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Frustrated Heisenberg antiferromagnet on the pyrochlore lattice
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We investigate quantum phase transitions for thes5
1
2 antiferromagnetic Heisenberg model on the pyro-

chlore lattice. By means of the series expansion method starting from isolated tetrahedra, the ground-state
phase diagram is determined. When the ratio of the two competing exchange couplings is varied, a first-order
~second-order! quantum phase transition occurs between two spin gap phases~the spin-gap and the antiferro-
magnetic phases!. We also discuss some properties expected for thes51 pyrochlore spin system.
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I. INTRODUCTION

Geometrically frustrated magnetic materials have been
subject of considerable interest recently. In particular, co
pounds with pyrochlore structure, i.e., a tetrahedral netw
of magnetic ions, show a wide variety of different pheno
ena caused by strong frustration. For instance, for typ
Ising-type pyrochlore magnets Ho2Ti2O7 ~Ref. 1! and
Dy2Ti2O7,

2 an anomalous peak structure in the specific h
was observed at low temperatures. This anomaly, called
‘‘spin ice’’ behavior, is caused by the macroscopically lar
ground-sate degeneracy induced by geometrical frustra
On the other hand, the metallic compound LiV2O4 ~Ref. 3!
exhibits heavy-fermion behavior, such as the exception
large specific-heat coefficient at low temperatures. It w
claimed that frustration caused by a tetrahedral network
vanadium ions is important to understand the heavy-ferm
behavior in this compound.4 Such frustration effects shoul
be more important for Y~Sc!Mn2,

5 for which the quantum
spin-liquid behavior induced by frustration was indeed o
served experimentally. Magnetic property of this compou
may be described by thes5 1

2 antiferromagnetic Heisenber
model on the pyrochlore lattice. Furthermore, the possibi
of a ‘‘topological spin glass’’ was pointed out for Y2Mo2O7,

6

making this class of frustrated quantum spin systems m
attractive and challenging.

Theoretical studies7–9 of thes5 1
2 quantum spin model on

the pyrochlore lattice were first done by Harriset al.,7 who
pointed out the possibility of the dimerized ground state
exploiting a field theoretical approach. Canals and Lacro8

clarified that the ground state of the model is a spin-liq
state with a spin gap. They found that the neutron diffract
data of Y~Sc!Mn2 ~Ref. 5! are in fairly good agreement with
their results.8 However, by using a bond-operator approa
Isoda and Mori9 suggested that the ground state may be
scribed by a RVB-like~plaquette! singlet state, which is dif-
ferent from the dimer-singlet state known so far.

In this paper, we investigate thes5 1
2 quantum spin mode

on the pyrochlore lattice with competing antiferromagne
interactions shown in Fig. 1~a!. Our system may describ
pyrochlore-lattice compounds such as Y~Sc!Mn2 ~Ref. 5! as
well as GeCu2O4 ~Ref. 10! found recently. In Sec. II, we
study the ground-state phase diagram to discuss the ro
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geometrical frustration. For this purpose, we investig
quantum phase transitions by means of series expan
techniques.11 It is shown that when the ratio of the compe
ing exchange couplings is varied, the system undergoe
first-order~second-order! quantum phase transition betwee
the two spin gap phases~the spin-gap and the antiferromag
netic phases!. In Sec. III, we also discuss thes51 case
briefly. A summary is given in Sec. IV.

II. QUANTUM PHASE TRANSITIONS

Let us first consider thes5 1
2 spin model on the pyro-

chlore lattice, which is described by the following Ham
tonian:

H5J(
~ i , j !

