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Effect of a magnetic field on anE‹e Jahn-Teller system: Berry phase and optical properties
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We have studied the effect of a uniform magnetic field on Berry phase~BP! and optical properties~absorp-
tion for right-hand and left-hand circularly polarized light! of an E^ e Jahn-Teller~JT! system. The magnetic
field is applied along the trigonal axis of a trigonal-symmetry compound. Dynamical properties are exactly
determined in the framework of the Lanczos algorithm, because the coefficients of the recursion procedure can
be put in analytic form. Different strength of linear electron-phonon coupling and magnetic field are studied,
and the connection with BP is analyzed.
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The Jahn-Teller~JT! effect1 due to the nonadiabatic cou
pling of degenerate normal vibrations to the electronic m
tion influences different systems~molecules, ions, impurities
cluster, etc.!.2–5 The E^ e JT system describes any orbit
~non-Kramer! doublet, belonging to a double degenerate
reducible representation, interacting with a two-dimensio
mode ofe symmetry. It has been extensively studied6–8 for
its prototype character, which well fits a large variety
molecular systems and it continues to present interesting
remarkable aspects linked to conical intersections and to
Berry phase~BP!.9 However, only marginal attention ha
been devoted to the effect of an external magnetic field.10,11

Here we propose the study of the effect of a unifo
magnetic field applied along the trigonal axis of a trigon
symmetry compound. We start with the calculation of B
~Refs. 12–14! by means of a general procedure; then opti
properties of this system, in particular the absorptions
right-hand and left-hand circularly polarized light, are stu
ied for different values of the applied magnetic field.

The vibronic HamiltonianH for a linearE^ e JT system
has the well-known form

H5TN1U5
1

2
\v@~pu

21pe
2!1~qu

21qe
2!#s01\vG•s,

~1!

whereTN and U are, respectively, the kinetic and potent
energy. The vectorG is defined as

Gx5iGisinb cosa52kqu

Gy5iGisinb sina5kqe ~2!

Gz5iGicosb5D;

the componentssx , sy , and sz of s are the usual Paul
matrices;k is the dimensionless linear coupling constant; a
Gz5D5mB/\v represents the applied magnetic field
units of\v. Notice that a similarGz contribution could also
be produced by the spin-orbit coupling.15

The eigenvalues ofU give us the Adiabatic Potential En
ergy Surfaces~APES! W6 ~in units of \v):
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W6~q!5
1

2
~qu

21qe
2!6iGi5

1

2
r26AD21k2r2,

where we have introduced the dimensionless polar coo
nates (r,u) in the usual formqu5r cosu, qe5r sinu in the
(qu ,qe) plane. Due to the effect of the applied magne
field, at%50 the double degenerate vibronic levels are s
and the conical intersection is removed. In Fig. 1 the AP
are plotted forD.k2 ~left! and forD,k2 ~right!.

The explicit form of the eigenfunctionsc6 can be ob-
tained from the transformation that diagonalizes the poten
energy termG•s.16 It is a simple matter to show that th
eigenfunctions are:

c15S cos
b

2

sin
b

2
eia
D c25S 2sin

b

2
e2 ia

cos
b

2

D . ~3!

Insofar as the quantum electron-phonon coupling is
actly diagonalized, the BP concept is implicitly embodied
the exact results. However, it remains a valuable concep
a deeper understanding of the JT systems.17,9 For our system
the ground adiabatic energy surface, as well as the exc
one, are always nondegenerate. We can consider any ci
C and denote byS the surface of contourC. The BP

FIG. 1. APES for theE^ e Jahn-Teller system with a magnet
field D. On the left is sketched the caseD.k2 whereas the case
D,k2 is on the right.
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g6~C!5 R
C
A6•d l5E

S
B6•dS ~4!

can be explicitly calculated taking into account that the ‘‘fi
titious vector potential’’ is

A6[ i ^c6u¹c6&, ~5!

and the associated ‘‘fictitious magnetic field’’ is

B6[¹3A6 . ~6!

