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Frustrated Heisenberg antiferromagnet on the pyrochlore lattice
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We investigate quantum phase transitions for $he% antiferromagnetic Heisenberg model on the pyro-
chlore lattice. By means of the series expansion method starting from isolated tetrahedra, the ground-state
phase diagram is determined. When the ratio of the two competing exchange couplings is varied, a first-order
(second-ordgrquantum phase transition occurs between two spin gap plhsespin-gap and the antiferro-
magnetic phasesWe also discuss some properties expected foisth& pyrochlore spin system.
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[. INTRODUCTION geometrical frustration. For this purpose, we investigate
quantum phase transitions by means of series expansion
Geometrically frustrated magnetic materials have been thtechniques? It is shown that when the ratio of the compet-
subject of considerable interest recently. In particular, coming exchange couplings is varied, the system undergoes a
pounds with pyrochlore structure, i.e., a tetrahedral networkirst-order (second-ordgrquantum phase transition between
of magnetic ions, show a wide variety of different phenom-the two spin gap phaséthe spin-gap and the antiferromag-
ena caused by strong frustration. For instance, for typical€tic phases In Sec. lll, we also discuss the=1 case
Ising-type pyrochlore magnets Hi,0, (Ref. 1) and briefly. A summary is given in Sec. IV.
Dy,Ti,0,,2 an anomalous peak structure in the specific heat
was observed at low temperatures. This anomaly, called the Il. QUANTUM PHASE TRANSITIONS

“spin ice” behavior, is caused by the macroscopically large | ot s first consider the=1 spin model on the pyro-

ground-sate degeneracy induced by geometrical frustrationyore [attice, which is described by the following Hamil-
On the other hand, the metallic compound k@4 (Ref. 3  ignian:

exhibits heavy-fermion behavior, such as the exceptionally

large specific-heat coefficient at low temperatures. It was

claimed that frustration caused by a tetrahedral network of H=J2 S-S+ X S-S, 1)
vanadium ions is important to understand the heavy-fermion 0 (D

behavior in this compountiSuch frustration effects should where(i,j) denotes a pair of two adjacent sites connected by
be more important for ¥S9Mn,,> for which the quantum the thick bond in Fig. (a), whereasi,j) those connected by
spin-liquid behavior induced by frustration was indeed ob-the thin bond. Both of the exchange couplinbandJ’ are
served experimentally. Magnetic property of this compouncassumed to be antiferromagnetic. For the compound
may be described by the=1 antiferromagnetic Heisenberg Y(SOMn,, we may takeJ/J'~1° while for GeCyO,,
model on the pyrochlore lattice. Furthermore, the possibilityd/J’ ~ 6.5

of a “topological spin glass” was pointed out for,M0,05,° Before proceeding with the analysis, we note that, in
making this class of frustrated quantum spin systems morgome limiting cases, the spin system is reduced to the simple
attractive and challenging. models whose properties can be well understood. For

Theoretical studi€s® of thes= % quantum spin model on =0, it is equivalent to thes=; massless Heisenberg spin

the pyrochlore lattice were first done by Hareisal,” who
pointed out the possibility of the dimerized ground state by (@) ®)
exploiting a field theoretical approach. Canals and Laéroix
clarified that the ground state of the model is a spin-liquid
state with a spin gap. They found that the neutron diffraction
data of (SgMn,, (Ref. 5 are in fairly good agreement with
their result$ However, by using a bond-operator approach,
Isoda and Mor suggested that the ground state may be de-
scribed by a RVB-likgplaquettg singlet state, which is dif-
ferent from the dimer-singlet state known so far.

In this paper, we investigate tise= 3 quantum spin model
on the pyrochlore lattice with competing antiferromagnetic  FiG. 1. (a) Frustrated antiferromagnetic spin model on the py-
interactions shown in Fig. (&). Our system may describe rochlore lattice. Thick and thin bonds represent the exchange cou-
pyrochlore-lattice compounds such agSYMn, (Ref. § as  plingsJ andJ’, respectively(b) Initial configuration for the series
well as GeCwO, (Ref. 10 found recently. In Sec. Il, we expansion: Broken lines represent the bonds with and AJ’
study the ground-state phase diagram to discuss the role @fee text
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TABLE I. Eigenvalues of thes=1/2 spin system on an isolated
tetrahedron.

