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Critical current and Josephson plasma resonance in the vortex glass phase
of Bi2Sr2CaCu2O8¿d
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We calculate the field dependence of the critical current and of the Josephson plasma resonance~JPR!
frequency in the macroscopically uniform vortex glass phase in highly anisotropic layered superconductors and
in standard pointlike Josephson junctions when the field is applied perpendicular to the junction. In these
calculations we assume that, in the single-vortex pinning regime, at low fieldsB, vortex positions are weakly
adjusted to the Josephson coupling and we account only for the adjustment of the phase difference. Our results
are in agreement with experimental data for the JPR frequency measured in the Bi2Sr2CaCu2Ox supercon-
ductor in the field range 0.03–0.6 T after field cooling.
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The Josephson critical current and Josephson pla
resonance~JPR! measurements in the vortex state of high
anisotropic layered superconductors provide direct inform
tion on thec-axis correlations of pancake vortices. The i
terlayer Josephson energy, thec-axis critical current, and the
squaredc-axis plasma frequency are proportional to the a
erage critical current densityJ0C, whereJ0 is the Josephson
critical current density in zero magnetic field,C
5^coswn,n11(r )&, andwn,n11(r ) is the gauge-invariant phas
difference between layersn and n11 induced by pancake
vortices. Further,r is the in-plane coordinate, and̂•••&
means average over thermal disorder and pinning. Ther
fluctuations and uncorrelated pinning cause misalignmen
pancake vortices induced by the magnetic field applied al
the c axis. This misalignment results in a nonzero phase
ference and in the suppression of the Josephson coup
critical current, and plasma frequency.1 Thus dependence o
C on the magnetic field provides information on thec-axis
correlations of pancakes and allows us to distinguish
tween vortex phases with different degrees of these corr
tions.

It is now well established that the phase diagram in
B-T plane of the Bi2Sr2CaCu2Ox superconductor consists o
regions of the vortex liquid at high magnetic fields and te
peraturesT, of the Bragg glass with almost crystal-like stru
ture at lowB and of the vortex glass at highB and low T.
Neutron scattering measurements2 show thatc-axis correla-
tions are weak in the liquid and in the vortex glass phas
while they are significant in the Bragg glass phase.

The field and temperature dependences ofC in the liquid
vortex phase of highly anisotropic superconductors l
Bi2Sr2CaCu2Ox ~Bi-2212! are now well understood both ex
perimentally and theoretically; see Ref. 3 and referen
therein. Here at high fieldsC is small because pancake vo
tices are strongly disordered along thec axis, forming a pan-
cake liquid due to thermal fluctuations. Therefore,C and de-
viations of coswn,n11(r ) from C were calculated using
Josephson interlayer coupling as a perturbation with res
to thermal energy. At low magnetic fields, near the critic
temperatureTc , a liquid of vortex lines is preserved, as
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less anisotropic superconductors; i.e., here deviations of p
cakes from straight lines due to thermal fluctuations
smaller than the intervortex distance.4,5 Then perturbation
theory with respect to pancake displacements was used5 to
calculateC. A similar approach was explored also for th
vortex crystal phase, which exists below the melting line.6 In
all these situations good agreement of theoretical results
experimental data forJc(B,T) ~see Ref. 7! and the JPR fre-
quency was obtained.

The focus of this paper is the vortex glass state wh
exists at high fields above the second peak~Bragg-to-vortex
glass! transition, i.e., in the fields above'400 G. Recent
JPR measurements in the field cooling~FC! mode revealed
that a dramatic change of the JPR frequencyvpl occurs
when going across either the Bragg-to-vortex glass or
Bragg-to-liquid transition line.8 In the vortex glass~VG!
phase vortices are strongly disordered along thec axis as
observed in neutron scattering and JPR measurements
discussed in Ref. 9. In the VG phase positions of panca
depend on history. In the following we will consider a V
phase which is macroscopically uniform. Such a vort
phase may be obtained in the FC mode, while field sweep
at low temperatures leads to a Bean critical state with n
uniform concentration of vortices. In the following we wi
find C in the strongly disordered macroscopically unifor
vortex glass phase at zero temperature and in the presen
a magnetic field with the componentBz along thec axis, and
with the in-plane componentBx , assuming that pancake po
sitions are not adjusted to the Josephson interlayer coup
We anticipate that such a strongly disordered vortex s
exists when the effect of pinning is strong in comparis
with that of the intervortex interaction, i.e., in the singl
vortex pinning regime below the magnetic fieldBb

