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It has been argued that a competition arises between the Berry phase and spectral flow effects in a restricted
class of large SNS annular Josephson junctions. A crossover is expected to occur in the junction response at the
temperaturd’, where the superconducting dynamics enters the hydrodynamic limif #dr, , spectral flow
occurs in the weak link and masks the Berry phase effects; whild foT, , spectral flow does not occur
allowing Berry phase effects to freely influence junction dynamics. In this paper we focus on temperatures
T=<T, where spectral flow masking of Berry phase effects begins to switch off. In the case where a single
vortex is present in the weak link, we numerically calculate the |-V curves for a restricted class of annular
Josephson junctions in which nonvanishing Berry phase effects are expected to occur. We find that as Berry
phase effects strengthen, distinctive shifts appear in the I-V curves which are the signature of the crossover,
and provide clear targets for an experimental test of the underlying theory. We esifigndte a clean
junction, summarize the restrictions defining the class of annular junctions in which nonvanishing Berry phase
effects are expected to occur, and show how the |-V curve shifts can be understood as a conseqgnce of:

a Berry phase contribution to the tunneling current denstythe magnetic structure of the vortex core; and
(3) Bernoulli’'s theorem.
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I. INTRODUCTION provide motivation for an experimental test of the underlying
theory. To set the stage for our Josephson junction work, we
Recently, there has been much progress in understandirgiefly summarize how the Berry phase/spectral flow mecha-
the mechanism by which impurities and temperature camism works in a superconducting thin film.
modify the nondissipative force,q that acts on a vortex in a In Refs. 4 and 5 it was shown that vortex motion gener-
type-Il superconducting thin filni-> It is now clear thaf,qy  ates a Berry phastin the superconducting wave function
crosses over from thé&Galilean invariant Magnus force in  which causes a force to act on the vort€¢= — (psh/2)v,

the collisionless limit, to thgnon-Galilean invariantLor-  xz Herep, is the superfluid density is Planck’s constant;
entz force in th(_a hydrodynamic limit. The crossover arlsesVL is the vortex velocity; and is the normal to the plane of
from a competition between Berry phase and spectral flOVYhe thin film. The Berry phase fordés contributes toF,

effects, and the sensitivity df,4 to impurities and tempera- B A
ture is a consequence of their strong influence on spectrﬁnd adds 1o the Lorentz fordﬁ_—(pShIZ).vsz which acts
on the vortex when a transport currejjt=psevs passes

flow. In fact, spectral flow only occurs in the hydrodynamic L .
limit where it completely masks Berry phase effects. In thethrough the thin film. In Refs. 1-3 it was shown that spectral

collisionless limit, however, spectral flow is absent, IeavingfIOW occurs inside the vortex core when the superconducting

Berry phase effects free to influence vortex motion. Kopnind.ynam'cs.'s_ in the hydrodynamic limit, while in the COI!"
and Kravtso\ in much earlier work. realized that, 4 un- sionless limit, spectral flow does not occur. When active,

dergoes such a crossover. In effect, the more recent work hggectral flow produces a nonequilibrium occupation of the

simply made more explicit the mechanism which underliesquasiparticle states bound to the vortex core which is quickly

the Kopnin-Kravtsov calculation. In further wofkhese au- relaxed in the hydrodynamic limit. As shown by Volovik,

thors demonstrated that this crossover would manifest in thi'® relaxa-t|on proces.s transfers momentum frorn the vortex
Hall effect where it explained the basic trend of experiments!0 the lattice producing a forcss=(Coh/2)v, Xz on the
large (smal) Hall anglesé,, in the collisionlessthydrody- ~ Vortex, with Co~ps(T=0). Fs; only acts in the hydrody-
namig limit: 6y~ m/2 (6y<1). namic limit \{vhere it contributes té&,4 along with Fgz and

It has been argued that this competition between Berry'$L - Comparison of; andFg shows that they(1) have the
phase and spectral flow will also occur in a restricted class oame vector charactey X z; (2) point in opposite directions;
large SNS annular Josephson junctiBm€.In this paper we and(3) have nearly equal magnitudes. Thus, in the hydrody-
will calculate the |-V curves for such a junction. Our goal is namic limit, the spectral flow force effectively cancels the
to obtain the experimental signature of this Berry phaseBerry phase force so th&,  is entirely due to the Lorentz
spectral flow induced crossover in the junction dynamicsforce. On the other hand, because there is no spectral flow in
Clear signatures are found, and it is hoped that they wilthe collisionless limit, the Berry phase force is not masked
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under these conditions. Thus, in the collisionless lij is Il. CALCULATION OF THE I -V CURVES
due to the Lorentz and Berry phase forces whose sum equals This section is divided into four parts. In Sec. Il A we

the Magnus force sh/2) (vr—Vv;) X z. Note thatF,q is dis-  summarize how Berry's phase impacts the dynamics of a
tinct from dissipative and pinning forces which may also actrestricted class of large AJJ(sontaining a single vortéxat
on the vortex. low temperatures, and state the restrictions needed for these
LetT, denote the temperature at which the superconductBerry phase effects to be observable. The reader is referred
ing dynamics enters the hydrodynamic limit. In genefgl,  to Ref. 10 for a detailed discussion. Spectral flow effects are
decreases with increasing impurity concentration. We caitroduced in Sec. Il B, while Sec. Il C describes the calcu-
summarize the preceding discussion of the crossovéi,@f lation of the 1-V curves. Finally, our numerical results are
by the formula: presented in Sec. Il D.

