RYCYF* T*RYCYF* T*RYCYF~
CDW_ T R'CF- T R'CF* T R'CF* T R'CF-
SDW, T R'CF* T*RYCYF* T R C'F* T*RCF*
SDW._ T*RYCYF- T R'CF- T*RCF~ T R C'F-

to doubly occupied sites and unoccupied sites alternating peable differences between closed€4n+2 with PBC and
riodically (the bipolaronic limit of a CDW. In occupation N=4n with ABC) and open l=4n with PBC andN=4n
number representation, they are expressed|@BW,) +2 with ABC) shells also exist in the presence of strong
=|...0202..) and |[CDW,)=|...2020..). For O correlations. Therefore, we shall discuss closed and open
<2V <U, the lowest energy is obtained if each site is occu-shells separately. Since the approach proposed in this paper
pied exactly by one electron with either up or down spin; twois particularly suitable for closed shells, we shall mainly ex-
possible states are those where the spin orientations alternamine this case and consider for specifidity- 4n+2 and
between adjacent sites, i.dSDW)=|---1[7/---) and PBC. Open shells will be analyzed in Sec. VI.
[SDWo)=|---|T[T---) (the antiferromagnetic limit of an For N=4n+2 and PBC, a straightforward analysis re-
SDW). The critical point =2V) of the CDW-SDW tran- veals that both statd€DW, ) and|SDW_) are of symme-
sition expected within this oversimplified analysis is not verytry T"R*C*F~. For small rings, we have computed the
far from what quantum calculatiofis predict for infinite  exact ground stat@l,) by numericalLanczo$ diagonaliza-
systems <2V). tion. It turns out thatW¥,) contains, besides the terms enter-
The limiting configuration§CDW, ) and|SDW, ,) rep-  ing|CDW, ) and|SDW_), other contributions, but its sym-
resent dimerized states, i.e. states of broken symmetry. Thigetry is the sameT"R*C*F~ in the whole (/t,V/t)
is possible only in infinite systems. In finite ones, when theplane. This is why¥,) can change gradually from a CDW-
exact ground state is nondegenerate—a fact confirmed bype state to an SDW-type one, e.g., by decreasiagfixed
our results for small rings studied by exa@tanczo$ U andt. The smoothness of the CDW-SDW transition in
diagonalization—it should preserve the symmetry of theperiodic (41+ 2)-site rings is illustrated in Fig.(4) by exact
Hamiltonian. TheN-site ring described by Ed1) is invari-  (Lanczo$ diagonalization results for the ground state CDW
ant under the following symmetry transformations;,  correlation functiork,
—Cj;1, (€lementary translatioi), Cj,o—Cn—j,o (Space in- N
versionR), ¢; ,—(—1)ic], (charge conjugatiorC) and K,
Cj.o—Cj,— o (spin flip F). Under the aforementioned trans- =
formations, the nondegenerate eigensthié,;} of (1) should
be either of even or of odd parity¥ ,)— +|¥ ,)). We shall
use, e.g.C™ to denote an eigenstate that is symmetain-
tisymmetrig with respect to charge conjugation. Out of the
above multielectronic configurations that are classically
equivalent, one can construct the following states compatible
with the original symmetry: [DW..)x|DW;)=|DW,)
(DW is eitherCDW or SDW). Their symmetries are indi-

(—1))(n;ny). )

1

cated in Table | for systems witN=4n+2 and N=4n, (@ o 2 v/U 4
both for periodic(PBC) and antiperiodicABC) boundary .
conditions. ]
Several previous studies on weakly correlated lo_ﬁ
systems like cyclic polyenesannuleneg® and finite 107 4
Peierls ring4® demonstrated that closed and open 10"
shell systems behave quite differently. By definition, a 10t
closed (open shell system possesses a nondegenerate 10°

(degenerateground state in the absence of interaction. Re- P
phrasing, the so-called highest-occupied-molecular-orbital— 18 T 3 3 ViU 4
lowest-unoccupied-molecular-orbitd HOMO-LUMO) gap (b)