2D , which
separates single-vortex and 2D collective pinni
regimes.4,10 At higher fieldsB.Bb

2D , in the 2D collective
pinning regime, the effect of pinning on vortex position
diminishes and adjustment of vortex positions to the Jose
son coupling may become more important as was discus
in Ref. 10. The estimate for the crossover fieldBb

2D is Bb
2D

5bb(Upc /E0)(F0/2pjab
2 ), where Upc5F0Jcjab /c is the
©2001 The American Physical Society03-1
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pinning potential for pancakes,Jc is the in-plane critical cur-
rent, E05(F0/4plab)

2s, s is the interlayer spacing,jab is
the correlation length, andbb is a numerical parameter o
order 10; see Refs. 4 and 10. Forjab530 Å, lab51700 Å,
andJc50.53106 A/cm2 we estimateBb

2D'1.2 T.
Let us consider first a general approach3 to find C. At zero

temperature equilibrium vortex positionsr in and the phase
differencewn,n11(r ) are determined by minimization of th
total free energy, which consists of the magnetic energy
pancakes,Fem(r in), the pinning energyFpin(r in), the energy
of intralayer currents, and the Josephson energy with a
density EJ@12coswn,n11(r ,r in)#. Here r in are the pancake
coordinates andEJ5F0J0/2pc. We present the phase di
ference as a sum of that caused by pancakes positione
coordinatesr in whenJ050 and that which is caused by Jo
sephson screening currents,

wn,n11~r ,r in!5wn,n11
(v) ~r ,rnn!1wn,n11

(r ) ~r !. ~1!

The first term is singular and is given as

wn,n11
(v) ~r ,r in!5(

n
@fv~r2rnn!2fv~r2rn11,n!#, ~2!

wherefv(r ) is the polar angle of the pointr . The second
term in the phase difference,wn,n11

(r ) (r ), is regular. The equa
tions to be solved to find the equilibrium vortex positio
and regular part of the phase difference are

]

]r in
@Fem~r in!1Fpin~r in!#

1EJE dr sin@wn,n11
(v) ~r ,r in!1wn,n11

(r ) ~r !#
]wn,n11

(v)

]r in
50,

~3!

(
m

L~n2m!¹2wm,m11
(r ) ~r !

2
1

lJ
2

sin@wn,n11
(v) ~r ,r in!1wn,n11

(r ) ~r !#50. ~4!

Here lJ5gs is the Josephson length,g is the anisotropy
ratio, and L(n) is the inductance of layers,L(n)
5(lab/2s)exp(2unus/lab).

One can think that these equations may be solved by
of perturbation theory with respect to the Josephson coup
as discussed in Ref. 10. At the first step, vortex positionsr in

(0)

may be found by minimizing the pinning energy and t
energy of the magnetic interaction. At this sta
^coswn,n11(r ,r in

(0))&50, because any regular functio
wn,n11

(r ) (r ) can be added town,n11
(v) (r ,r in

(0)). Next, in the first
order of perturbation theory, corrections,dr in , to the vortex
positions due to the Josephson coupling may be found
solving Eq.~3! with wn,n11

(r ) 50. This determines the contri
bution

Cvor5^coswn,n11
(v) ~r in

(0)1dr in!& ~5!
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caused by pancakes adjustment to the Josephson intera
Then, solving Eq.~4! at r in5r in

(0) andwn,n11
(r ) 50 in the sec-

ond ~Josephson! term on the right hand side, we determin
adjustment of the phase difference to the Josephson coup
at fixed positions of pancakes. This gives the contributio

Cph5^cos@wn,n11
(v) ~r ,r in

(0)!1wn,n11
(r ) ~r !#&

52^wn,n11
(r ) ~r !sinwn,n11

(v) ~r ,r in
(0)!&. ~6!

Finally, in the first order in Josephson coupling we obta
C5^cos@wn,n11

(v) (r in
(0)1dr in)1wn,n11

(r ) (r )#&'Cvor(B)1Cph(B).
The important point is that in the vortex glass phase, E

~3! and ~4! have multiple metastable solutions which diff
by the vortex positionsr in and thus byC. It is primarily the
contributionCvor which depends strongly on history, whil
Cph , as we show in the following, depends mainly onB in
the case of a macroscopically uniform vortex state w
strongc-axis disorder, while its dependence on vortex po
tions is quite weak. In the following we calculate the cont
bution Cph and compare it with experimental data for th
plasma frequency measured in Bi-2212 single crystals
tained in the FC mode to see where the contributionCvor is
important.

