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Single-wall carbon nanotube diameter distributions calculated from experimental parameters

Henning Kanzow,* Christian Lenski, and Adalbert Ding
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The growth of bundles of single-wall carbon nanotubes is explained by assuming a transition state, in which
precipitated graphene sheets detach from the surface of a liquid catalyst particle, forming fullerenelike caps.
The energetic situation of the transition state is considered as an equilibrium of the kinetic energy: the work of
adhesion of the graphene sheet toward the catalytic particle and the strain energy associated with the cap
formation. The tube diameter distributions depend only on their formation temperature range, the composition
of the catalytic metal and carbon-containing particles, and the type of metal used. The calculated diameter
distributions for different metal catalysts agree very well with the experimental data of arc and laser experi-
ments of other groups. The observed increase of the tubes mean diameters with the formation temperature is
also correctly reproduced by the simple model.
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I. INTRODUCTION

Since their discovery in 1993,1,2 single-wall carbon nano
tubes~SWCNT’s! have attracted a great deal of interest fro
the scientific community due to their remarkable properti
They are conductors or semiconductors, depending on t
helicity,3 and can be used as transistors.4 Their Young modu-
lus reaches values of more than 1 TPa.5 Their small dimen-
sions allow them to be excellent atomic force microsco
tips6 and field emitters.7 SWCNT’s are traditionally pro-
duced by covaporization of pure carbon and a metal cata
either in an electric arc discharge1,2,8–15 or by high power
laser irradiation.16–26In situ studies of the formation of the
tubes are still rare.24,26Thus it is not known how tube growth
actually takes place. The models proposed for metal c
lyzed SWCNT growth can be classified by the size of
catalytic metal containing particle.

~A! The catalytic particle is smaller than the SWCNT d
ameters: These models start from the carbon-metal
phase: In the first place open fullerene structures in the sh
of half bowls are formed near the plasma. ‘‘Scooting’’ sm
metal clusters or atoms hinder the closure of the bowls
further carbon atoms or units are incorporated, leading
tubular growth.16,17,27

~B! The catalytic particles are of the same size as or lar
than the SWCNT diameters: The carbon and metal ato
condense at high temperatures to liquid droplets. Fullere
like caps are either formed from segregated graphene sh
on the catalytic particle or are first generated in the gas ph
and then attach to the particle surface. The subsequent
regated carbon atoms at the root of the caps are incorpor
leading to a single-wall tube growth.8,9,15,25,28,29

Several experimental observations strongly favor the r
growth models B: Sea urchin and raftlike morphologies
SWCNT’s attached to large catalytic particles have been
served for several metals and metal mixtures like Ce,
Gd, La, Ni, Ni/Co, Ni/Y, Rh/Pd, and Y.8–10,14,18Saitoet al.11

examined particles caught at different distances from the
and measured the corresponding local temperaturesT: At a
distance of 1.5 cm (T51100 °C) only metal- and carbon
containing particles, but hardly any fibrous structures, w
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found. The products at 4 cm (T5650 °C), however, con-
sisted of larger metal- and carbon-containing particles w
ropes of SWCNT’s directly attached to them. These rat
low formation temperatures are also supported by recent
periments with pulsed lasers: Solids~e.g., nanotubes! were
formed on a time scale between 1 ms and a few seconds
the pulse, when the plasma plume had cooled do
considerably.24,26 Within mechanism B, the question occu
of whether the necessary fullerenelike caps originate fr
fullerenes or fullerene fragments, which had been formed
the gas phase and became attached to the catalytic par
or if the caps are formed from segregated graphene shee
the particle surface. We believe that fullerenes are not
rectly used as building blocks of the SWCNT tips: C60
fullerenes are a typical by-product of the laser method. B
the experimentally observed tube diameters are often m
larger ~0.9–1.7 nm! than the 0.7 nm corresponding t
C60.18,20Furthermore, there are several reports of SWCN
produced by the interaction of gaseous carbon contain
compounds like carbon monoxide or hydrocarbons w
small metal particles. This method is called chemical va
deposition ~CVD!.30–33 It is difficult to imagine that
fullerenes are involved in the formation of the SWCNT’s
CVD experiments. If a single growth path is assumed for
CVD and plasma methods, a mechanism using fullere
directly as a building block seems to be rather unlikely. CV
methods are much more widely known for the production
graphite fibers and multiwall carbon nanotub
~MWCNT’s!.34–37 There are many similarities between th
CVD and the plasma methods: The metal particles found
the product of the plasma methods have the same size a
ones found to be active in the CVD experiments.36 Carbon-
containing gases are present in both setups~e.g., fullerenes or
hydrocarbons and carbon monoxide respectively!. The tem-
perature range of the formation of SWCNT’s with CVD
700–1200 °C,30–33 the same as in the arc method.11