(i.e., the energy difference between the lowest-unoccupied F|G. 1. Results obtained by exattanczos diagonalization for
orbital and the highest-occupied orbjtad finite for closed  ten site periodic rings andU =0.2;0.5;1(solid, dashed, and dotted
shells, but vanishes for open shells. Our results obtained bjnes, respectively (a) The CDW correlation functionk . reveal a
means of the exact numerical diagonalization for small siz&mooth CDW-SDW transition(b) The energye of the lowest ex-
systems described by the Hamiltoniél) confirm that no- citation.
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The inspection of the curves in Fig(d reveals the influence K

of quantum fluctuations on the CDW-SDW transition. With ¢ ,=N"2 > [a,,exp2mijp/N)
increasingt at fixed U, the transition occurs at values of p=—x

2V/U substantially larger than in infinite systems\{/2J +(_1)jbp Lexp2mijp/N)]. (4

=1); the transition is significantly pushed towards the CDW
region. The larger the quantum fluctuation}, the broader A straightforward analysis reveals that, by imposing,
is the transition region.
For V/U>1 andV/t>1, |¥,) tends to the symmetric Op,0= Op,—o= bp. ®

superposition| CDW,.). This demonstrates that the classi- the functions|¢;) and|e,) are eigenstates of the total spin
cally equivalent configurationfCDW, ) contribute to the 2 (S=0) and their symmetry under spin flip~ coincides
exact ground state and there exists a tunneling involving allg that of the statels¥', ;) and|CDW. ). However, botHe;)
electrons between them. To our knowledge, sucblkctive and|e,) correspond t’o states with brokdn R, and€ sym-

quantum eflec:ron tLIanneImkg]as not b(taetréd|stcusd§ed tt)y E’rzev" metries. They cannot describe directly CDW ordering in me-
ous investigators. If so, an eigenstqt#,) tending to the soscopic systems, but can be used to construct trial functions

antisymmetric .superpositiomCD.\N_)_ in th_e same limit whose symmetry is correct. The linear combinatidps)
should also exist. This expectation is confirmed by calcula-+| ) are eigenstates Gt and® but their transformatio
tions that show that¥ ;) has the symmetrf "R*C F, in —1%2) ¢ ) ’ -

Aw) y y ' is still incorrect. This last drawback can be eliminated by

agreement with Table |. The tunneling splitting i"a the following functiona:
=(W,|H|W,)—(¥o|H|W,) becomes vanishingly small, UsiNg the following functions.
e.g., by increasiny at fixedU andt [cf. Fig. 1(b)]. |\I,A’B>EC;’1B/2[|QD1>+|¢1>i|¢2>i|¢2>]' 6)

Unlike |[CDW, ), the superpositiodfSDW_) can never

exhaust the expansion of the exact ground state, althoughihere the function$y; ,) are obtained replacing the quanti-

there are parameter regions whegg®W._) gives the largest ties 6, , by 6_, , in the expressioné3) for |@1). The nor-

contribution to] W ). This can be understood both classically malization constant is expressed by

and quantum mechanically. As discussed above,tfel0

and 0<2V<U, the lowest energy is obtained if each site is

occupied exactly by one electron with either up or down

spin.|SDW, ,) are only two states out oﬁ(z) such configu-

rations. On the other side, the total spin is a good quantum

number for model1), but (unlike [CDW..)) |[SDW.) are x Hn coS(Gp+0-p) |- @)

not eigenstates of the total spin opera8r This suggests -

that, in the SDW regime, the significant contributions toOne can show that these trial functions possess the symmetry

|Wy) should be more numerous and, hence, a morgroperties of the exact eigenstates, ;) (cf. Sec. 1): | W)

complicated-variational ansatz than that used employed béwas the symmetries ¢f') (T"RTC*F ™), while |¥3) has

low would be necessary. Therefore, we shall focus our atterthe symmetries of¥,) (T"RTCF~).*?

tion in this paper only on the CDW part of the phase dia- The trial functiong ¥ 5 g) defined by Eq(6) represent the

gram. starting point of the presently proposed variational approach
for closed-shell systems. The essential difference from the
case of infinite systems is that the trial functions used here

IIl. SYMMETRY ADAPTED BCS-TRIAL FUNCTIONS FOR are adapted to the symmetry of the mesoscopic systems. In

MESOSCOPIC RINGS IN THE CDW REGIME order to compute physical properties of interest, one should