A. Necessary background
Fra=FL+09(T)Fg Y 9

For the purpose of observing Berry phase effects, not all
Josephson junctions will do. As explained in detail in Ref.
psh . 10, these effects are only observable in a restricted class of
== (r=g(Mv)xz (1) large AJJs at low temperature. The precise definition of this
restricted class is given below. In this paper, however, it will
be sufficient to focus on a particular member of this re-
The phenomenological parametsiT) will be referred to as  stricted class: the planar AJJ. A careful description of a pla-
the (temperature-depend¢nBerry phase strength, and it nar AJJ is given in Ref. 10. To avoid repetition, we will not
takes values: &g<1. In the collisionless limit T<T,) repeat that description here. The annular weak (MWL) is
where spectral flow does not occwy=1, and Eq.(1) re- assumed to have a bias currémpassing through it. We limit
duces to the Magnus force. In the hydrodynamic limit ( ourselves to the case where a single vortex resides in the WL

>T,) where spectral flow masks the Berry phase foge, with magnetic flux aligned parallel tn Figure 2 of Ref. 10
=0, and Eq.(1) yields the Lorentz force. The crossover shows such a vortex inside the WL together with its associ-
between these two limits begins in the temperature range ated screening currents. This figure also details the polar co-
=T, where spectral flow begins to loose its ability to com- ordinate systemr( ¢) used to parametrize the annular WL.
pletely mask the Berry phase force. At these temperaires |t was shown in Ref. 10 that the supercurrents flowing at
is small (0<g<1). This is the temperature range that will the boundary of each of the junction electrodes includes a
be of interest in this paper. Berry phase induced contributiakjg(t) = — psev, (t). Gen-
Returning again to Josephson junctions, it was shown irrally speakingAjg(t) will have components parallel and
Ref. 10 that Berry's phase causes a modulation of the tunnelormal to the local junction plane. The parallel component of
current density in a restricted class of large annular Josephxj(t) flows inside the junction electrodes, and contributes
son junctiongAJJ) in which a moving vortex is present. The to the surface supercurrents. The normal component, on the
necessary restrictions on the AJJ will be stated in Sec. II. Thether hand, contributes to the tunneling current density and
manifestation of the tunnel current density modulation is aadds to the bias current densijty=pg/e|vr:
spatially and temporally varying modification of the current
drive that acts on the vortex. As pointed out in Ref. 8, spec- fun(0:)=j1+Ajg(t)-r(6). 2)
tral flow will mask this Berry phase effect in a large SNS AJJ
when T>T, . As mentioned above, our interest is in the The Berry phase contributiahjg(t)-r(#) is intimately con-
temperature rang&=<T, at which the crossover begins to nected to the interesting shifts that appear in the |-V curves.
occur, going from the regime where spectral flow masks th&hese shifts are presented in Sec. 11 D, and their physics
Berry phase effectsT(>T, ), to the regime where the Berry explained in Sec. Ill. The total flux dfjg through the WL is
phase effects are active due to the absence of spectral flogasily shown to vanish. Thus, the total current through the
(T<T,). We will calculate the 1-V curves fof=T, where WL is solely due to the flux of the bias current dengity
the Berry phase effects strengthenTadecreases away from and this flux is simply the bias currehpassing through the
T, . We will show that distinctive shifts appear in these AJJ. Thus, the Berry phase contributionj{g, simply causes
curves as the Berry phase effects strengthen, providing clearredistribution of the bias current density, strengthening it in
targets for an experimental test of the underlying theory. Imone region by reducing it in another, while still leaving the
the following section we(i) summarize the needed results of total current equal to the bias current.
Ref. 10;(ii) introduce spectral flow into the junction dynam-  As is well known?~* the equation of motion for the
ics; (iii) describe how the |-V curves are determined; andphase dynamics of a large AJJ is a perturbed Sine-Gordon
(iv) present the results of our numerical calculation. In Secequation. The tunnel current densijty;,(6,t) acts as a local
[l we show how these shifts can be understood as a consenergy source for the phase dynamics, producing a local
guence of the Berry phase induced modulation of the tunnedriving term in the Sine-Gordon equation known as the cur-
current density, the magnetic structure of the vortex corerent drive. Becausg,,(6,t) contains a Berry phase contri-
and Bernoulli’s theorem. Finally, we summarize the essentiabution [see Eq.(2)], the current drive becomes sensitive to
points of the paper in Sec. IV. Berry’'s phase, and formally, this is how Berry's phase is able
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to influence the junction dynamics. As shown in Ref. 10, forplanar AJJ and the cylindrical AJJ of Kuwae#al® both

a clean large planar AJJ of uniform thickness at low temperabelong to this restricted class. Having summarized the essen-

ture, the current drivgg’ is: tial points concerning the Berry phase contribution to the
current drive, we go on to consider spectral flow effects.

B'=p+5p(0,7). ®3)
Here B8=1/1 is the contribution to the current drive coming B. Spectral flow effects
from the bias current (I is the junction critical currefg As pointed out in the Introduction, in the hydrodynamic
and 5B(6,7) is the Berry phase induced contribution: limit, spectral flow masks the Berry phase effects. This oc-
3 curs forT>T, . In the collisionless limit T<T, ), however,
5B(6,7)= —VL(T)-J'AT( 0). (4) the Berry phase effects are n_o_t masked since spectral flow
v does not act under these conditions. In Bg.we introduced

the phenomenological parametgfT) to model the cross-

Here7= w,t is the(dimensionlesstime measured in units of over inF, 4 due to the Berry phase/spectral flow competition.