To find Cph we need to solve the nonlinear equation~4!
for wn,n11

(r ) (r ) at given vortex positions, i.e., at give
wn,n11

(v) (r ,r in), Eq. ~2!. For this we use perturbation theor
with respect to the Josephson term and find the solution w
logarithmic accuracy. In the first approximation the regu
part of the phase difference is determined by the position
pancakesr in according to the equation

(
m

Lnm¹2wm,m11
(r ) ~r !2

1

lJ
2

sinwn,n11
(v) ~r ,r in!50 ~7!

and Cph is given by Eq.~6!. The solution of Eq.~7! in the
Fourier representation is

wn,n11
(r ) ~k,q!52lJ

22k22L21~q!@sinwn,n11
(v) ~r ,r in!#k,q ,

L21~q!52~12cosq!1s2/lab
2 . ~8!

Such a solution becomes incorrect at smallk ~large distances
in the ab plane!, because we linearized Eq.~4! in our per-
turbation approach. To find the distance at which pertur
tion theory fails we calculatê@wn,n11

(r ) (r )2wn,n11
(r ) (0)#2& us-

ing the perturbation result to see at what distance
correction due to Josephson coupling becomes large. We
tain

^@wn,n11
(r ) ~r !2wn,n11

(r ) ~0!#2&

5
1

2p2lJ
4E dkk24Y~k!@12cos~kr !#, ~9!

Y~k!5E dq

2p
L22~q!^@sinwn,n11

(v) ~r !#k,q

3@sinwn,n11
(v) ~r !#2k,2q&. ~10!
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The functionY(k) is nonzero atk→0 and its characteristic
scale we denote by 1/l w . Then ^@wn,n11

(r ) (r )2wn,n11
(r ) (0)#2&

increases as (rl w /lJ
2)2 ln(r/lw) at larger. The distance where

perturbation theory results become invalid isR5lJ
2/ l w . The

situation here is similar to the perturbation theory treatm
of the vortex lattice in the presence of disorder as discus
by Larkin and Ovchinnikov.11 Strictly speaking, perturbation
expansion for Eq.~4! does not work because we used a tw
dimensional~2D! solutionwn,n11

(v) for the total phase differ-
ence as the first step, while the actual solution should
three dimensional. The difference is large at large distan
where screening by Josephson currents changes dramat
the two-dimensional solution. However, due to the we
logarithmic nature of the divergence, we still can use per
bation theory, but with a cutoffR5lJ

2/ l w at large distances
From Eqs.~6! and ~8! we get

Cph5
1

lJ
2Er ,R

drSv~r !ln
R

r
, ~11!

whereSv(r ) is given as

Sv~r !5exp@2Fv~r !#cos~2psBxy/F0!. ~12!

The functionFv(r ) is connected to the density correlatio
function3

K~r !5^@rn~r !2rn11~r !#@rn~0!2rn11~0!#& ~13!

by the relation

Fv~r !5E dRdR1K~R2R1!b~r ,R!b~r ,R1!. ~14!

Here rn(r )5(nd(r2r in) is the pancake density an
b(r ,R)5fv(r /22R)2fv(2r /22R). The function K(r ),
Eq. ~13!, depends only on the density correlations inside
layer and between neighboring layers.

For strongc-axis disorder the characteristic scale of t
functionsK(r ) andSv(r ) is of order of the intervortex dis
tancea5(F0 /B)1/2 in theab plane. Then we get with loga
rithmic accuracy atBx50

Jc~Bz!

Jc~0!
5

vpl
2 ~Bz!

vpl
2 ~0!

5Cph~Bz!5
C0BJ

Bz
ln

Bz

BJ
, ~15!

where BJ5F0 /lJ
2 and C05a22*drS(r ) depends on pan

cake positions but is of order unity anyway in the case
strong disorder. This result differs by the logarithmic fac
from that found in Ref. 10, Eq.~18!, for the case when the
adjustment of pancakes to the Josephson coupling is
glected. Taking into account theBx component in the sam
way as in Ref. 3, we obtain

vpl
2 ~B!

vpl
2 ~0!

5C~B!5
BJl w

2

Bza
2

lnS Bza
2

BJl w
2 D f S 2psBxl w

aAF0Bz
D ,

f ~b!52pE
0

`

dxxexp@2Fv~x!#J0~bx!, ~16!
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where l w characterizes the length scale of the correlat
functionsK(r ) andSv(r ), while J0(x) is the Bessel function.
This gives Eq.~15! at l w

25C0a2 and Bx50. The small pa-
rameter for our perturbative approach isa2/lJ

2 and thus re-
sults are valid atB@BJ .