S, 0 1 0 1 1 1
Say 0 0 1 1 1 1
Siotal 0 1 1 0 1 2
EN' =3 -3l -3 —2+a] —l4aj 14

chain, while forJ=0 an antiferromagnetically ordered state
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is stabilized since the model has a three-dimensional struc- g, 2. Ground state energy for the dimeight-side and the

ture without frustration in this case. To determine the phasgjaquette(left-side) phases for various values af The energy for

diagram, we study what kind of quantum phase transitior\ =0.0, 0.5, and 1.0 is shown as the dash-dotted, dashed, and solid
occurs when the competing interactions are varied. For thignes, respectively.

purpose, we use the series expansion methadhich has

the advantage of dealing with frustrated spin systems in_
higher dimensions. In fact, it was successfully applied to.

frustrated spin systems such as theJ, model’* the
plaquette systertt and the orthogonal-dimer systéthTo

apply the series expansion method to the pyrochlore-lattic

system, we first divide the original Hamiltonian E@) into
two parts asH=Hg+AH, by introducing an auxiliary pa-
rameter\, whereHy(H) represents the unperturbatiyer-

turbative Hamiltonian. The system is reduced to the original
model ath =1. We here choose a tetrahedron composed of

four spins as a starting configuratiokl {),”® and then con-
nect the tetrahedra via the bonds labeled\lByand\J’ [see
Fig. 1(b)]. The Hamiltonianh for an isolated tetrahedron in
Hy is given by

h=3(S;-$+S5-5) +I'(5+S) ($+Sy). (2

The energy eigenvalues of the tetrahedron for a givepn
=J/J' are listed in Table I, wher&,S34) represents the
combined spirS; + S,(S3+S,), andS,,, the total spin. It is
seen in this table that for<0j <1, the isolated tetrahedron
has a plaquette-singlet ground state wBph=S;,=1 and
Siota=0. On the other hand, foy>1 we have the dimer
ground state withS;,=S;4= Si;1a=0. The phases specified

by these singlets are referred to as the plaquette and dim

phases, respectively.

A. First-order transition

1.0 even forn=1. Therefore, we arrive at the interesting
onclusion that the isotropic spin systein=j=1) with py-
rochlore structure is located quite closely to the phase bound-
ary of the first-order quantum phase transition, although it is
Bifficult to definitely say within our accuracy which phase
the ground state actually belongs to. This fact explains the
reason why Harrigt al. and Isodeet al. have drawn differ-

ent conclusions about the nature of the ground state for the
samej =1 model: the forme(latten claimed that the ground
tate is a dimer singletplaguette singlet As mentioned
above, the energy for two phases is very close to each other,
so that the mean-field type treatment may not correctly
specify the ground state. Furthermore, there even remains the
possibility that the system is just on the boundary, and thus
the ground state could be degenerat¢=all.. In any case, it

is instructive to notice that unusual dual properties reflecting
both natures of the plaquette and dimer states should appear
aroundj =1 in various physical quantities such as the exci-
tation spectrum, etc.

B. Second-order transition

The results obtained above do not necessarily imply that
the disordered ground state is always realized in the whole
range ofj. We should study how the disordered phases com-
pete with possible antiferromagnetic phases stabilized by the
three-dimensional3D) exchange couplings. We first recall
that forj=0 and\ =1, the system should have an antiferro-

Keeping the above properties in mind, we now discussnagnetic order, as mentioned before. On the other hand, in
how the plaquette and the dimer states compete with eadhe casej—(J’'—0) the spin system is reduced to the

other when the intertetrahedron couplingd and \J’ are

=1 massless Heisenberg chain characterized as a

introduced. We calculate the ground state energy up to th&monaga-Luttinger liquid phasé.In the parameter regime

sixth order in\ for several values gf We show the obtained

(j>1), a different type of the magnetic order was observed

energy in Fig. 2, for which the first-order inhomogeneousexperimentally for GeCiD, (j~6).1° Therefore, we have to
differential methodf is applied to the finite-order series cal- carefully check whether the above two different antiferro-

culated above. As mentioned above, ¥or: 0, the first-order

magnetic orders are indeed stabilized in our model.

