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Interaction of quasilocal harmonic modes and boson peak in glasses
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The direct proportionality relation between the boson peak maximum in glassesvb and the Ioffe-Regel
crossover frequency for phononsvd is established. For several investigated materialsvb5(1.560.1)vd . At
frequencyvd the mean free path of the phononsl becomes equal to their wavelength because of strong
resonant scattering on quasilocal harmonic oscillators. We prove that the established correlation betweenvb

andvd holds in the general case and is a direct consequence of bilinear coupling of quasilocal oscillators with
the strain field.
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The properties of harmonic vibrational excitations in d
ordered media and glasses is now a very active topic of
entific research~see Ref. 1, and references therein!. Contrary
to the well established behavior of electrons in disorde
conductors there is no consensus at all regarding the
monic vibrations in ordinary glasses. The most common
challenging of their signatures is the so-called boson p
observed in numerous experiments in low-frequency Ram
and inelastic neutron scattering. The physical origin of
peak is, however, still a matter of great debates. The c
mon view is that the solution of this problem is a cornersto
for our veritable understanding of glassy vibrational dyna
ics.

The main discussion in the literature now involves t
question of whether the harmonic vibrations responsible
the boson peak are propagating plane waves~phononlike!2 or
localized because of disorder.3 The third possibility, which
we share in this paper, is that they are neither propaga
waves nor localized but have a diffusive nature.4 They con-
sist of appropriate superposition of quasilocal vibrations
soft single-well potentials existing in glasses.5

For the solution of this crucial question, quite powerf
and expensive experimental techniques are now in use.
there are the Raman experiments themselves. But since
ible light due to energy and momentum conservation la
does not interact with sound plane wave excitations,6 one has
to use two other possibilities, namely, inelastic x-ray a
neutron scattering.

The main difficulty in the inelastic x-ray scattering expe
ments is the very high incident photon energy~.20 KeV!,
and its relatively small change, of the order of 1027. As a
result, the ‘‘x-ray boson peak’’ is superimposed on the ste
wings of strong elastic line in the forward direction. Ther
fore, a serious problem arises: to correctly resolve it a
answer the crucial question whether it changes with the
mentum transfer.

This difficulty explains why recently two independe
groups using the same experimental setup but different
ting procedures have arrived to completely opposite con
sions about the propagating character of the excitation
vitreous SiO2 at the boson peak range.2,3 The situation with
inelastic neutron Brillouin scattering~for small momentum
transfer! is not much better. Here we should stress to av
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confusion that in neutron scattering up to now well pr
nounced boson peak results were obtained for large mom
tum transfer.

To solve this problem, from our point of view, it is nec
essary to separate the Brillouin~phonon! lines of the boson
peak~as in the usual light scattering experiments!. Then in-
creasing the momentum transferq one can observe how th
Brillouin line shifts and broadens approaching the bos
peak from the low frequency side. This scenario implies
existence in theq range 0.1–1 nm21 of two peaks, one from
damped phonons~Brillouin line! and another the boson pea
itself. However, such experiments will hardly appear in
nearest future.

Therefore at this stage of our knowledge, any theoret
insight into the problem would help a lot to establish the tr
picture of the harmonic vibrations in glasses. The main id
is that the boson peak, being a universal glassy prope
should be related with other universal properties of glass

In Refs. 7,8,5 the idea was put forward that the bos
peak originates not from phonons but fromquasilocal har-
monic oscillatorsand corresponds to the Ioffe-Regel cros
over frequency for phononsvd . As it was conjectured in
Ref. 5, above,vd phononscease to existas well defined
plane wave excitations. Later this idea was adopted~sup-
ported! in many papers,3,9 though taken alone without an
theory, it, of course, could not explain why this correlatio
actually occurs.

The explanation of such a correlation based on the the
of soft atomic potentials in glasses10 was proposed in Ref. 5
The main idea is that at this frequency thedipole-dipole
interaction between quasilocal harmonic oscillators reno
malizes their density of states~DOS! from the bare value
g(v)}v4 ~for independent oscillators! to g(v)}v ~for
coupled oscillators! behavior. As a result, a boson peak a
pears ing(v)/v2 at a frequency.vd . The reason for the
DOS transformation is astrong level repulsionin the course
of the interaction of oscillators. Abovevd the oscillators
becomedelocalized.11

This correlation was checked indirectly for AsxSe12x
glasses8 and excellent agreement was found between the
sition of the bump in the reduced specific heatC(T)/T3 ~pro-
totype of the boson peak!, and the energyEd5\vd for dif-
ferentx compositions. The direct evidence should of cou
include the comparison of the boson peak and the Io
©2001 The American Physical Society03-1
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Regel crossover frequency which is explicitly calculat
from the mean free path of phononsl. In its turn l can be
easily evaluated from the fit of the thermal conductivity da
which are available for many glasses. The purpose of
paper is to make just such a comparison.