the inverse Josephson plasma frequedag)}. The bias cur- In the collisionlesghydrodynamig limit, g=1(0), andF,q

rent densityjr(6) flows radially through the WL so that o ais the Magnué_orent? force. In the crossover region
j1(6)==xr(6). As shown in Ref. 105B8(6,7) introduces a T<T, , g(T) satisfies 8<g<1, andg increases ag de-
spatial and temporal variation into the current dri¥e We  creases away fronf, . As mentioned earlier, Makhlin and
now summarize the conditions which must be satisfied ifyolovik® have argued that a similar crossover will occur in
op(6,) is to be observable. an SNS AJJ wheii>T, . In the phenomenological spirit of
The Berry phase induced contribution to the current driveEq_ (1), we introduce the Berry phase strengi) into the

oB(6,7) was derived under the restriction that the superconexpression for the current drive’ [see Eqs(3) and (4)]:
ducting dynamics is in the collisionless lintft.This corre-

sponds to low temperature, and to AJJ’s with clean super- "= B4 a(TIV (1) -( 0
conducting electrodes and WL. It proves convenient to B'=B+9(TVL(7):jx(0)
require that the WL have uniform thickness. This insures that = B=g(T)v (7)- r(6). (5)

the vortex will not be pinned or scattered by inhomogeneities

in the WL thickness. Although it is known how to model [Recall thaf(6) = =r(6) in a planar AJJ.Replacings’ in

such inhomogeneiti€s, our interest is in the competition Eq. (17) of Ref. 10 with Eq.(5) gives the following equation
between Berry phase and spectral flow effects. It is clearlyor the phase dynamics whan<T, :

advantageous, then, to restrict ourselves to AJJ’s with WL'’s

of uniform thickness so that pinning effects are absent, and -2 2 3
%y Iy dy >y .
so cannot obscure the Berry phase/spectral flow competition.— —— tsiny=—a—+ b S B+ gv (7)-r(l).
Consequently, it is suggested that experiments designed to? dl It 4%oT
test the crossover-theory presented below use AJJ's with (6)

WL'’s whose thickness is as uniform as possible. Minor Recall that = (R | Id b : .
variation in the WL thickness is not expected to significantly[h ecall that = '.9( A)-] thwofuR fe g ery éntgrestlng to udse
alter the |-V curve shifts to be presented in Sec. Il D. sedhe microscopic approach of Ref. 8 to derive £6), an

Sec. IV for further discussion of this point. We now go on to th.us determineg(T) m|9roscop|cally. Here,_ hawever, we
show that one further restriction is necessar§( 8, ) is to will content ourselves with a phenomenological treatment of
be nonvanishing ' g(T). In the numerical calculation to be described below, we

The final restriction arises from the important observation€Strct g to vgluei 6<9g<0.1 as a means of probing the
that 58(6,7) is sensitive to the geometrical arrangement of rOSSOVer regiom =T, whereg is small.
the junction electrodes. This sensitivity originates in the sca- A crude estimate of, was given in Ref. 10 for the case

lar productv, (7)-jt(6) which appears in Eq4). We see of a clean SNS AJJ. It was found that
that 68(6,7) will vanish for a physically uninteresting rea- h2

son if the geometrical arrangement of the junction electrodes T,
forcesv, (7) to be everywhere perpendicular jtg(6). This

situation occurs in the original linear Josephson junctfon, For typical large Josephson junctions;~10"2 m andd

and in the well-known Lyngby AJ0Ref. 15 (see Ref. 10— 1077 m so thafT, ~0.1 mK. We stress that this estimate is
Thus, if §8(6,7) is to produce observable consequences, Weynly appropriate for a clean SNS AJJ. Generally, de-
must restrict ourselves to AJJ's whose electrode arrangemegfeases with increasing impurity concentration so that for a
insures thav (7)-]1(0)# 0 for some valugs) of 6. Itis this  sufficiently dirty junction, T, =0. This underscores the im-
requirement on the junction electrodes that defines the reportance of using a clean SNS AJJ in any experimental test
stricted class of AJJ’s in which the Berry phase effects aref the work to be presented below. Having made this caveat
expected to be nonvanishing. Any attempt to observe thabout the importance of cleanliness, our estimateTgf
consequences odB(6,7) must be done using an AJJ be- raises some hope that the crossover in the junction dynamics
longing to this restricted class to insure th#8(6,7) does which we study below might prove observable in a suffi-
not vanish for trivial reasons. As pointed out in Ref. 10, theciently clean SNS AJJ.

" 4mmin,d’ @
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C. Description of numerical calculation Eq. (10), v (7)>0. Carrying out the orthogonalization pro-
Equation(6) is an example of a perturbed Sine-Gordon cedure, we arrive at the fqllowmg set of ODE’s which are to
equation. Analytical solutions are not known for this type of P& numerically integrated:
equation so that a numerical approach is necessary. We adorﬁ)t: 0
the Fourier-Galerkin method of Pagaeball’ We present
an explicit analysis only for the lower choice of sign in Eq.

. . 1t
(6) corresponding tg+(6)=—r(6). A similar analysis is potagetp=— EJ dlsiny, (12)
possible for the upper choice of sign, though we shall not 0
present it here. n=1
The starting point is a Fourier series expansiony@f, 7) - 5 o2 ool
using time dependent coefficients: bt TW b+ a+b TW) qﬁﬁgu,_sin(L)
7= 2| - % s{zml) 2 (L 27l
Yl m)=2am| p)+ o(m)+ 2, | dal7)cO :——f d|sinycos<l); (133
LJo L
[ 27nl
+wn(r)sm( 3 ®) . [2m)\? 27\?]. 27l
l[fl+(T Y +athb T) }wl—ngcos(T)
The first term on the right-hand side takes care of the peri-
odic boundary condition, 2 (L (2wl
:—Efodlsmysm(T); (13b
y(I+L,7)=y(,7)+27m. 9)
n=2
HerelL is the junction circumference in units af;, andm  —
=1 for a single vortex in the junction. Inserting E®) into . 27n)\? 2mn\?].
Eq. (6), and using the orthonormality of the trigonometric $nt L $nt|atb L én
functions, we arrive at a collection of ordinary differential
equations(ODE'’s) for the series expansion coefficients. B 2 (L lsi 27l
corresponds to the number of spatial harmonics included in T EJ’O dlsinyco L /"’ (143
the Fourier expansion. In principl®| is infinite; in practice,
N is finite, and determined by the degree of accuracy one is ) 2N\ 2 2mn\2].
striving for. Unt - Yo+ a+b T) }%
The presence of the Berry phase term in Ej.requires
three modifications of the procedure of Ref. 17. First, new 2 (L ~[2anl
terms appear in the ODE’s governing the=1 spatial har- == Efo dl sinysin T) (14b