By means of the explicit form of the eigenfunctions, t
fictitious vector potential and the fictitious magnetic field a
given by:

A657sin2S b

2 D¹a ~7!

B656
1

2
sinb¹a3¹b. ~8!

Using Eqs.~2! an expression for¹a and¹b can be ob-
tained and with some manipulations we have

B656
1

2
D

k2

@D21k2r2#3/2
ez57

1

2

]

]D

k2

AD21k2r2
ez ,

~9!

whereez is the unit vector orthogonal to the (qu ,qe) plane.
Then the expression of the BP for a circuit constituted b
circumference of radiusR around the origin can be put in th
form

g6~C!57
1

2

]

]DE0

R

r drE
0

2p k2

AD21k2r2
du

56pS 12
D

AD21k2R2D , ~10!

Notice that, ‘‘mutatis mutandis,’’ this result is a special ca
of that of Berry.12 Moreover in the limitD→0 one recovers
the well-known result for the linearE^ e JT system: the BP
of p is related to the minus sign7 acquired by real electronic
wave functions after completing one loop. It must be co
pensated by another minus sign of the vibrational counter
since the overall vibronic wavefunctions must be a well b
haved single valued wave functions. This is a textbook
ample of antiperiodic BP induced boundary conditions t
select the half odd integer for the angular momentum eig
values@see Eq.~12!# rejecting the ordinary integer ones.
can be shown17 that in this case the ground state must
degenerate. Instead in the case ofD→` the BP vanishes and
no ‘‘unorthodox’’ boundary conditions are to be considere
then the ground state of the system is expected to be no
generate.

To check this point we have to study dynamical prop
ties. It is convenient to rewrite the corresponding Ham
tonian in the second quantization scheme and then apply
Lanczos recursion procedure.18–20 Let us introduce the pho
13240
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non creation and annihilation operatorau , au
† , ae , ae

† (u and
e related to the two partnersqu and toqe of the e mode in
the standard way!. The HamiltonianH takes the form

H5\v~au
†au1ae

†ae11!s01\vDsz

1\vAS@2sx~au
†1au!1sy~ae

†1ae!#, ~11!

whereS5k2/25Ejt /\v is the Huang-Rhys factor. The bas
functions are taken in the formu6&unune&, whereu6& are the
electronic eigenfunctions ofsz , andunune& denote the two-
dimensional harmonic oscillator eigenfunctions of phon
occupations numbersnu andne . Notice that the APESW6

are invariant for any transformationu→u8, so we have a
continuous symmetry and the operator

Jz5Lz2
1

2
sz with Lz52 i ~au

†ae2ae
†au! ~12!

is a constant of motion. Then the eigenstates of~11! can be
classified with the eigenvaluesj of Jz , as in the classic linea
E^ e Jahn-Teller system.6,7,22 Thus a representation whic
makesJz diagonal is a good starting point. Introducing th
linear combinations

a65
1

A2
~au7 iae! ~13!

it is easy to prove thatLz assumes the diagonal form

Lz→a1
† a12a2

† a2 ~14!

and the total Hamiltonian is transformed as

H̃5\v~a1
† a11a2

† a211!s01\vDsz

12\vA2S@s1~a21a1
† !1s2~a11a2

† !#, ~15!

wheres65(sx6 isy)/2. In the basis$u6&un1n2&% we have
j 5n12n271/2, and it is very easy to list the eigenstates
H05\v(a1

† a11a2
† a211)s01\vDsz with the samej:

j 52
1

2
→u1&u00&, u2&u01&, u1&u11&, u2&u12&, . . .

j 51
1

2
→u2&u00&, u1&u10&, u2&u11&, u1&u21&, . . .

j 52
3

2
→u1&u01&, u2&u02&, u1&u12&, u2&u13&, . . .