In this paper, on the basis of experimental data anal
for different glasses, we have established a direct proport
ality relation between the position of the boson peak and
Ioffe-Regel crossover frequencyvd . At this frequency, the
phonon mean free path with respect to the resonant scatte
on quasilocal harmonic oscillators becomes equal to
wave length. To proceed further, we should briefly revi
the main theoretical and experimental results in this field

It is well known that for many low-temperature properti
of glasses two-level systems~TLS’s! and phonons are
responsible.12 However, at higher frequencies it is well e
tablished that there is an excess ofadditional low frequency
harmonic modes which dominate the specific heat abov
few K.13,14 They also strongly reduce the phonon mean f
path producing the plateau in the thermal conductivity
glasses.15

In Ref. 7 it was argued that these excess modes
quasilocal soft harmonic oscillators~HO! coexisting with
TLS’s ~and phonons! with density of states increasing a
g(v)}v4 at moderate frequencies (W/\,v<vd , see be-
low!. As a result of raising the temperature, the linear te
perature behavior of the specific heat~TLS’s contribution!
changes toC(T)}T5 dependence. Such crossover results
a minimum inC(T)/T3, at someTmin'0.523 K.7,16

The quasilocal vibrations open also a new effective ch
nel for the phonon scattering. Their steeply rising DO
g(v), leads to the same frequency dependence of the inv
mean free path for phonons because of resonant scatterin
these oscillators15

l res, HO
21 5

p

6A2

Cv

v S \v

W D 3

}v4. ~1!

This dependence looks similar to elastic Rayleigh scatte
from glass inhomogeneities though the physical mechan
is drastically different. Even very optimistic estimates sh
that Rayleigh contribution is at least 4 times smaller th
follows from experimental data on thermal conductivity17

On the other hand, the resonant scattering mechanism~1!
with C taken from low temperature sound velocity measu
ments gives correct values of the thermal conductivity p
teau without additional fitting parameters~see below!. There-
fore, we believe that in ordinary glasses the Rayle
scattering is small in comparison with this contribution.

Except for the sound velocityv there are only two param
eters in Eq.~1!. The first one is a characteristic energyW
which is related with the position of the minimum i
C(T)/T3, W'2kTmin .7,16 The second is a coupling consta
C which describes the relative change ofv with temperature
due to resonance scattering of phonons on TLS’s12

~Dv/v !res, TLS5C ln~T/T0!. ~2!

Both experimental values ofC and Tmin are well known
for many glasses. It gave the unique possibility, without a
13220
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fitting parameters using Eq.~1!, to successfully reproduce
the correct value of the thermal conductivity plateau for v
reous SiO2 and Se~Ref. 15! and for some other glasses a
well.18 From this point of view one can consider Eq.~1! to be
in good agreement with the thermal conductivity data.

Using Eq.~1! one can easily obtain the expression for t
Ioffe-Regel crossover frequencyvd

8,5

\vd50.75WC21/3. ~3!

For example forv-SiO2 , Cl53.131024, W/k54.2 K, and
\vd /k'47 K.

Now we can proceed to the main aim of our paper a
check whether there exists a correlation between the bo
peak frequencyvb and vd determined by Eq.~3!. For that
purpose, we collected all the necessary experimental par
etersTmin , Cl , and vb for several glasses in Table I. Th
two different values ofTmin for a-GeO2 correspond to two
different samples investigated in Ref. 30. The value ofTmin
for LaSF-7 glass is a reasonable guess value~we did not find
it in the literature!.

Now using the relationW52kTmin and Eq.~3! we can
calculatevd for longitudinal phonons and compare it wit
vb . The result of this comparison is shown on Fig. 1. O
can see from the figure that all the data lies near a stra
line which has a slope equal to 1.53. This means that wit
the experimental accuracy there is a direct proportiona
relation between the boson peak maximumvb and the Ioffe-
Regel crossover frequency for phononsvd .

In what follows we are going to prove that this correlatio
results in fact from thebilinear couplingbetween quasiloca
oscillators and the deformation field«

Hint5Lx« ~4!

proposed in Ref. 15. In this sense it can be regarded a
rather general rule.

TABLE I. Boson peak frequencyvb , coupling constant of lon-
gitudinal phonons with TLS’sCl , andTmin for several glasses.