monic [see Eqgs.(13) below]. These terms depend on the
vortex position and velocity. This gives rise to the secondThe terms in Eqs(13) proportional tog result from the
modification: we must locate the vortex center at each timeéBerry phase contribution to the current dri§g(0,r) in Eq.
step of the numerical integration, thus giving the vortex po-(6). The solutions of Eqs.12—(14) are used to reconstruct
sition, and allowing determination of the vortex velocity. y(l,7). These solutions depend parametricallyapi, L, 3,
The final modification is to write the scalar product appear-andg. All our numerical integrations useal=b=0.02 and
ing in EqQ. (4) in a form convenient for the orthonormaliza- L=4. Three values of the Berry phase strengtivere con-

tion. To that end, we introduce=R/\; and let the vortex
position at timer bel’=r@’. Then,#'=2=l'/L, and

V() =v (1) &8")

=v.(7)[—sind’,cosb’]. (10
With r(6) =[cosé,sind]; and 6=2l/L; we have:
- 27l (2wl
Vi(7)-r(0)=v(7) —COS{T)SIH(T)
_ 27T|) {ZWI’)
+sin T co ik (11

For the choice of sign in Eq6) that we are considering, the
vortex moves in thed direction (see Sec. IIl A so that, by

sidered:g=0, 0.05, and 0.10.
For given values off and g, the DC junction voltag®/ is
determined from the Josephson equation,

7

o (15

whereV is in units off.wy/2e, and the bar denotes a spatial
and temporal average. It is important to note that, because
vy=vy(l—v_7), V will be proportional to—v . Thus for a

vortex moving in the+ @ (— @) direction, the vortex veloc-

ity v, is positive (negative, and the DC voltag®/ will be

negative(positive). This connection between the sign of the

voltageV and the sense of vortex motion will be necessary

when we examine the numerical results for the 1-V curves.
The |-V curve for a given Berry phase strengtls found

by sweepingB from O up to a valugss at which the junction
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FIG. 1. Current-voltage characteristic for an SNS planar AJJ for G, 3. Current-voltage characteristic for an SNS planar AJJ for

positive and negative bias currerg<0 and 0.1). Positivénega-  counter-clockwise vortex motion around the Ag=0, 0.05, and
tive) bias B corresponds to clockwisecounter-clockwisgvortex g 10),

motion around the AJJ.

) ) also sensitive t@. This manifests in the lateral shift of the
switches from a stable propogating vortex state to the “rosertical steps in the 1-V curves with increasiggror clock-
tating” state in which the magnetic flux is uniformly spread yise (counter-clockwisp vortex motion at fixeds, Fig. 1
across the WL and the phase varies rapidly with tth&he  shows thatV|, and hencedv,|, increasegdecreaseswith
signature of switching is the appearance of a horizontal plajcreasingg. This behavior is more clearly seen in Figs. 2

teau in the -V curve at the critical valyg. and 3 which focus, respectively, on clockwise and counter-
clockwise vortex motion. The third and final effect is that the
D. |-V curves: Results critical currentB, at which the junction switches is sensitive

) to the Berry phase strength. For clockwise vortex mot@y,

In Fig. 1 we plot the 1-V curves for a planar AJJ for s requced ag increases; while for counter-clockwise mo-
positive and negative values of the bias currgntfor 9 ion |8 | increases wheg increases. For easy reference, we
=0 and 0.1. The current is in units 6f and the voltage in  ymmarize these features in Table I. The variation of features
units off w,/2e. From the discussion at the end of Sec. Il C, > 5nd 3 with the Berry phase strengthand their smooth
the portion of the curve with positiv@legatiye voltage cor- disappearance ag—0 (T—T;) suggests that they be used
responds to a vortex moving in the@ (+ 6) direction, or  as the experimental signature of the the Berry phase/spectral
equivalently, clockwisg(counter-clockwisg motion around  flow crossover.
the WL. Figure 1 shows the three main features produced by
Berry’s phase in the 1-V curves. The first is that for small
bias currentB, Berry’s phase has little effect on the 1-V IIl. PHYSICS OF | -V CURVE SHIFTS

curves. Next, recalling thdv/| is proportional to the vortex In this section we show that the features appearing in the
speedv, |, the second effect is tha¥|, and henc¢v, |, are |_y cyryes wherT<T, can be understood as consequences
of: (1) the Berry phase contribution to the tunnel current
0.8 ' ' ' - ' - density flowing through the WL(2) the appearance of a
negative flux region at the trailing edge of the vortex core
when a large bias current passes through the WL; @nd
Bernoulli's theorem. In Sec. Il A we consider temperatures
T>T, where the Berry phase effects are masked by spectral
flow. Here the basic arguments can be presented without the
Berry phase complications. In Sec. Il B we consider the case
of actual interestT<T, . Here the analysis of Sec. Ill A is
] extended to include the Berry phase effects. This analysis
Vs will explain why lateral shifts appear in the |-V curves as
0.2 - /f’ 1 the Berry phase effects strengthen. Finally, in Sec. Il C, we
explain why the critical currengs (at which the junction
switches is sensitive tay. Before proceeding, however, two
0.0 : ! ‘ ! ‘ ! remarks are necessary:
1.0 1.2 1.4 1.6 1. As pointed out in Ref. 10, when normal currents flow
v parallel to the surface of the junction electrodes, dissipation
FIG. 2. Current-voltage characteristic for an SNS planar AJJ foroccurs there, giving rise to theterm in Eq.(6). It is well
clockwise vortex motion around the AJg£0, 0.05, and 0.10).  knownt”*8that at large bias current this dissipation leads to

