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Spin fluctuation theory for the insulating ground state of YbB12

S. H. Liu
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It is proposed that the insulating ground state of the compound YbB12 originates from a localized superpo-
sition of f 14 and f 13d1 configurations of Yb in a singlet spin state. The theory is formally similar to the
well-known spin-fluctuation mechanism for magnetic impurities in metals. It explains both the insulating
ground state and the band of dispersive excited states recently observed by neutron scattering. By making a few
reasonable approximations for finite temperatures and spin-orbit coupling effects, we obtain a phenomenologi-
cal model for the bulk properties that explains the temperature dependence of the specific heat, the suscepti-
bility, and the inelastic neutron scattering line shape for powder samples.
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I. INTRODUCTION

The compound YbB12 belongs to a class of materia
known as Kondo insulators. These are insulating compou
of Ce, Sm, or Yb, with energy gaps of the order of 100–2
K. Like that of other members of the family, the specific he
of YbB12 has the Schottky form whose peak falls around
K.1,2 The magnetic susceptibility rises three fold betwe
helium temperature and a peak at 80 K, then declines slo
at higher temperatures. The high temperature behavio
reminiscent of the Curie-Weiss susceptibility of local m
ment systems. It appears that at lower temperatures the
ments gradually disappear, in analogy with spin compen
tion or the Kondo effect for some magnetic impurities
metals. It is therefore believed that the opening of an ene
gap in the electron spectrum in these insulators is a co
quence of spin compensation. All attempts to explain
properties of this and other related materials are based on
line of reasoning.3 To summarize very briefly, the theor
shows that in a metal the presence of a Ce or Yb impu
produces a spin-fluctuation resonance near the Fermi lev4,5

Hybridization of this level with the underlyingd band leads
to a pair of narrow bands separated by a gap.6,7 This gap is
identified as the insulating gap.3,8 The theory implies that the
formation of the energy gap is possible only in a perio
lattice with complete coherence. In the next two paragra
we review two experiments that cast doubts on this phys
picture.

The doping experiment reported by Igaet al. shows that
the formation of an energy gap in the electron spectrum
not connected with coherence.2,9 The authors measured th
magnetic susceptibility of YbxLu12xB12 for 1>x.1/32 in
the temperature range 4.2,T,300 K. Using the position of
the susceptibility peak as a measure of the energy gap,
can see that the alloys with 1.x.1/2, all n-type semicon-
ductors, have substantially the same energy gap as the
material. Thus, the gap persists even though coherenc
clearly not maintained for such a large range of doping.
x,1/2 the alloys behave like classic Kondo systems.

The present author pointed out in a recent paper that
hybridization gap picture is also in disagreement with
inelastic neutron scattering data for another insulating co
pound, Ce3Bi4Pt3.10 The hybridization gap is known to be a
0163-1829/2001/63~11!/115108~6!/$15.00 63 1151
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indirect gap, i.e., a gap between the lower band at the B
louin zone boundary and the upper band at the zone ce
Accordingly, just as in heavy fermion materials, inelas
neutron magnetic scattering should be prominent at la
scattering angles.11 In contrast, Severing and co-workers o
served the gap at small scattering angles.12,13 At sufficiently
large momentum transfer the magnetic scattering actu
disappears. The entire finding is at odds with the band
bridization scenario.

Inelastic neutron scattering results for YbB12 are more
complicated but shed crucial light on the physics.14–16 In
Ref. 14 Nefeodovaet al. reported neutron time-of-flight ex
periments on a powder sample at four temperatures ran
from 15 to 159 K. The spectrum was found to change dr
tically. At 15 K they found three peaks at 15, 20, and
meV. At 55 K the middle peak no longer stands out.
single-peak broad feature was seen at still higher temp
tures. The polycrytalline data reported by Bouvetet al. are
quite similar.15 The experiment reported by Igaet al.16 was
done on a single crystal at 1.5 K. The two low energy pe
observed in Ref. 14 at low temperatures come from a ban
inelastic excitations. The high energy peak at 38 meV
associated with another band. Both bands are weakly dis
sive and have sizable intrinsic linewidths. These results
not explained by the existing theory for spin fluctuation
metals.