Within a mean-field picture, a CDW is represented by adetérmine{dy} (N/2 independent values feachstate by

nonvanishing site-independent average1)!(n;—1). This ~ Minimizing numerically the energy functional€, g
means that the charge excess at each even-numbered siteG6 ¥ a8/H[Wa ) Obtained by combining Eqgl), (6), and
equal to the charge deficit at each odd-numbered site. A&)- Because the expressionstef g are lengthy, they will be
noted, there also exists another equivalent configurgibn ~ °mitted.
tained by interchanging the words even and odd apole
describe such states, one could choose a BCS-type trial wave IV. EXACT DIAGONALIZATION VERSUS
functions of the forn{ k=(N—2)/4, |0>_Vacuum statp SYMMETRY-ADAPTED BCS-TRIAL FUNCTIONS

FOR SMALL RINGS

Cap=4/1% [l cog26,+ [I cod(6,—6_,)
p="x p==x

n

K We have performed extensive computations on small
|¢1,2)=H H (a;[,cosap,(,i b;’(,sin 0p.,)0), (3)  rings by means of both exact numerical diagonalization and
o pETK the trial functions defined in Sec. Ill. Some representative
results are collected in Fig. 2. By inspecting the curves for
where a certain ordering of the factors should be adoptethe CDW and SDW correlation function&{ and Ky, re-
(e.g.,pincreases by 1 from right to leftd, , are adjustable spectively of Figs. 2a) and 2b), one can conclude that the
(rea) parameters andgyg (b;o) are creation operators of symmetry adapted trial functiorj¥  g) are reasonably ac-
right- (left-) moving electrons, curate. K is defined by replacing the operatons=n; ,
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107" FIG. 3. For closed-shell systems, the lowest excitation energy
5 behaves as a HOMO-LUMO gag { 1/N) for small sizegN) and
107 as a tunneling splitting (Ia~—N)) for large N, indicating a cross-
over from weak to strong correlations. The parameter values$ are
3 =1 and, increasing downwardd,=V=0.5;1;2.Lines are guides
10 to the eye.
10”
© 0.0 15 vUu2 3.0 work for describing finite rings. The reason is that, although

approximate, the expressiof® of the functiong ¥, g) ac-
FIG. 2. Results for ten site periodic rings<{1). (a),(b) CDW  count for the collective tunneling of electrons. As expected
and SDW correlation functiori§, s obtained by means of the exact from intuitive physical reason&Sec. 1)), this effect should
eigenstated ¥, ;) (solid and dashed lines, respectivelgnd the  play an important role at mesoscopic sizes.
symmetry-adapted trial functional', g) (circles and crosses, re-
spectively. (c) Absolute error in the ground state energy divided by

the exact correlation energy= (W a|H| W o) — (P o|H| P o))/ (Ene V. WEAK VERSUS STRONG CORRELATIONS IN
—(Wy|H|¥y)) for U=5;2.5;1(solid, dashed, and dotted lines, re- MESOSCOPIC RINGS
spectively.

Two limits are encountered in the study of interacting
systems. In the limit of weak correlations, a system can be
+n; | in the expressiorn2) of K. by n; ;—n; | (1<j<N).  described in terms ofalmos} independent quasiparticles.
One should note at this point that the SDW correlation func-Such a description does not hold any more in the opposite
tion K¢ decreases progressively with increasing.e., when  limit of strong correlations. Usually, one moves from the
moving deeper into the CDW regimeThis behavior illus-  former case to the latter by starting with a collection of free
trates alternatively the smoothness of the CDW-SDW transiparticles and switching on interacti@hbetween them. From
tion in finite systems. The fact thats does not vanish ex- this standpoint, mesoscopic systems are more interesting
actly (as is with the case within a mean-field approaisha  than infinite systems, because there exists another route be-
result of quantum fluctuations. Besides, we also compare thgveen the two limits: not only by increasing interaction
absolute error in the ground state obtained variationallystrengthglike U and/orV) but also by increasing the sii¢
SE=(Wa|H|WA)—(Wo|H|P¥), to the total correlation en- of the system.
ergy, Ecorr=Enr—(Vo|H|¥o) (Ene is the total Hartree- In this section, we shall demonstrate this explicitly for the
Fock ground state enerpgysee the curve fob= SE/E,, in chosen mode(1). This is possible within the variational ap-
Fig. 2c). The trial state that possesses the correct symmetrgroach based on the symmetry-adapted trial functi@s
|W,) represents a better approximation—both qualitativelybecause this method can be applied to rings of mesoscopic
and quantitatively—for the exact ground stii&,) than that  sizes, much larger than those for which numerical exact di-
with broken symmetry |, ,)). Notice also thais vanishes agonalization can be carried out. Calculations clearly indi-
exponentially in the strong coupling limit. In this limit, the cate the crossover from a weak-correlation regime to a
function |W,) provides accurate estimates of the exactstrong-correlation regime with increasing size. To illustrate
ground state properties. this, we present in Fig. 3 thH dependence of the lowest-