MWCNT’s can be also produced with plasma methods.38,39

However, these structures certainly have a very different
mation history, since metal catalysts are not needed for t
generation. In the arc method MWCNT’s are almost exc
sively found in the inner core of the cathode deposit, wh
©2001 The American Physical Society02-1
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the electrode is hit by the arc, which implies very high fo
mation temperatures. The diameters of these arc-gr
MWCNT’s are between 2 and 25 nm.39 In the laser ablation
method20–22,24,26as well as the arc method,13 heating of the
area around the plasma leads to an increase of the SW
mean diameters. The diameter distribution also strongly
pends on the metal used as a catalyst in the plasma meth
Seraphin9 showed histograms of the diameters of SWCNT
produced in a carbon-metal arc with either cobalt, iron,
nickel. She found that in soot samples~not the collaret! pro-
duced with iron and nickel most tubes were in the simi
range of 0.7–1.0 nm, while in the sample produced w
cobalt the distribution of the diameters was much broad
varying between 0.85 and 1.90 nm. These results are
agreement with the data of Saitoet al.,11 who observed mean
diameters of 1.0–1.1 nm with iron, 1.1–1.2 nm with nick
and 1.3–1.4 nm when using cobalt in the arc. In our rec
theoretical paper we explained these diameter depende
qualitatively.29 We now show a simple way to evaluate o
equations forther and to calculate the diameter distributio

II. GROWTH MODEL

The growth model follows the ‘‘tradition’’ of the diffu-
sion model described by Tibbetts for generation
MWCNT’s by the CVD method.35 A similar model for
SWCNT’s was first proposed by Saito,8 leaving open the
question of where the necessary fullerenelike caps co
from and what the state of the catalyst is. The catalytic p
ticle is most likely in the liquid state: Macroscopic amoun
of metal-carbon mixtures have eutectic melting temperatu
of 1153, 1320, or 1327 °C for iron, cobalt, or nicke
respectively.40 Under experimental conditions~plasma or
CVD! melting temperatures are certainly strongly reduc
because of the oversaturation of the metal particles w
carbon41 and the surface energy associated with the sm
dimensions.42,43 Very low melting points between 600 an
700 °C for abnormally oversaturated solutions of carbon
the metals Fe, Ni, and Co were indeed reported
Krivoruchko and Zaikovskii, who studied the reaction
small metal particles with amorphous carbon.44 We do not
expect that carbide formation must be considered in the t
formation process for Fe, Ni, and Co. At the reaction te
peratures these metals do not form stable carbides. Tha
decomposition of Ni3C occurs above 430 °C,45 and that of
Co2C at about 400 °C.46 Pure cementite (Fe3C), however, is
known not to promote the generation of nanofibers.47 Solid
carbide particles, frequently observed in plasma experim
together with pure metal particles, are therefore most lik
formed at lower temperatures. The formation of SWCNT’s
thought to occur at liquid particles consisting of a solution
metal and carbon at temperatures about 1000 °C. The
sible reaction mechanism is presented in Fig. 1.

~1! The starting point for the SWCNT growth is a sma
liquid metal particle in the gas phase oversaturated with
bon. It may be in contact with a substrate~e.g., amorphous
carbon segregated at higher temperatures!. It can absorb ex-
tra carbon by decomposing carbon containing gas molec
~e.g., hydrocarbons, fullerenes, or fullerene fragments! on the
12540
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surface of the particle and dissolve the carbon.
~2! The oversaturation leads to a segregation of the car

atoms. They move on or in the surface, and combine to fo
a first graphene layer, which grows continuously.

~3! If the system contains enough kinetic energy, t
graphene plane is able to detach from the metal surface
form a fullerenelike cap. This process is preceded or acc
panied by a rearrangement of the carbon atoms in the s
in order to introduce the necessary six pentagons.48 The ad-
dition of further carbon atoms at the edge of the cap make
impossible for it to flatten out again. A SWCNT grows wit
a diameter corresponding to the initial cap size. Proces
~1!–~3! will also occur on neighboring positions on the sam
particle. A rope of SWCNT’s is generated.

