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Flux penetration, matching effect, and hysteresis in homogeneous superconducting films

C. C. de Souza Silva, Leonardo R. E. Cabral, and J. Albino Aguiar
Lab. de Supercondutividade, Departamento de Fı´sica, Universidade Federal de Pernambuco, 50670-901 Recife, PE, Brazil

~Received 30 November 2000; published 15 March 2001!

The vortex dynamics in homogeneous superconducting films of arbitrary thickness under parallel magnetic
field is studied. The strong surface effects in these systems are correctly taken into account by expressing the
energy of the in-plane vortices in London background. A Langevin algorithm simulates the flux penetration
and dynamical evolution of the vortices as the external field is slowly cycled. The numerical results show that
the vortex lattice consists of linear chains of vortices parallel to the film surfaces and undergoes transitions
involving formation or destruction of one chain, even for films with thickness greater than the penetration
depth. In addition, the magnetization curve is irreversible and presents some similarities with Clem’s model for
surface pinning.
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I. INTRODUCTION

In a type-II superconducting specimen the magnetic fl
penetrates in the form of flux tubes generated by super
rent vortices. For finite samples, the vortices nucleate at
surfaces and are pulled to the interior by the shielding su
currents. Conversely, close to the sample edges, a vorte
strongly attracted by the superconductor-vacuum interfa
These two competing interactions give rise to a surface
rier in the potential energy that delays the incursion of v
tices towards the sample interior.1,2 When the external mag
netic field is applied parallel to the surfaces, this ene
barrier traps the vortices in such a way to result in an ir
versible field-dependent magnetization curveM (H), leading
to finite critical currents even for homogeneous sample3,4

Many aspects of vortex dynamics in superconducting cr
tals and films, such as creep phenomena,4 current induced
ordering,5,6 dynamic instabilities and memory effects,6 are
strongly influenced by the surface barriers.

Additional features of the magnetization curves come
when at least one of the sample dimensions is comparab
its characteristic penetration depthl. For films with thick-
ness D<l it was observed, both theoretically7–10 and
experimentally,10–12 that the M (H) curves under paralle
magnetic field exhibit peaks corresponding to sudden r
rangements in the vortex lattice~VL !. Numerical minimiza-
tion of the Gibbs free energy8–10 has shown that the vortice
form a linear chain in the equatorial plane of the film wh
the external field is increased just above the correspon
lower critical fieldHc1(D). For a higher field value the com
petition between the repulsive vortex-vortex and vorte
surface interactions results in a buckling of the chain. As
field is further increased, new chains, one by one, are ad
in the VL. These transitions fromn to n11 chains occur in
specific field values and are visible as peaks in the equ
rium M (H) curve. The resulting equilibrium VL, as pre
dicted in Ref. 13, is very close to a triangular lattic
Recently12 we have found that when the surface barrier
vortex entry is considered the resulting metastable VL is d
torted from the equilibrium one and the matching fields
history dependent.

In the present paper we investigate the behavior of
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in-plane VL in superconducting films of arbitrary thicknes
We numerically simulate the penetration and dynamical e
lution of the vortices as an external magnetic fieldH parallel
to the film is slowly cycled at constant sweep rate. The k
differences from this work to previous studies on th
geometry8–10 are that our simulations are dynamical, follow
ing a Langevin dynamics algorithm, and films with thickne
D.l are also considered. Two main results arise from
simulations. First, rearrangements in the vortex lattice le
ing to a change in the number of linear chains by one un
are present in all films studied, independently of their thic
ness. These rearrangements are seen as peaks in the irr
ible M (H) curves and in the VL ordering. Second, the ma
netization of thick films is close to zero all over th
descending branch ofM (H) curve. This provides evidenc
for Clem’s macroscopic model for surface pinning3 where
the vortices were predicted to exit the sample whenever
external field satisfiedH(B)'B.