Summarizing the comparison reveals that unlike the statesxcitation energy=(Wg|H|Wg) —(Wa|H| ¥ A).
with broken symmetryj¢, 5), the symmetry-adapted BCS- By inspecting the curves fdd =V=1 of Figs. 3a) and
trial wave functions| W, g), provide a satisfactory frame- 3(b), one can see that the linear dependence(df) on 1IN
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for small sizes N<N.) changes to an exponential depen- K/N%

dence, Ire(N)~—N, beyond a certain sizeN(>N.). The 0.6 o=

crossover valué\, is very sensitive to changes of interaction \

strengths. The stronger the coupling, the higher is the value 0.4 3y

of N.. The crossover value is larger than all the sizes em- A \‘\%

ployed in Fig. 3 forU=V=0.5, while it is smaller forU 0.2 f\\q&;

=V=2. This is why, in thewhole Nrange shown in Fig. 3, S TS

the e(N) curve is practically linear in Fig. @) for U=V 8)0 e o 75 n
=0.5, and in Fig. &) for U=V=2. This behavior ofe

=¢(N) has a clear physical interpretation. BN, (weak Ky st e oo
correlation or single-particle regimethe main interaction 0.9 Lane="""

effect is to renormalize the single-particle gap. Ther@\) /- N~ °
plays the role of arenormalizegd HOMO-LUMO gap ( rd