~4! When the melt solidifies, a huge amount of carb
stored in the liquid particle is segregated at once, beca
much more carbon can be dissolved in a melt than in a so
This can close the tips of the tubes and encapsulates
metal droplet.

III. ENERGY SITUATION OF THE TRANSITION STATE

A flat small graphene sheet is part of or attached to
surface of a liquid particle consisting of a solution of me
and carbon. Metal atoms are bonded to the sheet borde
avoid dangling or highly strained bonds. The segregation
carbon atoms near the graphene sheet, and therefore the
growth, is thought to take place slowly compared with t
average time needed for its transformation into a fullere
like cap. For this transformation in-plane and out-of-pla
movements of the carbon atoms are required, which we t
independently because the kinetic energies responsible
these movements are stored in different vibrational degr
of freedom.

~a! Out-of-plane: The central part of the graphene sh
has to lift off the catalytic particle~Fig. 2!. This can only
happen if the kinetic energy per area at the particle sh
interface@Eq. ~3!# is high enough to overcome the work o

FIG. 1. Growth model for ropes of SWCNT’s at liquid-met
particles. A hot temperature of the catalytic particle is indicated
a light color, and cooler particles are darker. Further explana
appears in the text.
2-2
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SINGLE-WALL CARBON NANOTUBE DIAMETER . . . PHYSICAL REVIEW B 63 125402
adhesion. The excess energy is used for bending the s
@Eq. ~2!#. Equations~3!–~6!, necessary to calculate Eq.~2!,
were discussed in our previous paper in detail.29 Note that
we had to correct Eq.~3!. The parameter related to the typ
of metal used is a temperature-dependent function of
work of adhesion per area of graphite to the pure liquid me
WAd,M @Eq. ~5!#. If mixed metal catalysts are considered,
linear combination of theWAd,M functions of the single met
als is used. Equation~1! is new, and combines the availab
free energy for bending with the diameters of the fullere
caps. It derives from the fit function of the elastic theory
Tersoff49 to the heat of formation data~approximately free
energy of formation! of different-sized fullerenes calculate
by Zhanget al.50 The strain energy per area of a carbon at
in a fullerene~cap! is its free energy of formation~approxi-
mately the heat of formation! divided by the area it occupie
minus the free surface energy~approximately that of graph
ite!. The introduction of a simple equation like Eq.~1! for the
strain energies of the caps is of course a strong idealiza
But a detailed calculation of the strain energies of all p
sible nanotube tips is a rather hopeless approach. There
approximately 23 000 possibilities just to terminate t
prominent~10,10! tube ~approximately 9000, if the isolate
pentagon rule is followed!.48 Our formulas imply that the
strain energy of the fullerene cap is exclusively derived fr
the energy stored in the vibrational mode perpendicula
the particle sheet interface. In our calculations we arbitra
set the angle between the cap edge and the particle surfa
90°. If the 90° angle is not reached because of a lack
kinetic energy, the cap is thought to flatten out again, and
graphene sheet continues to grow to a larger size.
‘‘decoration’’ of the graphene sheet edge with metal atom
an image to avoid any contribution of extra binding forces
tension between the cap and the particle surface during
formation. These metal atoms are itself are part of the liq
particle surface:

WBen'
DH f

AC
22ES,G5

e

pd2 FA1B lnS pd2

AC
D G22ES,G

~1!

FIG. 2. Model of the transition state: A fullerene cap is form
from a graphene sheet on a catalytic particle.
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WBen5Ekin2WAd , ~2!

Ekin5
kT

AC
1

kT

AMC
, ~3!

AMC'@XCaC2C1~12XC!aM -M#2, ~4!

WAd'XCWAd,G1~12XC!WAd,M , ~5!

WAd,G'2ES,G ~6!