II. LONDON THEORY

We model a transversal section (xy plane! of an infinite
type-II superconducting film of arbitrary thicknessD ~inset
in Fig. 1!. Periodic boundary conditions are considered in
y direction, with periodicity large enough~up toLy580l) to
guarantee vanishing size effects. An external magnetic fi
H is applied parallel to the film surfaces~on thez axis! and
the vortices are assumed to be straight and aligned with
field direction. Accordingly, we use two-dimensional Lo
don theory to determine the energy per unit length of
arbitrary distribution of stiff vortices:
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D̃
D , ~1!
©2001 The American Physical Society26-1



tie
d

n
e
it

s
e
b
g
-

in

pr
su
c
r
th
is

, t

ca
th

ulk
ic

ia-
ional
n

ers

is
ion
n-
an-

dy-

o-
ter
free

the
es

d

as-

e

cs.

nd
bed-
late
e

gin

ct

n
s-

SILVA, CABRAL, AND AGUIAR PHYSICAL REVIEW B 63 134526
where am5A11(mpl/D)2, e5f0
2/2m0lD, f05h/2e is

the fluxoid quantum,m0 is the vacuum permeability andj is
the coherence length. The tilde above length quanti
means normalization byl. The above equation was obtaine
in the spirit of Sardellaet al. calculations,8 i.e., using the
Green’s-function method to solve the two-dimensional~2D!
London equation for the local magnetic inductionb(x,y).
The first term of Eq.~1! stands for the interaction betwee
every pair of vortices inside the sample. The second on
the repulsive interaction energy between each vortex w
the Meissner screening currents~i.e., with the homogeneou
solution of London equation!. The condition that transvers
currents are forbidden on the film surfaces and a suita
cutoff in the vortex self-interaction leads to the self-ener
of the vortices~third term!. This term is attractive and, to
gether with the second one, forms the surface barrier.

In our model, the vortices are considered to nucleate
side the film at a distancej from one of the surfaces.~At
smaller distances, London theory fails because of the de
ciation of the superconducting order parameter near the
face.! The criterion for the vortex entrance is a force-balan
condition, i.e., the first vortex enters the film when the Lo
entz force due to the screening currents becomes greater
the self-force. The field value for which this balance
achieved is called the first entry fieldHen . In the London
background, using the above described entrance criterion
normalized value of the entry field (H̃en5m0l2Hen /f0) for
stiff vortices is expressed by

H̃en5
p

2D̃2

cosh~D̃/2!

sinh~D̃/22 j̃ !
(

m51

`
m

am
e2amj̃ sinS 2mpj̃

D̃
D .

~2!

For smallj/D values, the series in the above expression
be suitably replaced by an integral, which represents
modified Bessel function of the first kindK1. In this case,
Eq. ~2! can be expressed in the closed form:

FIG. 1. Thickness dependence of the penetration fieldHen(D)
as calculated by Eq.~2! ~solid line! and Eq.~3! ~dash!, Hen

GL(D),
numerically calculated from Eq.~11! of Ref. 13~dot!, and the first
critical field Hc1(D) as calculated by the global minimum conditio
~dash-dot!, for j50.05l. Inset: film geometry and coordinate sy
tem.
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H̃en~D̃@ j̃ !5
K1~A5j̃ !

pA5

cosh~D̃/2!

sinh~D̃/22 j̃ !
. ~3!

In the high-k limit ~small j̃), Eq. ~3! provides a good ap-
proximation for films with thicknessD>l ~see Fig. 1!. An-
other important feature of this expression is that in the b
limit ( D@l) the entry field is close to the thermodynam
critical field Hc ~as was also obtained by de Gennes2 for a
semi-infinite specimen using a similar entrance criterion! and
is attained for films as thin as a fewl. For j̃50.05 ~value
adopted in all simulations!, H̃en is essentially constant~as-
suming the value 1.315! for films with D>8l.

To include the effect of the vortex core and the deprec
tion of the order parameter, de Gennes used one-dimens
Ginzburg-Landau theory14 and found an integral expressio
for the entry fieldHen

GL of a film with arbitrary thickness@Eq.
~11! of Ref. 14# for which the bulk limit is exactlyHc .
However, for films withD@j, Hen ~calculated in London
background! has a similar thickness dependence and diff
from Hen

GL by a numerical factor~see Fig. 1!. Furthermore, as
we shall discuss later, the true value for the entry field
smeared out by surface imperfections, vortex deformat
and every kind of fluctuations. For this reason, we will co
centrate on the qualitative behavior of the macroscopic qu
tities and the effect of the surface barrier on the vortex
namics rather than numerical values.