06 - —— g=005
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TABLE I. Summary of features produced in the |-V curves of an SNS planar AJJ by the Berry’s phase

for T<T, .

Clockwise vortex motion Counter-clockwise vortex motion

1. At small 8, Berry phase effects are small. 1. At small Berry phase effects are small.
2. At larger, fixedB: |V|1 whengT. 2. At larger, fixedB: |V|] wheng?.

3. At switching:| 84| whengT. 3. At switching:| 8|7 wheng7.

the appearance of a region of negative flux at the trailingo, such that+(1)=—r(1) [recall thatl=@(R/X,)]. The

edge of the core of a moving vortex. This region of negativeyias cyrrent density is represented by radial lines in Fig. 4.
flux grows with increasing bias current. Once the critical bias

currentBs is reached, vortex-antivortex pairs are created at |t js clear from Fig. 4 thaj;(1) enhances the flow of the
the trailing edge of the core which quickly cause the junctionscreening currents dt while reducing it atl’. Thus the

to switch!’ Thus, unlike vortices in a superconducting thin pressure is less &than atl’, and a net hydrodynamic force
film, vortices in a large Josephson junction have cores Wh'd&cts on the vortex in the- @ direction. Thus a bias current

can develop internal magnetic structure in which the flux =~ .= = " , A
changes sign. This has important consequences for the arg{fith It(1)=—r(l) causes a vortex to accelerate in the

ments to be presented beldsee Sec. Il B. We shall see diréction as claimed in Sec. Il C. .

that at small bias current where only positive flux is present, ® Repeating this analysis for the case whgkgl)
Berry phase effects are small. The situation is very different= +r(l), one finds that the vortex will be subject to a hy-
at large bias current where a negative flux region is alsqjrodynamic force in the- @ direction and will accelerate in
present. As we shall see, the Berry phase effects will now bey5t direction.

significant, and are due to the interplay @f) the Berry

phase contribution to the tunneling current density, &2)d Large Bias Currentin this case, a negative magnetic flux
the internal magnetic structure of the vortex core. We shaltegion does appear at the trailing edge of the vortex core.
see that Bernoulli's theorem provides the basis for a qua“taFigure 5 shows a vortex with total magnetic flux aloig

tive analysis of the hydrodynamic force on the vortex which ing in the+ @ direction. A reai f ive flusal
applies equally well to cores with or without internal mag- MoVing in the-+ @ direction. A region of negative flutalong

netic structure(i.e., flux reversal The Bernoulli analysis —2) has set in behind the vortex. Note, however, that the
leads to a deeper understanding of how Berry’s phase préum of the positive and negative magnetic flux remains equal
duces the 1=V curve modifications presented in Sec. Il D{o hc/2e. The loop with counter-clockwise circulation repre-
and it nicely complements theuantitative analysis of Sents the screening current associated with the region of
Sec. II. positive flux, while the clockwise circulating loop represents

2. For completeness, we remind the reader of the statdhe screening current associated with the negative flux re-
ment of Bernoulli’'s theorem. For a steady, nonviscous, in-
compressible, and irrotational flow, the pressir@and the
flow speedv maintain the sumP+ pv?/2 constant. Thus
where the flow speed is large, the pressure is small, and vici
versa. In the case of a wing, the flow speed is larger above
the wing than below it, and so the pressure is smaller above
the wing than below it. Consequently, an upward hydrody-
namic force acts on the wing. Similar arguments will be used
below.

A. Bernoulli analysis for T>T, : Berry phase effects absent

We restrict ourselves in this subsection to temperatures
T>T, where Berry phase effects are masked by spectra
flow. Because of dissipation due to normal currents flowing
in the surface of the junction electrodes, two cases must be
considered.

Small Bias Currentfor small bias curren8, a region of
negative magnetic flux does not appear behind the
vortex!"8 Figure 4 shows a vortex in a large planar AJJ  FIG. 4. A single vortex in a planar AJJ with magnetic flux along
with magnetic flux along:. The screening current associated z for T>T, . A bias current densitj;(l) passes through the weak
with the vortex is represented schematically by the closednk with j+(1)=—r(l). The closed loop is a schematic representa-
loop. The bias current is assumed to pass through the jungion of the screening current circulating around the vortex.
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TR

\AJ’;‘“

Ajg*

i@
JT (l”)

A j;‘“

FIG. 5. A single vortex moving counter-clockwise around a pla- FIG. 7. A large planar AJJ containing a vortex at small bias

nar AJJ with total magnetic flux alorgfor T>T, . The bias cur- ¢\ rrent forT<T, . The Berry phase contribution to thél) tunnel

rent 8 is sufficiently large to have produced a region of negativerent densityAj¥": and (2) junction electrode surface supercur-
flux behind the vortex. See Sec. Il A for further discussion.

rentsAjg"" are shown at various locations in the weak link. See Sec.