Equations~1!–~6! use the following parameters:
AC : area of a carbon atom in graphite,
AMC : area of an atom in the surface of the catalytic p

ticle,
aM -M : atom distance in the pure metalM,
aC-C : bond length in graphite,
d: cap ~tube! diameter,
A,B: constants from the fit in Fig. 3 of Ref. 49,
ES,G : free surface energy of graphite per area,
DH f : heat of formation for an atom in a fullerene cage
Ekin : kinetic energy per area at the interface between

graphene sheet and the particle,
XC : molefraction of carbon in the surface of the cataly

particle,
T: temperature,
WAd : work of adhesion per area of graphite toward t

catalytic particle,
WAd,G : work of adhesion per area of graphite to liqu

carbon,
WAd,M : work of adhesion per area of graphite to th

metalM,
WBen: work of bending per area.
~b! Six pentagons have to be introduced into the graph

network, which are characteristic for fullerenelike cap
These pentagons can be introduced from the sides. An
ample is illustrated in Fig. 3: Figure 3~a! shows a highly

FIG. 3. A flat graphene sheet is converted into a round fuller
cap by introducing six pentagons from the side and moving th
with two Stone-Wales rearrangements.
2-3
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symmetric flat graphene sheet (C48). The otherwise unsatur
ated dangling bonds are decorated with metal atoms. If
metal atoms bound to two carbon atoms are removed,
pentagons are created at the border of the sheet@Fig. 3~b!#.
Pentagons at the sheet edge can also consist of one o
metal atoms and the corresponding number of carbon ato
The cap in Fig. 3~b! is rather obtuse. But all kinds o
SWCNT tips,10 especially round ones, are experimenta
observed. Figures 3~c! and 3~d! show how the structure in
Fig. 3~b! can be transformed into a round fullerene cap. T
pentagons from the edge ‘‘diffuses’’ into the center of t
cap by just two in plane switches of C2 units. These trans
formations are often called Stone-Wales transformations
ter the scientist who used them first for explaining t
isomerization reactions of fullerenes.51 But these kinds of
transformations were discussed much earlier in connec
with the carbon diffusion in graphite.52,53 Calculations show
that the energetic barriers for ‘‘pure’’ Stone-Wales transf
mations are as high as 5–7 eV in flat graphene sheets as
as in SWCNT’s ~Ref. 54! and fullerenes.55 Unfortunately
there are no calculations on the effects of transition met
which certainly have a much greater potential to catal
these rearrangements. The time available for the nuclea
of fullerene caps is not known, but it should be significan
lower than a time scale in the order of a second associ
with the growth of SWCNT’s.26 Activation energies of 5–7
eV surely inhibit the switches discussed above at reac
temperatures of approximately 1000 °C.~The corresponding
reaction rate can be estimated with the Arrhen
equation.54! However, the barrier can be strongly lowered
strain,54 or by catalytic effects of the presence of extra c
bon or hydrogen atoms.55 Experiments with polycyclic aro-
matics such as aceanthrylene, acephenanthrylene and
ranthene, show that 5-6-ring rearrangements of the car
skeleton are performed rapidly at 1100 °C.56 To resume this
part, only a few in-plane movements of carbon atoms
necessary to create a fullerenelike cap from a flat graph
sheet. It is not absolutely clear~but seems likely!, that the
activation barriers are sufficiently low so that the rearran
ments of the sheet can be performed fast enough. In
model it is assumed that low activation energy paths for
rearrangement exist. The in-plane movements of the car
atoms are therefore not considered further in our calculat

IV. PROCEDURE OF CALCULATION

Concerning the arc experiments the diameter distribu
of the tubes was only calculated for tubes in the ‘‘soot’’~and
not in the ‘‘collaret’’!, because we just know the formatio
temperature range for the tubes in the soot given by S
et al. to be 650–1100 °C.11 The other necessary parameter
the carbon content at the surface of the catalytic particle.
original composition of the evaporated anode material u
ally contains only 1 at. % of metal and 99 at. % of carbo
The particles formed from the gas phase will have sim
compositions. Then the carbon is transformed into na
tubes, and the metal accumulates in the particle. The fi
composition is of almost pure metal. Therefore, we set
parameter range for the carbon content to be between 0
12540
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The temperature and the carbon content ranges were div
into 51 equidistant values each. In order to calculate the
ameters we have to compose pairs of carbon content
temperature values. We used the simplest approximat
that all combinations have the same probability: Thus ev
carbon content value was combined with every tempera
value. For the resulting 2601 combinations the diamet
were ~numerically! calculated using Eqs.~1!–~6!. We also
calculated the diameter distribution corresponding to a p
carbon catalyst particle for the temperature rang
650–1100 °C ~formation temperature of SWCNT’s! and
2500–3000 °C ~assumed formation temperature of ar
produced MWCNT’s in agreement with Ref. 57!. This was
done to check, if our model can also explain the growth
MWCNT’s in the arc experiment. In the laser experimen
the lower temperature limit is not 650 °C, but set by the ov
temperature, which we used in our calculation. As the up
limit we chose the same value as in the arc experime
though one should keep in mind that SWCNT’s can grow
slightly higher temperatures.20