We propose in this paper that, in analogy with Ce3Bi4Pt3,
the ground state of YbB12 consists of a lattice of localized
spin singlet superpositions off 14 and f 13d1 configurations of
Yb. In Sec. II we develop the formal theory under som
simplifying approximations. The gap in thef electron system
originates from local effects and tends to persist in incoh
ent systems. In a coherent periodic lattice the gap has a
persion, in qualitative agreement with the single-crystal n
tron scattering experiment.16 The theory follows the same
line as the spin-fluctuation theory for metals except for d
ferences in mathematical details necessitated by the ins
ing state. Section III shows how physical details are adde
obtain a phenomenological theory for the bulk properties
the real material. Application of the theory to thermod
namic, magnetic, and neutron scattering experiments is
cussed.
©2001 The American Physical Society08-1
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II. THEORY

The model assumes that the ground state of the mater
a lattice of Yb such that the configurationsf 14 and f 13d1 are
nearly degenerate. The two 6s electrons of Yb form stable
chemical bonds with neighboring B atoms. In the Ham
tonian we include onlyf electrons in atomic orbitals andd
electrons in band states.

Both f 13 and f 14 states involve atomic orbitals of hig
complexity. To make the theory tractable, we first simpl
the model by ignoring the orbital degeneracy, i.e., regard
the filled shell asf 2 and the one hole state asf 1. The orbital
effects will be appended later. We can then set up the mo
Hamiltonian as

H5(
kWs

ekckWs
†

ckWs1(
j s

e f f j s
† f j s

1
1

AN
(
kW ,s

~VkW f j s
† ckWseikW•RW j1H.c.!

1U f f(
j

f j 1
† f j 1 f j 2

† f j 2 , ~1!

whereRW j is the position of thef site labeled byj. The pro-
posed trial wave function for the local spin singlet state at
site j is

uF j&5Fa f j 1
† f j 2

† 1(
kWs

bkW f j s
† ckW ,2s

†
e2 ikW•RW jG u0&, ~2!

where u0& is the vacuum state. The relationHuF j&
5E0uF j&, whereE0 is the ground state energy, yields

a~2e f1U f f2E0!12(
k

bkW
VkW

AN
50, ~3!

and

bkW~e f1ek2E0!1a
VkW

*

AN
50. ~4!

Solving Eq.~4! for bkW and putting the result into Eq.~3!, we
obtain the following equation forE0:

2e f1U f f2E05
1

N (
kW

2uVkWu2

e f1ek2E0
. ~5!

The sum onkW is carried over all unoccupied parts of th
band. To gain insight, we assume an emptyd band extending
from ekW50 to W with a uniform density of statesr0. Equa-
tion ~5! reduces to

E05e f2W expF2
2e f1U f f2E0

2r0V2 G , ~6!

whereV denotes the average matrix element. We assum
the model that the one hole state is highly stable, i.e.,e f
11510
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!0, but the filledf shell state is nearly degenerate with thef
hole plus oned electron in the band, i.e.,e f1U f f'ek . Let
e f2E05e0; we find

e05W expF2
e f1U f f1e0

2r0V2 G . ~7!

This equation determinese0, which plays the role of the
energy gap.

To find the wave function we solve forbkW in terms ofa:

bkW52a
VkW

AN

1

e01ek
. ~8!

Normalization of the wave function requiresa212(kWubkWu2
51. From this we find

a22511
2r0V2

e0
. ~9!

Usually the second term dominates, and the quantity 12a2

'1 is the number off holes per site.
More information on thef electron distribution can be

obtained from its spectral function. We define thef electron
Green’s function by

Gf~ t !52 i ^F j uTeiHt f j se2 iHt f j s
† uF j&, ~10!

where T is the time ordering operator. The evaluation
Gf(t) is straightforward:

Gf~ t !52 i(
kW

bkW
2
e2 i (e f1U f f1ek1e0)tu~ t !

1 i Fa2ei e0t1(
kW

bkW
2
ei (2e f1e01ek)tGu~2t !,

whereu(t) is the step function. The Fourier transform is

Gf~v!5(
kW

bkW
2

v2e02e f2U f f2ek2 id

1
a2

v1e01 id
1(

kW

bkW
2

v2e f1e01ek1 id
.

From this we calculate the density of states,

r f~v!5a2d~v1e0!1(
kW

bkW
2d~v2e f1e01ek!

1(
kW

bkW
2d~v2e02e f2U f f2ek!.

Converting the sum into an integral over band energies,
obtain
8-2
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r f~v!5a2d~v1e0!1
1

2p

g

~v2e f1e0!2

1
1

2p

g

~v2e02e f2U f f !
2 ,

whereg52pa2r0V2. The divergences in the last two term
are rounded off by thef level width, so

r f~v!5a2d~v1e0!1
1

2p

g

~v2e f1e0!21g2

1
1

2p

g

~v2e02e f2U f f !
21g2 . ~11!