Il B for further discussion.

gion. The radial lines represent the bias current density with

direction j+(1)=—r(l), and is responsible for driving the currentg is increasedl, andF_ also increase. At the criti-

vortex in the+ @ direction. cal valuegB, these forces are large enough to create vortex-

antivortex pairs. At this point the traveling vortex becomes

¢ Since the flow around the positive flux region in Fig. 5 unstable: the localized magnetic flux associated with the vor-

is identical with that appearing in Fig. 4, we see that thetex is smeared out uniformly over the WL, and the junction

hydrodynamic force®, acting on the positive flux region is Switches'’

in the + bdirec?ion. For the negative flux region, we see that  \ye now extend this analysis to include the Berry phase

the flow associated with the screening current is reduced &ects.

I, and enhanced &t. Thus the pressure is greatel athan

atl”, and the negative jlux region is subject to a hydrody- B. Bernoulli analysis for T<T,

namic forceF_ in the — @ direction. The net hydrodynamic

force on the vortex is==F, +F_ (see Fig. 6. As the bias

: Berry phase effects present

Here we consider temperaturdssT, where the Berry
phase effects first begin to appear. We again must consider
the cases of small and large bias current separately. As
shown in Ref. 10, and summarized in Sec. Il, Berry’s phase
I, @) produces a contribution to the supercurrents flowing in the

vicinity of the WL. The surface supercurrents flowing in the
junction electrodes include the Berry phase contribution

Ajg''=Ajg- &(1). Depending on the sign of the scalar prod-
uct, Aj3"" flows along= #(1). The tunneling current density

includes a Berry phase contributidk1j§*”=AjB~F(l), and

depending on the sign of the scalar product, it flows along

=r(l). It is very important to note that onI;XjL“” actually

flows in the WL; Aj3"" flows inside, and at the surface of,
the junction electrodes. Using Ed$), (4), and(2), one can
show thatAjg(g)=gJ.v., where g is the Berry phase
strength. Thus, both components Afg vanish whenT
=T, (g=0), and grow larger a$ decreases away froin,
(i.e., asg increasep In this subsection we repeat the Ber-
noulli analysis of Sec. Ill A, this time includingj3'" and

AjE'™ in the analysis. We again consider a vortex with total

JT a”)

FIG. 6. The net hydrodynamic fordé=F, +F_ acting on a ) N
vortex in which the bias curren@ has produced a region of nega- magnetic flux along.
tive flux (T>T,). See Sec. Il A for further discussion. Small Bias Current:Figure 7 shows a large planar AJJ
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with a bias current density for whicf}r(l)=—f(l). This
causes the vortex to move in thed direction as discussed in

Sec. Il A. Thusv,=v, 8, andv, >0. Note that since\jg
=gJ.v,, its direction is parallel tos, . In Fig. 7 we draw
Aj3'" and Ajg™" at various locations on the WL. As men-
tioned above, their directions are found by evaluating the

scalar product of\jg with (1) andr(l), respectively.

1
e Qur first observation is that Berry’s phase produces a )
hydrodynamidforce which has am componentthough see
the related Meissner effect remark bejowigure 7 shows
that Aj3"" reduces the screening flow present in the surface
of SC1, while enhancing the screening flow in the surface of

SC2. Thus a hydrodynamic force acts in the(l) direction.
This corresponds to the Berry phase force contribution in Eq.

(1) which can be written adjgxI', whereI'= (hc/2e)z is
the magnetic flux associated with the vortex. This clearly

acts in thef(l) direction. It is very important to note, how- FIG. 8. A large plana_r AJJ contai_ning a vortex at a large bias
ever, that due to the Meissner effect, the SC electrodes af!ent forT=T, . A region of negative flux has been produced
ways apply a counter-force on the vortex in the radial direc-behind the vortex by the bias current. The Berry phase contribution
tion which insures that theet radial forceon the vortex '© the tunnel current densityjg'" is shown at various locations in
exactly equals the centripetal force needed to keep it movinaﬁIe weak link. See Sec. Il B for further discussion.

within the annular WL. Thus this radial Berry phase effect is . . . : ,
always neutralized by the Meissner effect. I. This also agrees with Ed1) which predicts that Berry’s

e Berry's phase also produces a contribution to the phase yvill only contribute to the component of the hydro—
component of the hydrodynamic force. The magnitude ofdynamic force on the vortexAs discussed above, this force
this force depends on the size of the bias cur@ntve now 'S neutralized by the Meissner effécNote that this agree-

show that at small bias current, this force is at best a small"€nt with Eq.(1) at small bias current is quite necessary
perturbation, while at large bias current, it makes an impor-s'”ce_ pnly positive flux is present inside the core under this
tant contribution to the driving force on a vortex. Note thatcondition, and so Eq(1) properly accounts for the Berry
the existence of this force is not predicted by Efj.which ~ Phase effects. We now show, however, thatzage bias
applies to a vortex with a core inside which the magnetic fluxcurrent 8 where a region of negative magnetic flux sets in
does not change sigrt® We remind the reader that these behind the vortex, the Berry phase contribution to éreom-
conditions donot occur in a large AJJ at large bias current ponent of the hydrodynamic force gt small.