quantum phase transition occurs between the plaquette and We first study the magnetically ordered phase in the re-

the dimer phases at the critical poiRt= 1. It is seen in Fig.
2 that the critical valug. for the phase transition is not
sensitive to the change in. In fact, the energy up to the
second order i\ is the same for both states ngar 1, as
pointed out by Harriet al.” For small\, the first-order tran-
sition point is given by j.~1—0.02\%. Remarkably
enough, the first-order transition point is estimatedjas

gion 0<j<1. To this end, we compute the staggered suscep-
tibility and the triplet-excitation energy up to the fourth order
in \ for various values of. To observe the second-order
transition to the magnetically ordered phase, we study the
spin gap ak=_0 in the Brillouin zone, which should vanish
at the phase transition point. By applying Paggroximants

to the computed seriés,we obtain the spin gap and the
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FIG. 3. The energy gap =E(0,0,0) (inset: the staggered sus-

FIG. 4. Ph i f 3 Hei [
ceptibility xar) as a function ok with j=0.05 andj = 0.7 obtained G ase diagram for tige=; quantum Heisenberg mode

1 _ with pyrochlore structure. The bold line represents the phase bound-
by the Dlog [ 7] Padeapproximants?> ary which separates the dimer and the plaquette phases. A solid
(dashed line indicates the phase boundary between the plaquette
staggered susceptibility as a function)ofFig. 3). When\ and the magnetically ordered phases, which is determined by the
=0, the system is reduced to an assembly of isolated tetrspin gap(staggered susceptibilityThe filled circle represents the
hedra with the spin gap=J'. With increasing\, the 3D  location of the isolateg=5 spin chain.
network develops, enhancing the antiferromagnetic correla-
tion. Therefore, the spin gap decreases and the staggeréd turn suggests that the anisotropic interactions may be
susceptibility increases, and finally the second-order quartaken into account in order to discuss the ordered state in this
tum phase transition occurs to the magnetically ordered¢ompound.
phase(e.g., the critical value is given by.~0.4 for j
=Q.05). From the _critical points obtained_ for various_ val_ues . S=1 PYROCHLORE SYSTEM
of j, we end up with the phase boundaries shown in Fig. 4.
The increase of suppresses the magnetic correlation due to Let us now turn to thes=1 system on the pyrochlore
strong frustration, and thus the system favors the plaquettattice’”® Although the series-expansion calculation be-
phase. The critical value is estimatedjgs 0.9 forn=1. As  comes much more difficult in this case, we can still deduce
seen in this figure, the boundaries determined in two distincéome instructive comments on tee 1 pyrochlore lattice. In
ways slightly differ from each other, which may be due toorder to use series expansion techniques, we again start with
the lower-order(fourth) series expansion done here. Al- a configuration of isolated tetrahedra. The energy eigenval-
though it is desirable to perform a higher-order calculation toues in this case are listed in Table Il. It is seen thatghe
determine the phase boundary more precisely, the essentiall plaguette singlet witts; +S,=S;+S,=2 and Siy;=0
features inherent in the=3 pyrochlore system may be is the ground state for€9j<1, while the dimer singlet state
given by the present calculation; e.g., the magnetic phase isith S;+ S,=S;+S,=0 andS,,,=0 is the ground state for
not stabilized aff =1, but the phase boundary between thej>1. In contrast to thes=3 model, an isolated tetrahedron
spin-gap phase and the magnetic phase is located ratherthe isotropic point {=1) has threefold degenerate ground
closely toj=1. states, which include the abovementioned singlet states to-
We next examine another possibility of the antiferromag-gether with another singlet state wit +S,=S;+S,=1
netic order observed for Ge@n, (Ref. 10 in the regionj and Sy,,=0, which may be regarded assa 3 plaquette-
>1. For this purpose, we calculate the susceptibility for thesinglet state(see Table )l By introducing the intertetrahe-
corresponding staggered field up to the third ordex.iAs a  dron coupling, we observe how the above threefold singlet
result, we find that the divergence in the susceptibilitystates are changed. To investigate the first-order quantum
around\=1 is suppressed, gsdecreases from the value phase transitions among three phases, we estimate the
(j=c°) for the isolated spin chain. This tendency implies thatground state energy up to the fourth ordeiinThis expan-
in the regionj >1, the system does not stabilize the antifer-sion shows that, in contrast to tise= 3 case, there exists an
romagnetically ordered phase, but always stays in the diméntermediate (s=3 plaquett¢ phase between thes=1
phase with spin gap. Therefore, we conclude from the abovplaquette phase and the dimer phase for small values of
analysis that the magnetic order observed for the compouniivo phase boundaries are estimatedjas1—0.422% and
GeCy0, (Ref. 10 (j~6) may not be explained simply in j.=1+0.084\3, which are shown as the thick-dashed lines
terms of the isotropic Heisenberg model employed here. Thig Fig. 5. Although we do not have a definite answer to the