Si•Sj1J8(
^ i , j &

Si•Sj , ~1!

where~i,j! denotes a pair of two adjacent sites connected
the thick bond in Fig. 1~a!, whereaŝ i,j& those connected by
the thin bond. Both of the exchange couplingsJ andJ8 are
assumed to be antiferromagnetic. For the compou
Y~Sc!Mn2, we may takeJ/J8;1,5 while for GeCu2O4,
J/J8;6.10

Before proceeding with the analysis, we note that,
some limiting cases, the spin system is reduced to the sim
models whose properties can be well understood. ForJ8
50, it is equivalent to thes5 1

2 massless Heisenberg sp

FIG. 1. ~a! Frustrated antiferromagnetic spin model on the p
rochlore lattice. Thick and thin bonds represent the exchange
plings J andJ8, respectively.~b! Initial configuration for the series
expansion: Broken lines represent the bonds withlJ and lJ8
~see text!.
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chain, while forJ50 an antiferromagnetically ordered sta
is stabilized since the model has a three-dimensional st
ture without frustration in this case. To determine the ph
diagram, we study what kind of quantum phase transit
occurs when the competing interactions are varied. For
purpose, we use the series expansion method,11 which has
the advantage of dealing with frustrated spin systems
higher dimensions. In fact, it was successfully applied
frustrated spin systems such as theJ1-J2 model,12 the
plaquette system,13 and the orthogonal-dimer system.14 To
apply the series expansion method to the pyrochlore-lat
system, we first divide the original Hamiltonian Eq.~1! into
two parts asH5H01lH1 by introducing an auxiliary pa-
rameterl, whereH0(H1) represents the unperturbative~per-
turbative! Hamiltonian. The system is reduced to the origin
model atl51. We here choose a tetrahedron composed
four spins as a starting configuration (H0),7,8 and then con-
nect the tetrahedra via the bonds labeled bylJ andlJ8 @see
Fig. 1~b!#. The Hamiltonianh for an isolated tetrahedron i
H0 is given by

h5J~S1•S21S3•S4!1J8~S11S2!•~S31S4!. ~2!

The energy eigenvaluesE of the tetrahedron for a givenj
5J/J8 are listed in Table I, whereS12(S34) represents the
combined spinS11S2(S31S4), andStotal the total spin. It is
seen in this table that for 0, j ,1, the isolated tetrahedro
has a plaquette-singlet ground state withS125S3451 and
Stotal50. On the other hand, forj .1 we have the dimer
ground state withS125S345Stotal50. The phases specifie
by these singlets are referred to as the plaquette and d
phases, respectively.

A. First-order transition

Keeping the above properties in mind, we now discu
how the plaquette and the dimer states compete with e
other when the intertetrahedron couplingslJ and lJ8 are
introduced. We calculate the ground state energy up to
sixth order inl for several values ofj. We show the obtained
energy in Fig. 2, for which the first-order inhomogeneo
differential method15 is applied to the finite-order series ca
culated above. As mentioned above, forl→0, the first-order
quantum phase transition occurs between the plaquette
the dimer phases at the critical pointj c51. It is seen in Fig.
2 that the critical valuej c for the phase transition is no
sensitive to the change inl. In fact, the energy up to the
second order inl is the same for both states nearj 51, as
pointed out by Harriset al.7 For smalll, the first-order tran-
sition point is given by j c;120.021l3. Remarkably
enough, the first-order transition point is estimated asj c

TABLE I. Eigenvalues of thes51/2 spin system on an isolate
tetrahedron.

S12 0 1 0 1 1 1
S34 0 0 1 1 1 1
Stotal 0 1 1 0 1 2
E/J8 2

3
2 j 2

1
2 j 2

1
2 j 221

1
2 j 211

1
2 j 11

1
2 j
14443
c-
e
n
is

in
o

e

l
of

er

s
ch

e

s

nd

;1.0 even forl51. Therefore, we arrive at the interestin
conclusion that the isotropic spin system (l5 j 51) with py-
rochlore structure is located quite closely to the phase bou
ary of the first-order quantum phase transition, although i
difficult to definitely say within our accuracy which phas
the ground state actually belongs to. This fact explains
reason why Harriset al. and Isodaet al. have drawn differ-
ent conclusions about the nature of the ground state for
samej 51 model: the former~latter! claimed that the ground
state is a dimer singlet~plaquette singlet!. As mentioned
above, the energy for two phases is very close to each o
so that the mean-field type treatment may not correc
specify the ground state. Furthermore, there even remains
possibility that the system is just on the boundary, and t
the ground state could be degenerate atj 51. In any case, it
is instructive to notice that unusual dual properties reflect
both natures of the plaquette and dimer states should ap
aroundj 51 in various physical quantities such as the ex
tation spectrum, etc.