when normal current dissipation occurs at the surface of the L . — .
: : . arge Bias Current:Figure 8 shows a vortex moving in
junction electrodes. One needs to recognize then thmater N . } - }

these conditionsEq. (1) becomes unreliable because its deri-the + @ direction with magnetic flux along. The bias cur-
vation does not account for the effects of the negative fluxent density hagr(1)=—r(l). Ajg" is drawn at various lo-
region onF,4. Consequently, it is no longer the final word cations along the WL. As mentioned above, its direction is

on the driving force on a vortex in such an AJJ. The finaldetermined by the sign of the scalar productAdfy with
word, quantitatively, is Eq(6). For a qualitative analysis, r(6). Note that although the magnitude &f V" varies with
Bernoulli’s theorem provides a better starting point than Eq.9, we ignore this variation when drawing Fig. 8. We do not
(1) since it applies equally well to cores in which the mag-jncjude Aj3"" in the figure as its effect is always masked by
netic flux may or may not change sign. In the present case ghe Meissner effect as discussed above. The bias cyfrant

small bias current, we see from Fig 7 thajg" acts 0 assumed to be large enough to produce a region of negative
reduce the screening flow ahead of, and also behind, thg,x behind the vortex.

vortex relative to the corresponding situation shown in Fig. 4

where T>T, and the Berry phase effects are absent. This ® Because the superflow around the positive flux region
causes the pressure to rise both ahead of, and behind, tieFig. 8 is identical with the superflow in Fig. 7, we know
vortex relative to the situation in Fig. 4. Consequently, thethat Aj§"™ will only contribute slightly to the hydrodynamic
pressure differential on the vortex stall bias current3 is,  force F), acting on the positive flux region in Fig. 8. If we
at most, only slightly modified by Berry’s phase. Thus, thedenote byF, the corresponding force on the positive flux
Berry phase contribution to th@ component of the hydro- region when Berry phase effects are abgeee Fig. 6, we
dynamic force is expected to Ifat best small for small bias ~See that ~F . We now consider the region of negative
current, and one expects Berry’s phase to have minor effedtux, and will similarly denote the hydrodynamic force on
on the 1=V curves at smaB. This is in agreement with what this region byF" (F_) in the case where Berry phase effects

was found numerically, and explains the first entry in Tableare (are no} present. From Fig. 8 we see thatlat Ajg"
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causes the screening flow to be reduced even more than it TABLE Il. Switching values for clockwise vortex motion as a
was in Fig. 5 where the Berry phase effects were absenfunction ofg.
Thus the pressure &t is larger when the Berry phase effects

are present than when they are absent. Similarly, Figs. 8 and 9 Bs(9) Vs(9) Ps(9) oPs
5 show that, at”, the flow associated with the screening o, 0.668365 157595 1.0529 0.00%
currents is enhanced byjg'™" beyond the enhancement al- 0.05 0.656570 1.57957 1.0371 1.50%

ready occuring in Fig. 5 where the Berry phase effects are 0:10 0.641204 1.58406 1.0157 3.53%
absent. Thus the pressurelatis smaller when Berry phase
effects are present than when they are absent. Consequently,
the pressure differential on the negative flux region is in thq:unction of g over the range of values considered. Ignoring
— @ direction, and will belarger when the Berry phase ef- this slight variation thenP¢(g;) = P4(g,), so that
fects are present than when they are abgeht>F _ . Thus
the interplay of the Berry phase effects with the negative flux ﬁs(gz)l _ V(91| 16

)

region produces a force in the @ direction. For a vortex Bs(91)| V(92|
moving counter-clockwise around the WL, this is a retarding, 9,>0,. For clockwise vortex motion, Table Il shows

force which grows asg increases. Thus the t(?tal dl’l\{lng that V(g,)/V4(g,)<1. This is a consequence of the Berry
force F'=F/ +F’ acting on a vortex moving in the-@  phase effects, as discussed in Sec. Ill B. From #&) we
direction (counter-clockwise motion around the Wide-  see thaB(g,)<Bs(g;), so that the switching plateau in the
creases as the Berry phase effects strengthen. Because gt quadrant of Fig. 1 should move downward with increas-
total driving force decreases as the Berry phase effectyg g. This is exactly what is found in our numerical results
strengthen ¢ increase it follows that, in steady state, the (see Figs. 1 and)2

vortex speedu | will decrease ag increases. We now show A similar analysis for counter-clockwise vortex motion
that the sensitivity ofv | to g is inherited by the DC voltage indicates that, forg,>g;, |Bs(92)|>18(g1)|. Thus the

V. ) _ _ switching plateau in the third quadrant of Fig. 1 should move
® As pointed out in Sec. Il C, since the absolute value ofdownward with increasing, exactly as observed in Figs. 1

the voltage|V| is proportional to the vortex spe€d,|, and 3.

slower speed corresponds to smaller voltagg For the We see that entry 3 of Table | can be understood as a

|-V curves, this means that, for a giveB|, a vortex moving  consequence of1) the Berry phase induced lateral shift of
counter-clockwise around the WL should hg¥é decrease the |-V curves discussed in Sec. Il B: arf@) the slow
with increasingg. This is exactly what is found numerically variation of Pi(g) with g whenT=<T, .

(see Figs. 1 and)3and summarized in entry 2 of the right-

hand column of Table . _ _ IV. SUMMARY OF ESSENTIAL POINTS
® Repeating the above analysis for a vortex moving
clockwise (~ @ direction around the WL, one finds that  In this paper we have studied the Berry phase/spectral

F'~F., and F' <F_. Thus the net driving forcer’ flow induced crossover in the dynamics of a restricted class
of large SNS AJJ’s. The crossover is expected to occur at the
temperaturel, at which the superconducting dynamics en-
ters the hydrodynamic limit. In this limitT>T, ), spectral
flow is active and causes a masking of the Berry phase ef-
fects. In the collisionless limit{<T,), spectral flow does
not act, leaving the Berry phase effects free to influence
junction dynamics. We have focused on temperatures
=T, where the Berry phase effects start to become observ-

We see that we can understand the lateral shift of the |—\@P€; and strengthen dsdecreases away froff, .

curves encountered in our numerical results as a manifesta- W& numerically evaluated the_ =V curves for this re-
tion of: (1) the Berry phase contribution to the tunnel currentSticted class of large SNS AJJ's in the case where a single
tun. vortex is present in the WL, and found that a number of

densityAjg"; (2) the internal magnetic structure of the vor- . . ; .
tex co)r/e']aBnd:sE) )Bernoulli’s theorgm interesting shifts appear in the 1-V curves as the Berry phase
' ' effects strengthen. These shifts provide clear targets for an

=F/ +F_ increaseswith increasingg since the retarding
componentF” decreasewwith increasingg. Thus, in this
case, at giveng|, the steady state vortex speed| should
increase with increasing, causing the voltagéV| to in-
crease with increasing. This is what is found numerically
(see Figs. 1 and)2and summarized in entry 2 in the left-
hand column of Table I.