~t/N for U=V=0). In the opposite cas&y>N, (strong 0.6 ¥

correlation or collective regimee(N) is the result of the \,

tunneling of electrons through an energy barrier. Semiclassi- 03 ¥

cally, the tunnel-splitting energy should be proportional to
the transmission coefficientover a distance of the order of
the lattice constana through a barrier of heighEg~E,,, FIG. 4. The size dependence of the normalized CDW correla-
(see below of an object of masM~Nm [m~7#2/(2ta?) tion functionK./N (a) and absolute SDW correlation functidty
being the electron maksThis yields logr~—ay2EgM/A  (b) for closed-shell systems in the lowest energy stafes) and
~ — JEcorrN/t=N. The proportionality toN is the result of |Pg) (triangles and circles, respectivéaly_ings are guides to the
the fact that for larger sizeB.,,,«N. The size-dependence ©Ye: The parameter_valueslt=V/t=0.5;1;2mcrease upwards in
In e~—N, similar to that of Inr, is a clear indication of the (8 and downwards irib) for N=50.
collective nature(i.e., M= N) of this effect, in accord with
the qualitative analysis of Secs. | and Il. The above considferences exist between the properties of the stabag and
erations also allow us to unravel the physical meaning of théw ;) for sufficiently small sizes. The weaker the coupling,
critical size N.. The crossover between weak and strongthe broader is thél range where the properties are signifi-
correlation regimedalternatively, between single particle cantly size dependent and the larger are the differences be-
and collective excitationsoccurs when the exponent enter- tween the statep¥ ,) and|¥g): compare the curves fdg
ing the expression of is of the order of unity, i.e.Ecqr =V=0.5, 1, and 2 in Fig. 4.
~t/N. This relation has a clear physical interpretation: at In Fig. 4(a), we show theN dependence of the normalized
N~N¢, the system can rapidly tunnel between the two clasCDW correlation functionK./N. K./N saturates forN
sically equivalent configurations, because the energy of.o, indicating the presence of a well-defined CDW con-
single electron-hole excitations-{/N) is comparable to the densate in infinite systems. The semiclagsiean-field pic-
energy barrier -E.,,). This is analogous to the crossover ture becomes qualitatively correct in the thermodynamic
between normalundimerized and dimerized regimes en- |imit. At large enough sizes, the tunneling splittirg be-
countered in mesoscopic Peierls rigs.that case, the criti-  comes vanishingly small. The statek,) and|¥g) become
cal size corresponds to an energy barri®(Q=0) almost degenerate and are characterized by almost equal
—V(Que) as determined by the symmetric adiabatic doubleCDW correlations, in agreement with the qualitative discus-
well potential V(Q)=V(—Q) [Q is the dimerization coor- sion of Sec. I.
dinate andV,=mingV(Q)] which is comparable to the It is also useful to compare the different behaviors exhib-
phonon frequency); see Ref. 5 for details. The correspon- ited by the curves of Figs.(4) and 4b). Notice that the
dence between the case of Ref. 5 and the present one is tf@mer refers to thenormalizedCDW correlation function
following: V(Q=0)=Eur, Vmin=(¥a|lH|¥,), and K./N, whereas the latter refers to thésoluteSDW corre-
t/N=(). Unfortunately, unlikeV;,, the (almos} exact en- lation functionK,. Both quantities saturate in the thermody-
ergy (W |H|W¥ ») cannot be evaluated analytically, so that anamic limit. The CDW condensate becomes more pro-
straightforward estimation of;,,, and hence, of the nounced with increasindy, while the SDW is not condensed;
present quantitN.. is impossible. unlike in the mean-field description, weak SDW correlations
It is also interesting to examine the size dependence oéxist (Ks#0) but are practically determined solely by size-
relevant average properties, like the CDW and SDW correindependent quantum fluctuations. This behavior resembles
lation functionsK s. To understand the results collected in that of the mean-square lattice displacemé@?)=((a
Figs. 4a) and 4b), one should first remember that, for the +a")?2) (a anda' are phonon operatorsFor a condensed-
values used there=V), an infinite system would be in the phonon field(static lattice distortioy) (Q?) is proportional to
CDW regime (U<2V). The twofold degenerate mean-field N, whereas for normaihoncondensed phonoris tends to a
ground state would be a CDW condensate characterized Hy-independent value determined by quantum-phonon fluc-
an extensive CDW correlation functioi {=N) and vanish- tuations (Q?)=1 for free phonons see, e.g., Ref. 5. The
ing SDW correlationsiK;=0). As illustrated in Fig. 4, dif- picture emerging from this analysis is consistent to that of a

(b) 25 50 75 N

155308-5



IOAN BALDEA, HORST KCOPPEL, AND LORENZ S. CEDERBAUM PHYSICAL REVIEW B3 155308

smooth CDW-SDW transition discussed in Sec. Il and indi- |& y=[=ArTrT=BIlIT+CrTiT-rTIT)]
cates two alternative routes towards a well-defined CDW '
state: by increasing the siZéor V>U/2) or the coupling

t b
strength(e.g.,V at fixedU). X 1{1 (ay , COy* by - SiNG})[0),

—raRreteteartt Tttt
VI. OPEN SHELL CASE Im2=[=Brir=All+Crl=rl )]
So far, we have shown that the symmetry-adapted trial <11 (aI’(, cosd_y*+ bl’,, sing_y)|0),
functions (6) are suitable to describe periodiPBC) rings ok
with N=4n+2 sites in the CDW regime. This is also the
case of antiperiodi¢ABC) rings withN=4n sites. There are
only several minor differences between the cabes4n
+2 with PBC andN=4n with ABC. In the latter case, the
ground state also has, in the whol&/¢,V/t)-plane, the
same symmetries: they are those of the stE@3W, ) and
|[SDW_) (not|SDW, ), cf. Table ). The functiong¥ ») and o e+
|Wg) have the same symmetries as the sta@RW, ) and [ag)=len Hlm)=le=]m2)- ®
|CDW_), respectively. The different spin-flip symmetry Straightforward analysis shows that the functidés,) and
(F~ for N=4n+2 with PBC, butF" for N=4n with ABC)  |dg) represent singlet states with the symmetries of
is the consequence of the fact that the transformaffidn- |CDW,) and |[CDW._), respectively. We have used the
terchanges an od@ven number of parentheses in E@) in functions|®, g) to minimize the total energy by adjusting
the former(latten case, since is (half-) integer. The physi- the variational paramete{#,}, « and8. For small systems,
cal properties foN=4n+2 with PBC andN=4n and ABC we have compared the results of exact numerical
are quite similar, because both correspond to closed shellgiagonalizatio®® with those deduced variationally by using
the ground state of the noninteracting systems is nondegethe functions|®, g). Although not as accurate as in the
erate(the HOMO-LUMO gap does not vanishAnalogous closed-shell case, the proposed variational approach can still
to the situation encountered in Peierls mesoscopic fiilgs,  reproduce exact ground state properties of open-shell sys-
points on the curves displaying tiedependence of relevant tems within a few percent; see Fig.ap for illustration.