The f level width is g'pe0. Equation ~11! is the well-
known multiple peak structure for thef electron distribution
obtained for metals.5 The only difference is that the level a
2e0 is below the band. The peak ate f2e0 is inconsequen-
tial for our purpose, but the one ate01e f1U f f will play an
important role to be discussed later. The complete Gree
function is

Gf~v!5
a2

v1e01 id
1

1

2

1

v2e f1e01 ig

1
1

2

1

v2e02e f2U f f2 ig
. ~12!

In a similar manner we define thed electron Green’s function
by

GkW~ t !52 i ^TeiHtckWse2 iHtckWs
†

&, ~13!

where the expectation value is taken in the coherent gro
state of the full periodic lattice. We find by taking its tim
derivative that

S i
]

]t
2ekDGkW~ t !5d~ t !2 i

VkW
*

AN

3(
j

^TeiHt f j se2 iHtckW ,s
†

e2 ikW•RW j&.

We denote the last term in the above equation byFkW(t). Its
equation of motion is

S i
]

]t
2ekDFkW~ t !52

VkW

AN
Gf~ t !.

We Fourier analyze the equations and solve forGkW(v) to
obtain

GkW~v!5
1

v2ek
1

V2Gf~v!

~v2ek!
2 .

This result can be recognized as the leading terms of a Dy
series, which can be summed up to yield

GkW~v!5@v2ek2V2Gf~v!#21. ~14!
11510
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In the neighborhood ofv50, Eqs.~12! and ~14! give the
dispersion relation for a band of quasiparticles, commo
known as slave bosons:

~v2ek!~v1e0!2a2V250. ~15!

Since the level2e0 does not cross the band, the hybridiz
tion interaction merely gives the slave boson band a sli
shift and dispersion. No new gap is created. In the neighb
hood of the onef hole statev5e f1U f f , the band dispersion
is solved from

~v2ek!~v2e02e f2U f f2 ig!2
1

2
V250. ~16!

This upper band has both dispersion and damping.
Another important result that can be derived within th

framework is the static susceptibility. We apply a magne
field B to the system. The Hamiltonian is

H5(
kWs

~ek2mBBs!ckWs
†

ckWs1(
j s

~e f2m fBs! f j s
† f j s

1
1

AN
(
kW ,s

~VkW f j s
† ckWseikW•RW j1H.c.!

1U f f(
j

f j 1
† f j 1 f j 2

† f j 2 ,

where m f is the effective moment of Yb,13 and mB is the
moment for thed electron. The following field dependen
variational wave function is used to calculate the grou
state energy:

uF j&5S a f j 1
† f j 2

† 1(
kWs

bkWs f j s
† ckW ,2s

† D u0&.

Without repeating the same algebra, we write down
equation forE0:

2e f1U f f2E0

5
1

N (
kW

F uVkWu2

e f1ek2E02~m f2mB!B

1
uVkWu2

e f1ek2E01~m f2mB!BG .
For the simple band with uniform density of statesr0,

2e f1U f f2E05r0V2F ln
W

e f2E02~m f2mB!B

1 ln
W

e f2E01~m f2mB!BG
'2r0V2ln

W

e f2E0
12r0V2B2

~m f2mB!2

~e f2E0!2 .

For sufficiently weak hybridization the solution is
8-3
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e0~B!5e02B2
~m f2mB!2

e0
.

The ground state susceptibility is obtained by differentiati

x05
2~m f2mB!2

e0
. ~17!

The result has the form of the Van Vleck susceptibility o
two level system separated by energye0. The effective mo-
mentm f2mB is much reduced from bothm f andmB .

We summarize this section by emphasizing that the
namics of thef electrons is treated locally, which is a goo
approximation considering the tightness of the 4f wave
function. Thed electron states are treated according to
periodic Anderson model with full coherence. In an incoh
ent system, such as Lu doped samples, thef electron spec-
trum continues to hold but thed electron effects in Eqs.~15!
and ~16! are no longer valid. Since the latter effects ma
only subtle changes to thef electron spectrum, the theor
concludes that the gap is a local property and persist
systems where the Yb sites are partly replaced with Lu.

III. PHENOMENOLOGICAL MODEL FOR BULK
PROPERTIES

The model in the last section, while sufficient to establ
an insulating ground state and a band of excited states
nores a number of details which become important when
make comparisons with experiments. Due to spin-orbit
generacy, the filled 4f shell of Yb is a complex atomic stat
involving 14 electrons. The one hole state for Yb has ei
sublevels. As a result, the actual trial wave function for
ground state must contain onef 14 term and eightf 13d1 terms.
The ground state should remain nondegenerate and non
netic. The excited states, however, are a set of eight one
f levels hybridized with thed band. The crystal field will
split the f levels to give more structure to the neutron sc
tering signal. Thed band usually has many branches, whi
put the determination of the hybridized bands beyond
scope of the model.