FIG. 4. Calculated SWCNT diameter distributions in the soot
an electric arc experiment with single-metal catalysts.
2-4
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V. RESULTS AND DISCUSSION

Figure 4 shows the results for the pure metal catalysts
Ni, and Co. The obtained tube diameter distributions with
single metal catalysts fit very well to the experimental d
of Seraphin9 and Saitoet al.:11 The mean diameters of th
tubes made with iron and nickel catalysts have the sa
values as in the experiments~1.0 and 1.2 nm, respectively!.
Their narrow diameter distributions are also reproduced.
model predicts a larger mean diameter and also a bro
diameter distribution for the cobalt catalyst. These charac
istics are indeed found in the experiments. But the calcula
distribution shows too large a tail on the larger diameter s
which was not found in the experiments. This might be d
to the rather poor work of adhesion functions we had
use.29 However, the maximum of the diameter distributio
coincides~as for the iron and nickel catalysts! with the mean
diameters observed by Saitoet al. and Seraphin. For pure
carbon as the catalyst, we calculated SWCNT mean di
eters of 1.08 nm for the temperature range of 650–1100
with a slightly narrower diameter distribution than in th
case of iron. For the 2500–3000 °C temperature range
mean diameter was reduced to 0.57 nm. The correspon
diameter distribution was extremely narrow. The diamet
of arc-grown MWCNT’s are much larger than the results
our calculations. The formation of these tubes certainly ta
place in a quite different way57 from the growth model we
present in this paper. Figure 5 shows the diameter distr
tions with the mixed metal catalysts Fe/Ni, which were c
culated for the laser experiments for oven temperature
780 and 1000 °C. The corresponding tube diameters
served with TEM by Bandowet al. ~Fig. 2 in Ref. 21! are
included in Fig. 5 as gray squares. The original data w
normalized in order to compare the results with our calcu
tions. The obtained diameter distributions are in good ag
ment with the experiments: The increase of the mean di
eter with the formation temperature is correctly reproduc
Furthermore the width of the distributions are very similar
the experimentally observed ones.

As mentioned above, the calculated diameter distributi
for the metal catalyzed SWCNT’s are in very good agr
ment with the experiments. This is a surprising result,
cause we had to introduce many rough approximations
perform our calculations with our simple model. The valu
for the temperatures and the work of adhesion we use
tainly have some experimental uncertainties. Some of
assumptions, e.g., a low-energy path for the arrangemen
the atoms, have not yet been confirmed. On the other h
our results strongly support the view that nanotube tips
o

p
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created at a catalytic particle and that SWCNT diameter
tributions are controlled by the kinetic energy present in
system and the work of adhesion of the catalytic mate
toward the graphene sheet.

VI. CONCLUSION

We have found a method to calculate the diameter dis
butions of SWCNT’s grown with laser and electric arc tec
niques. The crucial parameter for the diameter depende
on the catalytic metal used in the plasma methods is the w
of adhesion of the metal toward graphite at reaction temp
tures. The obtained diameter distributions for iron, nick
and cobalt catalysts, and their mixtures, are in good ag
ment with the experimental observations of other grou
The model also explains the diameter dependency on
oven temperature in the laser experiment. This work m
have an impact on the development of more detailed~e.g., on
molecular-dynamics-based! models. For the time being it is a
useful tool, which helps to find adequate reaction paramet
if certain diameter distributions are required for special a
plications.

FIG. 5. Calculated SWCNT diameter distributions in the pro
uct of a laser experiment with an iron/nickel 1/1- mixture as t
catalyst, and oven temperatures 780 and 1000 °C, respectively.
scaled abundances of diameters observed with TEM by Ban
et al. ~Fig. 2 in Ref. 21! are included as gray squares for compa
son.
d
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