TABLE Il. Eigenvalues of an isolates=1 tetrahedronEp(Ep) is the energy for the firstsecond part in Eq.(2).

Si, 0 0 0 1 1 1 1 1 11 2 2 2 2 2 2 2 2 2
S 0 1 2 0 1 1 1 2 2 2 0 1 1 1 2 2 2 2 2
Swtl 0 1 2 0 0 1 2 1 2 3 2 1 2 3 0 1 2 3 4
EpdJ -4 -3 -1 -3 -2 -2 -2 0 O 0O -1 O O O 2 2 2 2 2
Ep/d’ o 0 o0 0 -2 -1 1 -3 -1 2 0 -3 -1 2 -6 -5 -3 0 4
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1 g IV. SUMMARY

0.8 'Haldaﬂe In conclusion, we have discussed the ground-state phase

0.6 | AF order ] diagram for thes=3% Heisenberg model with pyrochlore
A 0.4 P structure by means of the series expansion method. In par-

02— ticular, it has been found that the two different spin-gap
Plaquette Y  Dimer states strongly compete with each other aropnad,, where

0 0.5 1 2 ) the compound ¥SoMn, (Ref. 5 may be located. Also, the

j antiferromagnetic phase has been shown to be extended

rather closely to the phase boundary. Concerning
FIG. 5. Schematic phase diagram for el antiferromagnetic  GeCuy0O,,° for which j~6, it has been found that the

Heisenberg model with pyrochlore structure. The filled circle rep-present model may not describe its magnetic order, suggest-
resents the location of the isolateer 1 spin chain. ing that some other mechanism should be considered for the

magnetism. Although we have not been able to reach a defi-
question whether this intermediate state can be the groungite conclusion about the phase diagram fordkel system,
state even ak=1, it may compete with the other states at we have checked that the magnetically ordered phase may be
the fully frustrated poinj =1 with A\=1. We next calculate more dominant aroung=1 in comparison with thes=3
the spin gap to see how stable the magnetically orderedase. Also, in addition to the known states such as dimer,
phase for thes=1 case is in comparison with tlee= 3 case. plaquette, and magnetically ordered states, another interme-
By applylng the Padeapproximants to the thlrd order diate spin-gap state may also be a candidate for the ground
results;> we obtain the phase boundary shown as the solidtate around = 1. Since this argument is based on the cal-
line in Fig. 5. It is seen that the area of the magneticallyculation for small, it is desired to confirm whether this
ordered phase is more extensive in comparison withsthe spin-gap state really plays an important role aroyrdL,

=3 case. Thus it is expected that the magnetically orderegyhich is now under consideration.

phase for thes=1 case may be more dominant around the
isotropic pointj=1. Finally, we make a brief comment on
the smallJ’ (largej) case. Fod’ =0, the system is reduced
to thes=1 spin chain with bond alternation, where the dimer
phase and the Haldane phase are separated at the criticalWe would like to thank K. Ueda, Y. Yamashita, K. Okun-
point A .= 0.61° Although it is difficult to estimate the phase ishi, and Y. Imai for useful discussions, and also M. Sigrist
boundary between these spin-gap states in the presence fof a careful reading of the manuscript. This work was partly
the interchain coupling, it is naively expected that thesupported by a Grant-in-Aid from the Ministry of Education,
Haldane phase may disappear whetiecreases down tp  Science, Sports, and Culture. A.K. was supported by the Ja-
=1. pan Society for the Promotion of Science.
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