wherek increases by unity from-N/4+1/2 to N/4—1/2,
re=b-na-120, lo=a-na-120,, A=sinacosp, B
=sinasing andC=2"Y?cosa (A?+B?+2C?=1). These
functions are of broken symmetry, but they can be used to
define the trial functions with correct symmetries:

physical properties for the cas&dl=4n+2 and PBC In the presence of an .Aharon'ov-Bof(m.S) magngtic flux
smoothly interpolates between those for the ddse4n and ¢ (flux unit hc/e) threading a ring, the first term in paren-
ABC. thesis of Eq. (1) should be replaced by

As already noted in Sec. Il, our results obtained by meansz,,,ch,(, exp(2mi ¢/N)+c}‘+lygcjy(, exp(—2mi¢/N).2*  This
of the exact numerical diagonalization for small sizes indi-yields a flux-dependent ground state varying periodically
cated that notable differences between closhd=4n+2  with the flux Eq(#)=Eg(¢+1) and a persistent electric
with PBC andN=4n with ABC) and open N=4n with currentjx — JEg/d¢ oscillating with¢. The average over a
PBC andN=4n+ 2 with ABC) shells, known from previous half-period of the lattefj,,<Eg(1/2)—Eg(0) can be taken
investigations on weakly correlated systeth$® also exist as a measure of the amplitude jobscillations. The above
in the case of strong correlations. To exemplify, one canp-dependent phase factor can be accounted for by twisting
refer to the CDW-SDW transition. According to the qualita- the boundaries; the differendeg(1/2)—Eg(0) represents
tive analysis of Sec. I, one can conclude that a CDW-SDWhe difference between the ground state energies computed
transition should necessarily occur by changing the modelith periodic and antiperiodic boundary conditions at zero
parameters from &U/t<2V/t to U/t>2V/t>1. The in- flux; see, e.g., the second part of Ref. 5 and references cited
spection of Table | shows that a transition therein. Figure &) illustrates that the,, curve obtained
|CDWM>:|SDW,,> in open-shell rings must be accompa- variationally reasonably reproduces the exact one in the
nied by a change in the ground state symmejiyy= *+). CDW region relatively close to the CDW-SDW transition
This indicates asharp CDW-SDW transition in these cases, (2V/U=1). For such a case, we also present in Fig) &he
as explicitly shown in Ref. 13, contrasting to the smooth onesize dependence ¢f, obtained by using the trial functions
found in Sec. Il (6) and(8). Figures %b) and Hc) also show a fact important

Trial functions possessing the symmetries of the statefor observability: for moderate couplings, the persistent cur-
|[CDW..) can also be constructed for open shells. Howeveryent is not very much diminished with respect to the values
their form is more complicated than those of Sec. lll, justfor free electrons.
because of the ground state degeneracy of the free electron However, some important properties of open-shell rings
gas. To illustrate the difficulty, one should note that to con-cannot be correctly described by means of the functions
struct two singlet states with the symmetrieg@DW, ) and  |®4 ). A spectacular finding we reported recently for open-
|CDW_) in the absence of interaction, one should superposshell clusters described by modd)) is the occurrence of
each time two distinct states out of the six degenerate grounguantum-phase transitions driven by tunnefiids a result
states. In view of the above considerations, instealdr@) of quantum tunneling, by varying the parametér& and
and| ¢, 5, one can try to use the functions V/t, the ground state can change, e.g., from a state with the
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& ably accurate, and applied it to mesoscopic rings described
0.06 1. by an extended-Hubbard model at half-filling. To demon-