In this section we propose a phenomenological model
the bulk properties of the material based on the findings
the microscopic theory. It contains some of the complex
of the real material, but one can choose a small set of mo
parameters to fit a considerable amount of bulk data.

Consider an insulator with a filled valence band deno
by e1kW and an empty conduction bande2kW . The inelastic
neutron scattering cross section at zero temperature is g
by

S~qW ,v!5(
kW

d~e1kW2e2,kW1qW1v!.

If the valence band is entirely flat, i.e.,e1kW5e1, we find

S~qW ,v!5r2~e11v!,

wherer2(e) is the density of states of the conduction ban
The neutron signal has noqW dependence, and its linewidt
11510
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reflects the dispersion of the conduction band. AnyqW depen-
dence of the neutron scattering line implies that the vale
band also has a dispersion, such as that obtained from
microscopic model in Sec. II.

For bulk properties we propose to ignore the valence b
dispersion and treat the ground state as a sharp, local lev
2e0. Neutron scattering experiments show that the exci
states consist of two sets of narrow bands formed byd-f
hybridization.14–16We denote the density of states of the tw
hybridized bands byr i(e) with i 51,2. The experiments do
not reveal how many sublevels there are in each band, bu
will show that, by assigning fourfold degeneracy to ea
band, we obtain the best fit to the bulk data. In princip
both e0 and the bands are temperature dependent. Unlik
the metal problem, however, the Fermi level in the insula
does not intersect the band to cause a sensitive temper
effect at low temperatures. Accordingly, we ignore the te
perature dependence ofe0 and r i(e) and determine the
Fermi levelm by the conservation of particles:

15 f ~2e0!1 (
i 51,2

E r i~e! f ~e!de, ~18!

where f (e)51/@eb(e2m)11#. The internal energyE(T) is
given by

E~T!52e0f ~2e0!1 (
i 51,2

E r i~e!e f ~e!de. ~19!

The specific heat is calculated fromC(T)5dE(T)/dT. As
shown in Ref. 14, the density of states of the lower band
be approximated by a double Lorentzian,

r1~v!5
g1

2p F G1

~v2E1!21G1
2 1

G2

~v2E2!21G2
2G , ~20!

while the upper band can be represented by a single Lor
zian,

r2~v!5
g2

p

G3

~v2E3!21G3
2 . ~21!

The parameters are taken from Ref. 14 asE1515 meV,
E2520 meV, E3540 meV, G153.5 meV, G255 meV,
andG3515 meV. All energy levels are measured from t
ground state. The degeneracy numbers are taken asg15g2
54. The specific heat calculated with these parameter
compared with experimental data in Fig. 1. The theoreti
curve is quite close to the older data of Kasuyaet al.,1 but
considerably higher than the more recent data published
the same group.2 By choosingg152 we can fit the peak of
the specific heat data in Ref. 2, but the theoretical curve
much too broad compared with the experiment.

The magnetic susceptibility consists of three parts,
Van Vleck term, the Pauli term, and the Curie term. The V
Vleck term is
8-4
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xvv5 (
i 51,2

m i
2E f ~2e0!2 f ~e!

e1e0

r i~e!de

1m12
2 E E f ~e!2 f ~e8!

e2e8
r1~e!r2~e8!dede8. ~22!

The quantitiesm i andm12 are the effective orbital moments
The first term arises from virtual transitions from the grou
state to the two bands and the last term comes from tra
tions between the two bands, which are important only
elevated temperatures when the lower band is sufficie
occupied. When the ground state is broken up by ther
excitation, thed electron moves into the bands and leav
behind a free Yb31 core. The electrons in the bands contri
ute to a Pauli susceptibility

xp5
mp

2

T (
i 51,2

E f ~e!@12 f ~e!#r i~e!de, ~23!

wheremp is the effective magnetic moment of the band ele
trons. The localized magnetic moments of Yb31 contribute
to a Curie susceptibility

xc5
mc

2@12 f ~e0!#

T
, ~24!