B. Second-order transition

The results obtained above do not necessarily imply t
the disordered ground state is always realized in the wh
range ofj. We should study how the disordered phases co
pete with possible antiferromagnetic phases stabilized by
three-dimensional~3D! exchange couplings. We first reca
that for j 50 andl51, the system should have an antiferr
magnetic order, as mentioned before. On the other hand
the casej→`(J8→0) the spin system is reduced to thes
5 1

2 massless Heisenberg chain characterized as
Tomonaga-Luttinger liquid phase.16 In the parameter regime
( j .1), a different type of the magnetic order was observ
experimentally for GeCu2O4 ( j ;6).10 Therefore, we have to
carefully check whether the above two different antiferr
magnetic orders are indeed stabilized in our model.

We first study the magnetically ordered phase in the
gion 0, j ,1. To this end, we compute the staggered susc
tibility and the triplet-excitation energy up to the fourth ord
in l for various values ofj. To observe the second-orde
transition to the magnetically ordered phase, we study
spin gap atk50 in the Brillouin zone, which should vanis
at the phase transition point. By applying Pade´ approximants
to the computed series,15 we obtain the spin gap and th

FIG. 2. Ground state energy for the dimer~right-side! and the
plaquette~left-side! phases for various values ofl. The energy for
l50.0, 0.5, and 1.0 is shown as the dash-dotted, dashed, and
lines, respectively.
2-2
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staggered susceptibility as a function ofl ~Fig. 3!. Whenl
50, the system is reduced to an assembly of isolated te
hedra with the spin gapD5J8. With increasingl, the 3D
network develops, enhancing the antiferromagnetic corr
tion. Therefore, the spin gap decreases and the stagg
susceptibility increases, and finally the second-order qu
tum phase transition occurs to the magnetically orde
phase ~e.g., the critical value is given bylc;0.4 for j
50.05!. From the critical points obtained for various valu
of j, we end up with the phase boundaries shown in Fig
The increase ofj suppresses the magnetic correlation due
strong frustration, and thus the system favors the plaqu
phase. The critical value is estimated asj c;0.9 forl51. As
seen in this figure, the boundaries determined in two dist
ways slightly differ from each other, which may be due
the lower-order~fourth! series expansion done here. A
though it is desirable to perform a higher-order calculation
determine the phase boundary more precisely, the esse
features inherent in thes5 1

2 pyrochlore system may b
given by the present calculation; e.g., the magnetic phas
not stabilized atj 51, but the phase boundary between t
spin-gap phase and the magnetic phase is located ra
closely to j 51.

We next examine another possibility of the antiferroma
netic order observed for GeCu2O4 ~Ref. 10! in the regionj
.1. For this purpose, we calculate the susceptibility for
corresponding staggered field up to the third order inl. As a
result, we find that the divergence in the susceptibi
aroundl51 is suppressed, asj decreases from the valu
( j 5`) for the isolated spin chain. This tendency implies th
in the regionj .1, the system does not stabilize the antife
romagnetically ordered phase, but always stays in the di
phase with spin gap. Therefore, we conclude from the ab
analysis that the magnetic order observed for the compo
GeCu2O4 ~Ref. 10! ( j ;6) may not be explained simply in
terms of the isotropic Heisenberg model employed here. T

FIG. 3. The energy gapD5E(0,0,0) ~inset: the staggered sus
ceptibility xAF! as a function ofl with j 50.05 andj 50.7 obtained

by the Dlog @
1
2 # Padéapproximants.15
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in turn suggests that the anisotropic interactions may
taken into account in order to discuss the ordered state in
compound.