C. Consequences of the Berry’s phase for junction switching TABLE Ill. Switching values for counter-clockwise vortex mo-

Tables Il and 11l list the numerical values found fgg ~ ton as afunction of.

andV, at which switching occurred for different valuesgf

and correspond to clockwise and counter-clockwise vortex g A<9) V(9) P<(9) OPs

motion, respectively. Also listed is the DC powePg 0.00 —0.668365 —1.57525 1.0529 0.00%
=PBsVs; and the percent change inPg(g): JPs 005  —0.678350 —1.57122 1.0659 1.23%
=100P4(g) — Ps(0)|/P(0). We seehat in all casesP(g) 010  —0.684945 —156695  1.0732  1.93%

varies by no more than 3.5%, and thus is a slowly varying
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experimental test of the crossover the¢sge Figs. 1-3 and produced by normal currents flowing at the surface of the

Table ). junction electrodes; an(B) Bernoulli's theorem. This inter-
We discussed a number of conditions which CrUCia“y ef'p|ay was shown to produce a hydrodynamic force in a']e
fect the observability of the crossovesee Sec. Il B direction whose magnitude is a function of the Berry phase

1. The geometry of the junction electrodes must be sucktrengthg, and whose contribution to the driving force on a
that the vortex velocity, (t) and the local tunnel current yortex is the source of the interesting new shifts in the 1-V
densityj(6) satisfyv,(t)-jr(6)# 0 for some valugs) of 6. curves. Such a force isot expected on the basis of E(L).
This condition defines the restricted class of AJJ's in whichit js important to note, however, that the derivation of Ex).

the Berry phase effects are expected to occur. As shown igssumed a vortex core in which the magnetic flux does not
Ref. 10, it isnot satisfied in the traditional linear JOSGphSOﬂ Change Sigﬁ:j-O This condition doeshot preva” in a |arge

junction, nor in the well-known Lyngby AJJ. Thus these AJJ at large bias current with normal current dissipation oc-
junctions should not be used in a search for the Berry phas@luring at the surface of the junction electrodes. In fact, as
spectral flow induced crossover. Ref. 10 also showed that geen in Sec. Il B, the appearance of a region of reversed
planar AJJ and the cylindrical AJJ of Kuwadal® both  magnetic flux at the trailing edge of the vortex core under
belong to this restricted class, and thus are suitable for use ihese conditions is crucial for producing a Berry phase force

such a search. h od h in the @ direction. One needs to recognize, then, that (&y.

_ 2. Because the crossover temperaflifedecreases as the oo mes unreliable when a region of reversed magnetic flux
impurity concentration increases, for sufficiently dirty junc- g 5reqent inside the vortex core because its derivation does
tions, it can vanishT, =0. Clearly then, an experimental o account for the effects of the reversed flux Byy. In

search for the crossover must use a clean large SNS AJJ §@chy cases, Bernoulli's theorem provides a better starting
as to maximizeT,, . A crude estimate for such an AJJ found 5int for a qualitative analysis since it easily takes into ac-

that T, ~0.ImK. Although the estimate is crude, it gives oo nt the presence of a negative flux region in the core.
some hope that the crossover might prove observable in & gy her work is possible in a number of directions. For the
sufficiently clean large SNS AJJ belonging to the restricted. g0 of a single vortex in the WL, it would be useful to

class defined in 1. examine the effects produced on the Berry phase induced

3. We also require the WL thickness to be as uniform asypifis in the 1-V curves by variation of the dissipation
possible. This reduces the possibility of pinning or Scatte””gstrengthsa andb which appear in Eq(6). It would also be
of the vortex by inhomogeneities in the junction thiCk“eSSinteresting to derive an expression fgrfrom the micro-
which might otherwise act to obscure the Berry phasegqqpic theory of Ref. 8. We have also examined the cases
spectral flow competition. Minor variations in the WL thick- \here two and three vortices are present in the WL, and have
ness are expected to predominantly influence the junctiof,ng interesting preliminary results associated with the vor-

dynamics at small bias current. Large bias currents are Sufay punching transition. This looks to be a promising area for
ficiently energetic to de-pin the vortex and overwhelm thefiher research. We hope to report on these results in the
scattering effects produced by such minor variations in WLg tre.

thickness. Since the |-V curve shifts occur at large bias cur- e strongly hope that this work, together with Ref. 10

rent, this requirement should be sufficient to protect themyignt encourage an experimental search for the Berry phase/

from the effects of minor thickness inhomogeneities. spectral flow induced crossover which has been the subject
We have also discussed at great leng@ac. Il)) the phys- ¢ this paper.

ics underlying the Berry phase induced shifts in the -V
curves. We have shown that they arise from an interesting
interplay of: (1) the Berry phase contribution to the local
tunnel current density(2) the internal magnetic structure of ~ We would like to thank T. Howell Ill for continued sup-
the vortex core arising, at large bias current, from dissipatiomport.
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