wheremc is the moment of the onef hole state. The magneti
moment of Yb31 is m f5gmBAj ( j 11)/352.62mB . There-
fore, the theoretical values of these magnetic moment par
eters are m15m25m f2mB51.62mB ,m12'm1 ,mp'mB ,
andmc'm f . In Fig. 2 we show a fit of the theory to the da
using the parametersm15m250.5mB ,m1250.2mB ,mp
5mB , and mc51.3mB . Some of these effective momen
are considerably smaller than the theoretical values, prob
due to hybridization, the crystal field, and other unkno
effects. Also plotted on the same graph are static suscep
ity data as deduced from inelastic neutron scattering.14 The
neutron data do not agree with the bulk data at low temp

FIG. 1. The specific heat calculated from the model for b
properties~solid curve! compared with experiments. The theo
agrees well with the data published by Kasuyaet al. ~dotted curve!.
~Ref. 1! and not as well with the more recent data published by
same group~circles! ~Ref. 2!.
11510
si-
t

ly
al
s

-

m-

ly

il-

a-

tures, and the theoretical curve agrees better with the neu
data. A possible source of discrepancy will be discussed a
the next paragraph.

The inelastic neutron scattering cross section for the po
crystal also has three terms. The Van Vleck term is

xvv9 ~v!5 (
i 51,2

m i
2@ f ~e0!2 f ~e01v!#r i~e01v!

1m12
2 E @ f ~e!2 f ~e1v!#r1~e!r2~e1v!de.

~25!

The Pauli and Curie terms together give rise to the s
diffusion term, which is approximated by

xd9~v!5~xp1xc!
v

ApGc

expS 2
v2

Gc
2D . ~26!

The total scattering cross section is

S~v!}
x9~v!

12e2bv , ~27!

wherex9(v)5xvv9 (v)1xd9(v). We find that the Gaussian
form for the spin diffusion contribution gives a more sat
factory fit to the data than the Lorentzian form. The diffusi
constantGc}AT adds one more parameter to the theory. T
four panels in Fig. 3 show the fit to the data in Ref. 14 at fo
temperatures. Aside from one vertical scale which applie
all temperatures the only fitting parameter isGc5A2T in
meV, whereT is measured in K. The theory predicts co
rectly the variation of the neutron line shape as a function
temperature. In particular, at high temperatures the br
peak at 20 meV is largely due to transitions between the
quasi particle bands.

One can deduce the static susceptibility from inelas
neutron scattering as discussed in Ref. 14. The proce
relies on an extrapolation to zero momentum transfer by

e

FIG. 2. The calculated magnetic susceptibility~solid curve!
compared with the bulk data~circles! ~Ref. 2! and results extracted
from inelastic neutron scattering~triangles!. ~Ref. 14! A possible
reason for the discrepancy between bulk and neutron data is
cussed in the text.
8-5
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S. H. LIU PHYSICAL REVIEW B 63 115108
ing the 4f form factor for Yb.13 Here may lie the source o
disagreement with the bulk data. As shown in Eq.~17!, the
bulk susceptibility contains ad contribution that has the op
posite sign from thef contribution. The 5d electron has a
narrower form factor than 4f , so an extrapolation based o
the 4f form factor may be unreliable. The theory seems
agree better with the neutron data, implying that the phen
enological model, which takes its input from neutron scatt
ing data, is self-consistent. A powerful test of both the m

FIG. 3. Comparison of calculated inelastic scattering cross
tion at four temperatures~solid curves! with the data in Ref. 14
~circles!.
gn

.

.D

11510
o
-

r-
-

croscopic theory and the bulk model would be
measurement of the neutron magnetic form factor of t
interesting material.

IV. DISCUSSION

The Lu doping experiments reported by Iga and c
workers lend further support to our proposed ground st
i.e., a lattice of localized singlet bound states involving Yb21

and Yb31d1.2,9 The Lu doped samples have negative H
mobility.9 Our interpretation of this effect is that Lu alread
has a filled 4f shell, so no bound state can form on its si
This puts thed electrons of Lu in the band as charge carrie
The observed gaps in the susceptibility data are local gap
Yb sites. Neutron scattering experiments are under way
verify this prediction.17

It is particularly interesting to contrast the doping beha
ior of YbB12 and Ce3Bi4Pt3. A simple rule relates the elec
tron number of the dopant to the carrier charge in semic
ductors. The dopant Lu has one more electron than the
Yb, so the extra electron becomes the free carrier as expe
from the rule. The rule is violated in the Ce compound b
cause when it is doped with La, which has onefewerelectron
than Ce, the alloy is ann-typesemiconductor.18 We suggest
that the difference in the doping behavior of the two co
pounds arises from an important difference in their grou
states, i.e., the ground state of the Yb system may be
garded as a lattice of bound states of anf hole with a d
electron, but for the Ce system the ground state consist
local bound states of anf electron and ad electron on Ce
sites.10
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