A

This table has some peculiar properties: the states in e
row are listed in order of increasingN5n11n2 ; for a fixed
N there is only one state with a givenj; and the first state of
any row ~i.e., the state with lowerN) is of the formu1&u0,
2 j 21/2& if j ,0 and u2&u j 21/2,0& if j .0. The linear
Jahn-Teller interaction has nonzero matrix element only
tween the states withN and those withN61. Thus if we use
the first state of each row as initial state for the Lancz
3-2
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procedure we find that thenth state of the recursion coin
cides with thenth state of the row within an inessential pha
factor. Moreover the coefficientsan andbn have an analyti-
cal form:

an~ j !5S u j u1
1

2
1n1 f ~n, j !D D\v n50,1,2, . . .

~16!

bn
2~ j !5@n12u j u~n mod 2!#~\v!2S n51,2, . . . ,

~17!

where the factorf (n, j ) is

f ~n, j !5~21!n1 12sign(j )/25H ~21!n if j .0

~21!n11 if j ,0

and

FIG. 2. Bandshape for the linearE^ e Jahn-Teller system with
magnetic field for the states withj 521/2 ~top! and j 51/2 ~bot-
tom!. The Huang-Rhys factor isS540 and the values of the mag
netic field are shown in the figure.
13240
n mod 25H 0 if n is even

1 if n is odd

If we put D50 we recover a well-known result: the stat
with angular momentum6 j are degenerate.7

The analytical expressions~16! and ~17! for the coeffi-
cients of the recursion obviously avoid all the numeric
problems of the Lanczos method.21 The construction of the
tridiagonal matrix or of the continued fraction expansion f
the Green function is straightforward and the eigenvalues
be obtained within any desired accuracy.

In Fig. 2 we show the absorption spectrum of theE^ e
system and the modification of the band-shape due to
magnetic field.

In the case of a transition from a total symmetric state,
are mainly interested to thej 51/2 andj 521/2 states of the
E^ e Jahn-Teller system. Notice that, increasingD, the first
main band is enhanced for the states withj 521/2, while for
j 51/2 the peaks of the Slonczewski resonances23 become
very sharp. Moreover there is a systematic shift towa
lower and higher energies with respect to the case w

FIG. 3. Energy levels diagram for theE^ e Jahn-Teller system
with magnetic field for the states withu j u51/2. The dot-dashed
lines refer to thej 51/2 states while the solid ones to thej 5
21/2 states. The Huang-Rhys factor is~from top to bottom! S
50.1 andS55.
3-3
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D50, that entails the Faraday effect. The same behavio
obtained for the states with higher values ofj.

It is also of interest the energy levels diagram in prese
of magnetic field. In Fig. 3 the energy levels diagram
shown for the states withj 561/2 for the values 0.1 and 5 o
the Huang-Rhys factorS. We have observed a similar beha
ior for the states with higher value of the total angular m
mentumj.

It can be interesting to make a connection between the
formalism and the calculated energy level diagram. For sm
D values (D,2S[k2) we have seen that a maximum occu
in r50 and that a circle of minima is located inr5r1

5A(4S22D2)/2S, so we can assume that the system, in
ground state, freely travels into this trough. PuttingR5r1
the expression~10! for the BP now becomes2p(1
2D/2S). Then in the limit of D!2S we reobtain the
usual BP ofp and as a consequence the ground state of
system even in presence of a magnetic field remains ‘‘qu
ls

ds

n

on

,

ev

13240
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degenerate’’@see for instance Fig. 3~bottom!, which refers
to S55, whenD!10#.

If D.2S we can think that the system, in its ground sta
spends a considerable amount of time near the origin on
APESW2 . So in the expression~10! we can putR50 ob-
taining no BP. In this case a non degenerate ground sta
expected@see for instance Fig. 3~top!, which refers toS
50.1#.

Out of these limits the BP is more complicated and d
pends on the radius of the trajectory~Eq. 11!. However ul-
trafast optical absorption experiments, as proposed in R
24 and 25, should in principle be sensitive to the BP chan
produced by an external magnetic field. Moreover wh
adiabatic phase effects in angle resolved scattering exp
ments are detectable, they should also be influenced b
external magnetic field, so contributing to the debate ab
observable consequences of the BP in chem
reactions.26–29
.
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