Glass Tmin vb Cl

~K! (cm21) (1024)

SiO2 2.1a 52b 3.1c

As2S3 0.8d 26e 1.6c,f

B2O3 1a 28g 2.4h

Se 0.6a 18i 1.2c

PS 0.9j 17k 3.6c

GeO2 1.75; 2l 45b 2.5m

LaSF-7 2.5~?! 80n 1.2c

LiCl•7H2O 3.3a 60o 7.2c

aReference 19.
bReference 20.
cReference 21.
dReference 22.
eReference 23.
fReference 24.
gReference 25.
hReference 26.

iReference 27.
jReference 28.
kReference 29.
lReference 30.
mReference 31.
nReference 32.
oReference 33.
3-2
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With the use of Eq.~4! one can easily show that th
elastic interaction between two oscillators has a dipo
dipole character

Vint.
L2

rv2r i j
3

xixj ~5!

with r being the mass density of the glass. Suppose tha
DOS of noninteracting oscillators isg(v). Then making use
of Eq. ~4! and the golden rule one can calculate in the us
way the phonon mean free path due to the resonance sc
ing on these oscillators

l res,HO
21 5

pL2

2Mrv3
g~v!, ~6!

whereM is an oscillator mass. It is important that this sc
tering has the same frequency dependence as the bare d
g(v). The Ioffe-Regel crossover frequencyvd can be esti-
mated from the equation

g~v!

v U
vd

.
M rv2

L2
. ~7!

In order to determine a position of the boson peak,
should consider the interaction between resonant oscilla
The concentration of such oscillators with frequenciesv ly-
ing in a small intervaldv aroundv is given by the product
g(v)dv. Therefore, the nondiagonal transition matrix e
ment of the coupling between the two oscillators~5! is equal
to

DJ[^ni 11 ,nj uVintuni ,nj 11&.
\L2g~v!

2Mrv2v
dv. ~8!

The physical meaning of this quantity is that it gives a ch
acteristic value for a level repulsion of two resonant osci
tors because of their interaction.

If DJ,\dv the level repulsion is weak and the intera
tion does not changeg(v). If DJ.\dv the level repulsion
is strong and renormalizes the original density.5 The new

FIG. 1. Position of the boson peakvb versus the Ioffe-Rege
crossover frequencyvd for several glasses.
13220
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DOS can be found dividing the oscillator concentration
the interval by the characteristic value of their level repuls

g̃~v!.
g~v!dv

DJ/\
.

Mrv2

L2
v. ~9!

We see that the result is alinear function of v which de-
pends only on material parameters of the glass but does
depend on the bare densityg(v).

In the case when the reduced bare DOSg(v)/v2 in-
creases withv we will have a boson peak at some crossov
frequency from weak to strong coupling. This frequency
determined by the equationDJ5\dv. One can easily see
that this equation coincides with Eq.~7! for vd . This ex-
plains whyvd correlates with the position of the boson pe
in glasses.

The resulting linearv dependence of vibrational DOS
above the boson peak is a very important and general fea
of a system of interacting harmonic oscillators with biline
dipole-dipole coupling~5!. It is a direct consequence of lin
earv dependence ofuxn,n61u2252Mv/\ and therefore can
be regarded as universal. It holds for any bareg(v) of
quasilocal harmonic modes which rises with frequency fas
thenv2. It was observed in experiments on inelastic neutr
scattering for amorphous polymers,34 a-SiO2,35 and
a-GeSe2.36

The picture described above implies delocalization of
harmonic excitations above the boson peak though they
not supposed to be plane waves. This is also consistent
existing numerical results. The fact that the Ioffe-Regel c
terion does not mean localization for vibrational excitatio
in disordered system was acknowledged in the comp
analysis of the percolation network.37 It was found that vi-
brational modes above the Ioffe-Regel crossover give s
stantial contribution to the heat transfer and have some
fusive nature.

Similar results were obtained in Ref. 38 fora2SiO2
where all modes with\v between 5-110 meV were found t
be delocalized~just to the right of the boson peak!. For
amorphous silicon it was found39 that only 3% of vibrational
modes~above 70 meV! are localized and do not participat
in the heat transfer. The remaining 97% of the modes
delocalized and the majority of them (93%) are not pla
waves.

In numerical experiments40 the truly localized modes
were discovered at the very end of the frequency spectrum
is worthwhile to mention that at low frequencies the calc
lated DOS has a part with linearv dependence just in the
region of delocalized states. The same results were obta
for amorphous selenium.41 The modes with frequencie
above 0.5 THz were delocalized~again just above the boso
peak for this glass!.

To conclude, we have established for the first time
correlation between the boson peak frequency and the Io
Regel crossover frequency. We proved that this correla
occurs because of the bilinear coupling between so
waves and quasilocal harmonic vibrations in glasses.

One of the authors~D.A.P.! gratefully acknowledges
pleasant hospitality and financial support of the Catho
University of Leuven where this work was done. One of t
authors~C.L.! thanks the Belgian FWO for financial suppor
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