In contrast with the above dynamical process, for therm
dynamic equilibrium calculations a vortex is allowed to en
the sample as soon as a global minimum in the Gibbs
energy appears, i.e., the vortices do not have to overcome
surface barrier. As it is well known, this condition defin
the first thermodynamic critical fieldHc1(D), which is
smaller than Hen(D). As shown by Pethukov and
Chechetkin,15 the activation energy for the nucleation an
further penetration of vortices in the field regionHc1,H
,Hen is five orders of magnitude greater thankT. Namely
penetration of vortices bellowHen is almost impossible.
Nevertheless, in real samplesHen may be strongly affected
by surface imperfections, which produces leaks for the p
sage of vortices through the surface barrier, leading to aHen
value betweenHc1(D) and the perfect-surface value. W
believe, however, that this suppression ofHen would not
significantly affect the field dependence of the VL dynami

III. LANGEVIN DYNAMICS AND NUMERICAL DETAILS

To a good approximation, vortices in most of classic a
high-Tc superconductors move as massless particles em
ded in a dissipative background. For this reason, we simu
the dynamical evolution of a vortex that has fulfilled th
force balance condition by solving its overdamped Lanve
equations of motion,

h
dxk

dt
52¹kEv2Rk~ t !. ~4!

Here,h is the friction coefficient,xk is the position of vortex
k in thexy plane and¹k is the gradient operator with respe
6-2
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to vortex k position. Rk(t) is a stochastic force which i
related to the temperature by the fluctuation-dissipation th
rem. In our simulations we assume this temperature to
very low ~as compared to the VL melting temperature! and
to have been attained after a zero-field cooling process
this way we can neglect relaxation through the surface b
riers towards equilibrium and concentrate on station
metastable states.

We simulate a magnetization measurement as an exte
field H is slowly looped. Every time step a vortex is placed
each film surface in randomy positions and attempted t
enter the sample. Interactions with other vortices already
cepted in the system, if any, are incorporated into the for
balance condition. Equation~4! is then solved at each tim
step for every vortex inside the sample. Past a fixed num
Dt of time steps the external field is increased~or decreased!
by a small amountDH. The sweep rateDH/Dt is carefully
chosen to permit a considerably stable VL configurat
spending minimum computing time. Snapshots of the
configurations are periodically recorded all over the mag
tization curves. For each VL record we use an algorit
based on Delauney triangulation to find the natural neighb
of each vortex and compute the sixfold coordination num
probability,P6(H). For the systems studied, this quantity
a measure of the VL ordering.

IV. RESULTS AND DISCUSSION

The as calculatedM (H) for films with thickness ranging
from l to 8l are plotted in Fig. 2. All of them are charac
terized by hysteresis with the presence of extra peaks at
ascendant and descendant curve branches. Records of th
configuration~some of them screened in Fig. 3! show that
these peaks correspond to rearrangements in the VL in w
the number of chains change by one unity to perfectly ma
the energy profile. The field valuesHn where these rear
rangements take place are usually called matching fieldsn
is the number of vortex chainsafter rearrangement!. In Fig. 4
we plot the thickness dependence of some matching field
the ascendant branch. These curves represents the trans
between neighbors metastable states. Each transition is
ceded by a disorder on the VL and followed by an orde
state. This fact is pointed up in the inset of Fig. 4 where
plot P6(H), in ascendant field, for the 8l film. ~Note that
only transitions resulting in three or more chains are obse
able because the vortices closer to the film surfaces h
only three neighbors.!