; strate its usefulness, we have applied this method to point out
and investigate a phenomenon occurring in the systems un-
der consideration that was ignored by previous investigators:
the collective tunneling of electrons between two CDW con-
figurations that are classically equivalent. Recently, a quan-
tum tunneling of electrons has been inferred from experi-
ments on double layers in gallium arsenide quantum wells.
There, the two lowest energy states can also be expressed
approximately as the symmetric and antisymmetric superpo-
sitions of two wave functions, analogous to the present case.
Similar situations are encountered, e.g., in N\Holecules®
and dimerized systemisyhere the symmetry, broken within
semiclassical(mean-field approximations, is restored by
quantum tunneling. What makes the difference between
those cases and ours is the origin of the tunnelptmnonic

® 06 0.9 12 v and not electronic
We have shown that the symmetry-adapted trial functions
0.9 1 | of BCS-type proposed here can be used to describe reliably
Jay ° mesoscopic systems with closed shells. Most of the interest
08 | in mesoscopic rings stems from the Aharonov-Bohm effect
’ and the related persistent currents. Therefore, it would be
%o, useful to develop a reliable and physically transparent ap-
0.7 | proach able to provide the flux dependence of relevant quan-
tities. As discussed in Sec. VI, a quantitative treatment of the
; ; : Se flux dependence would require, first, a reliable description of
© 0 25 50 5N the open-shell case and, second, trial functions changing

) o continuously between the closed- and open-shell cases. In
the exact comelaion snergy for aniperiodic ten sie clustrs. ISW Of the limitations of the approach based on .
- " further investigations on a suitable choice of symmetry-
:«.\PALH'\I,A? (WolH[¥ o))/ (Ene <\.P°|H|\I,°>) for U adapted trial wave functions to describe open-shell systems
=5;2.5;1(solid, dashed, and dotted lines, respectivelhe com- ith mesoscopic sizes represent a necessary first ste
parison with Fig. 2 illustrates that the variational results for openWI The diff pIC Siz 'p fth y If | P
shells are much less accurate than for closed sh@ligc) Persis- e different Symr_netrl_es 0 t e two s_tat@;\'B of lowest

energy can be exploited in optical studies for a correct clas-

tent current averaged over an AB half-period normalized to its™~ =" 9. g
value for free electrons at=U=1: (b) exact versus variational Siication of the excited states. For low temperatures

results forN=10 (solid and dashed lines, respectivelyc) N de- (<), only optical transitions from the staté, are pos-
pendence of the variational results fér=0.7. sible, while forT~¢ the transitions from the stat'g also
contribute to the spectrum. The optical absorption in the state

symmetry of CDW,) to a state with théCDW_) symme- ¥ could be extracted by comparing the two spectra.
try. This result has been obtained for small clusters for whicHn weakly correlated systems, the tunneling also yield
the numerical exact diagonalization can be carried out, and Rairs ¥, , of excited states that are nearly degenerate
would be desirable to investigate such unusual phenomena €€, E,|~¢) and of different symmetries. Out of them, a
larger sizes as well. To this purpose, a physically transparersingle transition can contribute to either spectr(say W 5

and reliable approach of the type proposed here would be>V, andWg—W¥,). Strong correlations may yield excita-
very useful. Unfortunately, such CDW-to-CDW quantum- tions that do not necessarily consist of pairs of almost degen-
phase transitions cannot be described by means of@q. erate states; hence, one can expect a more significant differ-
We found that the statgb,) is alwaysenergetically lower —€ence between the two aforementioned spectra. Of course, this
than statg®g). As such, one should expect variational re-is possible only for sizes corresponding to sufficiently large
sults significantly deviating from exact ones in the regionvalues of the tunneling splitting. According to the present
where the ground state has the symmetrjdaf). Therefore, ~evaluations(cf. Fig. 3, e~1 meV (e~10K) for N~50 at

the disagreement between the tjyg-curves of Fig. Bo) for ~ moderate couplingst(U,V~1 eV). The strong dependence

V values beyond the poin¢=0.75 of the CDW-to-CDW of & on the interaction strengthief. Fig. 1(b)] could be
transition is not surprising. exploited once it is possible to fabricate ordered nanostruc-

tures of rings consisting of quantum dots. Controlled modi-

fications of the model parametens,V) could be achieved

by controlled modifications in size and spacing of such
In this paper, we have developed an approach based aquantum-dot systems.

symmetry-adapted trial functions of BCS-type that is reason- The present theoretical study shows interesting effects

VII. SUMMARY AND OUTLOOK
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