The experiments were performed on a slightly und
doped Bi2Sr2CaCu2O81d single crystal (Tc582.5 K! with
dimensions 1.230.530.03 mm3 grown by the traveling
floating zone method. The magnetization measurement b
superconducting quantum interference device~SQUID! mag-
netometer showed a clear magnetization step in the h
temperature regime which can be attributed to the first-or
melting transition of the vortex lattice. This transition term
nates atTcp'40 K and the step is followed by the secon
magnetization peak located at;230 Oe. The JPR is mea
sured by sweeping the microwave frequencyv continuously
from 20 GHz to 180 GHz using backward-wave oscillato
in magnetic fields applied parallel to thec axis.12 For this
crystal vpl(0)5125 GHz at T50, corresponding to the
out-of plane London penetration lengthlc5c/Aecvpl
'0.011 cm, taking the high-frequency dielectric consta
ec511. Then, taking the in-plane penetration lengthlab in
the interval 1700–2000 Å, we obtain the anisotropy para
eterg5lc /lab ~550–650! andBJ in the interval 19–27 G.

All experiments have been performed under the FC c
dition. In the FC mode, the system is in equilibrium or
worst is trapped in a metastable state below the irreversib
line. We expect that such a state should be much close
equilibrium compared to the state obtained in the fie
sweeping condition~FS!. In fact, while the resonance fre
quency below the irreversibility line did not change at
with time in more than 48 h in the FC mode, it increas
gradually with time in the FS mode. Moreover, the resona
lines in the FS mode are much broader than those in the
mode, indicating a quite spatially inhomogeneous vor
state typical of the Bean critical state.

The results of our measurements together with theoret
curve atC050.6 andBJ520 G are shown in Fig. 1. We se
that in the field interval 0.03–0.6 T agreement is quite go

FIG. 1. Dependence of the plasma frequency,vpl(B), on mag-
netic field in Bi-2212 single crystal at 20 K in the field coolin
mode. The solid line is the dependence, Eq.~11!, with C050.6 and
the parameterBJ520 G estimated from the zero-field plasma fr
quencyvp/2p5125 GHz.
3-3
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but at higher fields deviations become noticeable, indica
a change of the correlation functionK(r ) and/or adjustmen
of pancakes to Josephson coupling at highB, which lead to a
slight increase ofC with B in comparison with our model
Measurements of the JPR frequency as a function of
parallel field component may distinguish between these
cases. The field 0.6 T, above which deviations become
ticeable, is in reasonable agreement with our estimate for
field Bb

2D separating single-vortex and 2D collective pinni
regimes.

The same approach allows us to calculate the Josep
coupling energy in a standard pointlike Josephson junctio
the presence of a magnetic field applied perpendicular to
junction. One can assume that the positions of Abrikos
vortices in the electrodes are determined mainly by unco
lated pinning inside the electrodes and that these vortice
not adjust to weak Josephson coupling. Then, the Josep
energy isEJ5(F0J0/2pc)CphS whereCph is given by Eq.
~15! when the areaSof the junction is of orderlJ

2 , while for
S!lJ

2 one should replace ln(B/BJ) with ln(BS/F0) in Eq.
~15!. The results of such an approach are in agreement
measurements of the activation energy of resistivity in
pointlike junctions at low temperatures.13 The activation en-
tt.

.

,
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ergy for phase slips leading to dissipation in pointlike jun
tions isEJ(B). Using Eq.~15! we fit the dependence of th
activation energy,EJ(B), shown in Fig. 3 of Ref. 13, with
parameterC051.4 atB@BJ . For these samplesBJ'0.15 G,
lJ'12 mm, andS'lJ

2 .
In summary, we have calculated the field dependence

the interlayer critical current and of the JPR frequency in
macroscopically uniform vortex glass state with strongc-axis
disorder. Our main result, Eq.~15!, gives a good description
of experimental data for the field dependence of the J
frequency observed in the FC mode below 0.6 T in a
2212 single crystal. This means that in this field interval t
positions of pancakes are very weakly adjusted to the
sephson coupling even in the field cooling mode. We as
ciate this interval with the single-vortex pinning regime. W
show that this approach describes also the field depend
of the Josephson critical current in standard pointlike Jose
son junctions when the magnetic field is applied perpend
lar to the junction.
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