III. SÄ1 PYROCHLORE SYSTEM

Let us now turn to thes51 system on the pyrochlore
lattice.17,18 Although the series-expansion calculation b
comes much more difficult in this case, we can still dedu
some instructive comments on thes51 pyrochlore lattice. In
order to use series expansion techniques, we again start
a configuration of isolated tetrahedra. The energy eigen
ues in this case are listed in Table II. It is seen that ths
51 plaquette singlet withS11S25S31S452 andStotal50
is the ground state for 0, j ,1, while the dimer singlet state
with S11S25S31S450 andStotal50 is the ground state fo
j .1. In contrast to thes5 1

2 model, an isolated tetrahedro
in the isotropic point (j 51) has threefold degenerate groun
states, which include the abovementioned singlet states
gether with another singlet state withS11S25S31S451
and Stotal50, which may be regarded as as5 1

2 plaquette-
singlet state~see Table I!. By introducing the intertetrahe
dron coupling, we observe how the above threefold sing
states are changed. To investigate the first-order quan
phase transitions among three phases, we estimate
ground state energy up to the fourth order inl. This expan-
sion shows that, in contrast to thes5 1

2 case, there exists a
intermediate ~s5 1

2 plaquette! phase between thes51
plaquette phase and the dimer phase for small values ol:
two phase boundaries are estimated asj c5120.42l3 and
j c5110.084l3, which are shown as the thick-dashed lin
in Fig. 5. Although we do not have a definite answer to t

FIG. 4. Phase diagram for thes5
1
2 quantum Heisenberg mode

with pyrochlore structure. The bold line represents the phase bo
ary which separates the dimer and the plaquette phases. A
~dashed! line indicates the phase boundary between the plaqu
and the magnetically ordered phases, which is determined by
spin gap~staggered susceptibility!. The filled circle represents the
location of the isolateds5

1
2 spin chain.
TABLE II. Eigenvalues of an isolateds51 tetrahedron:ED(EP) is the energy for the first~second! part in Eq.~2!.

S12 0 0 0 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2 2
S34 0 1 2 0 1 1 1 2 2 2 0 1 1 1 2 2 2 2 2
Stotal 0 1 2 0 0 1 2 1 2 3 2 1 2 3 0 1 2 3 4
ED /J 24 23 21 23 22 22 22 0 0 0 21 0 0 0 2 2 2 2 2
EP /J8 0 0 0 0 22 21 1 23 21 2 0 23 21 2 26 25 23 0 4
2-3
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question whether this intermediate state can be the gro
state even atl51, it may compete with the other states
the fully frustrated pointj 51 with l51. We next calculate
the spin gap to see how stable the magnetically orde
phase for thes51 case is in comparison with thes5 1

2 case.
By applying the Pade´ approximants to the third-orde
results,15 we obtain the phase boundary shown as the s
line in Fig. 5. It is seen that the area of the magnetica
ordered phase is more extensive in comparison with ths
5 1

2 case. Thus it is expected that the magnetically orde
phase for thes51 case may be more dominant around t
isotropic point j 51. Finally, we make a brief comment o
the smallJ8 ~large j! case. ForJ850, the system is reduce
to thes51 spin chain with bond alternation, where the dim
phase and the Haldane phase are separated at the c
point lc50.6.19 Although it is difficult to estimate the phas
boundary between these spin-gap states in the presen
the interchain coupling, it is naively expected that t
Haldane phase may disappear whenj decreases down toj
51.

FIG. 5. Schematic phase diagram for thes51 antiferromagnetic
Heisenberg model with pyrochlore structure. The filled circle re
resents the location of the isolateds51 spin chain.
.
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IV. SUMMARY

In conclusion, we have discussed the ground-state ph
diagram for thes5 1

2 Heisenberg model with pyrochlor
structure by means of the series expansion method. In
ticular, it has been found that the two different spin-g
states strongly compete with each other aroundj 51, where
the compound Y~Sc!Mn2 ~Ref. 5! may be located. Also, the
antiferromagnetic phase has been shown to be exten
rather closely to the phase boundary. Concern
GeCu2O4,

10 for which j ;6, it has been found that th
present model may not describe its magnetic order, sugg
ing that some other mechanism should be considered for
magnetism. Although we have not been able to reach a d
nite conclusion about the phase diagram for thes51 system,
we have checked that the magnetically ordered phase ma
more dominant aroundj 51 in comparison with thes5 1

2

case. Also, in addition to the known states such as dim
plaquette, and magnetically ordered states, another inte
diate spin-gap state may also be a candidate for the gro
state aroundj 51. Since this argument is based on the c
culation for smalll, it is desired to confirm whether thi
spin-gap state really plays an important role aroundj 51,
which is now under consideration.
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