Another important feature of this matching effect is
history dependent behavior. As the field is increasing a n
chain is formed after each matching field. In the descend
branch, instead, a vortex chain is completely destroyed as
field is decreased below the correspondingHn value. Never-
theless, as it is well illustrated by the dashed lines in Fig
the values ofHn for the ascendant and descendant branc
are quite different. Moreover, we may have the peculiar s
ation depicted in Fig. 3~d!, where a transition from 10 to 11
vortex chains, which would be expected to occur only in
ascendant branch, take place as the field is decreasing
its maximum value.
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The asymmetry of the magnetization curve is a result
the different circumstances in which a vortex enters or e
the sample. In increasing field the surface barrier develop
vortex free region within a distancexv f from the film sur-
faces. This length is considerably greater than the lattice
rametera of the VL ~see Fig. 3! and its field dependenc

FIG. 2. Magnetization curves~thick solid lines! calculated for
thin homogeneous films with thicknessD5l ~a!, 2l ~b!, 4l ~c!,
and 8l ~d!. The dashed straight lines are just guides for be
visualization of the transitions between successive chain arra
ments and the numbers between them indicate the number of ch
of the VL. The thin solid lines correspond to the magnetizati
loops as obtained by the macroscopic model of Ref. 3.
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SILVA, CABRAL, AND AGUIAR PHYSICAL REVIEW B 63 134526
strongly affects the magnetization. In contrast, for decreas
field, xv f will monotonically decrease until it reaches a sm
value ~smaller thana) from which vortices dramatically ap
proach the film surfaces and start to leave the sample. At
moment, the macroscopic magnetic induction comes clos
the external field. In the interval of the decreasing bran
where no flux exits, the effective area of the VL in the fil
cross section enlarges, which makes possible the forma
of a new vortex chain without any change in the number
vortices@e.g., Fig. 3~d!#. Clem has formerly described thes
vortex free regions and its implications to theM (H) curve
by using locally averaged fields and currents in a b
sample.3 Nevertheless, his model does not predict the str
tural transitions in the VL. Actually, the shape of theM (H)
loops we derive for the thicker films, disregarding the ex
peaks, is quite similar to the curves obtained by the mac
scopic model where the ascendant branch has the sim
form of a hyperbola,

M ~H !5H2AH22Hen
2 , ~5!

and the descendent branch assumes the constant
1/16p>0.020~see Fig. 2!. For films with thickness compa
rable to the penetration depth, the Meissner field comple

FIG. 3. Snapshots of the vortex lattice in a slice of the 8l film
for the points A, B, C, D, E, and F indicated in Fig. 1~d!. The
external field values, in units off0 /m0l2, are, respectively: 1.9~a!,
2.2 ~b!, and 2.4~c! in ascendant field, and 2.4~c!, 1.8 ~e!, and 1.52
~f! in descendant field.
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penetrates the sample diminishing the magnetization
sponse. For this reason, Eq.~5! does not hold unless th
condition D@l is satisfied. However, the descenda
branch, even for the thinnest film studied (D5l), oscillates
about the value 0.02. Namely, the entrance of a vortex
when other vortices are present is strongly thickness dep
dent whereas its exit is not.

V. CONCLUSIONS

In summary, we have simulated a magnetization loop
periment for an infinite homogeneous superconducting fi
under a parallel magnetic field. We have shown that the
plane VL goes through transitions with the formation or d
struction of a vortex chain. These rearrangements are
versible and are visible as a series of extra peaks in
magnetization curve. The suppression of the sixfold coo
nation probability near the matching fields is also a striki
signature of the VL transitions. We also demonstrated t
the overall magnetization loop for thick films draws near t
bulk limit obtained by usually adopted macroscopic mode3

for surface pinning. We would like to stress that the ma
features of the magnetization curves obtained here shoul
experimentally accessible for typical values of the inter
parameters.

ACKNOWLEDGMENTS

The authors acknowledge G. M. Carneiro for stimulati
discussions. This work was sponsored by the Brazil
Agencies CNPq, FACEPE, and FINEP.

FIG. 4. Magnetic-field film thickness diagram for ascenda
field showing several metastable states for the vortex lattice.
data corresponds to the thickness dependent matching fieldsH1

[Hen ~squares!, H2 ~up triangles!, H3 ~circles!, H4 ~down tri-
angles!, andH5 ~diamonds!, obtained in the simulations. Inset: six
fold coordination probability for ascendant field for the 8l film.
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