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Dynamic interplay of Berry’s phase and spectral flow in the current-voltage characteristics
of a restricted class of large SNS annular Josephson junctions
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It has been argued that a competition arises between the Berry phase and spectral flow effects in a restricted
class of large SNS annular Josephson junctions. A crossover is expected to occur in the junction response at the
temperatureT* where the superconducting dynamics enters the hydrodynamic limit. ForT.T* , spectral flow
occurs in the weak link and masks the Berry phase effects; while forT!T* , spectral flow does not occur
allowing Berry phase effects to freely influence junction dynamics. In this paper we focus on temperatures
T&T* where spectral flow masking of Berry phase effects begins to switch off. In the case where a single
vortex is present in the weak link, we numerically calculate the I–V curves for a restricted class of annular
Josephson junctions in which nonvanishing Berry phase effects are expected to occur. We find that as Berry
phase effects strengthen, distinctive shifts appear in the I–V curves which are the signature of the crossover,
and provide clear targets for an experimental test of the underlying theory. We estimateT* for a clean
junction, summarize the restrictions defining the class of annular junctions in which nonvanishing Berry phase
effects are expected to occur, and show how the I–V curve shifts can be understood as a consequence of:~1!
a Berry phase contribution to the tunneling current density;~2! the magnetic structure of the vortex core; and
~3! Bernoulli’s theorem.

DOI: 10.1103/PhysRevB.63.104512 PACS number~s!: 74.50.1r, 03.65.Ta, 74.60.2w
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I. INTRODUCTION

Recently, there has been much progress in understan
the mechanism by which impurities and temperature
modify the nondissipative forceFnd that acts on a vortex in a
type-II superconducting thin film.1–5 It is now clear thatFnd

crosses over from the~Galilean invariant! Magnus force in
the collisionless limit, to the~non-Galilean invariant! Lor-
entz force in the hydrodynamic limit. The crossover aris
from a competition between Berry phase and spectral fl
effects, and the sensitivity ofFnd to impurities and tempera
ture is a consequence of their strong influence on spe
flow. In fact, spectral flow only occurs in the hydrodynam
limit where it completely masks Berry phase effects. In t
collisionless limit, however, spectral flow is absent, leavi
Berry phase effects free to influence vortex motion. Kop
and Kravtsov,6 in much earlier work, realized thatFnd un-
dergoes such a crossover. In effect, the more recent work
simply made more explicit the mechanism which underl
the Kopnin-Kravtsov calculation. In further work,7 these au-
thors demonstrated that this crossover would manifest in
Hall effect where it explained the basic trend of experimen
large ~small! Hall anglesuH in the collisionless~hydrody-
namic! limit: uH;p/2 (uH!1).

It has been argued that this competition between Ber
phase and spectral flow will also occur in a restricted clas
large SNS annular Josephson junctions.8–10 In this paper we
will calculate the I–V curves for such a junction. Our goal
to obtain the experimental signature of this Berry pha
spectral flow induced crossover in the junction dynami
Clear signatures are found, and it is hoped that they
0163-1829/2001/63~10!/104512~10!/$15.00 63 1045
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provide motivation for an experimental test of the underlyi
theory. To set the stage for our Josephson junction work,
briefly summarize how the Berry phase/spectral flow mec
nism works in a superconducting thin film.

In Refs. 4 and 5 it was shown that vortex motion gen
ates a Berry phase11 in the superconducting wave functio
which causes a force to act on the vortex:FB52(rsh/2)vL

3 ẑ. Herers is the superfluid density;h is Planck’s constant;

vL is the vortex velocity; andẑ is the normal to the plane o
the thin film. The Berry phase forceFB contributes toFnd

and adds to the Lorentz forceFL5(rsh/2)vT3 ẑ which acts
on the vortex when a transport currentjT5rsevT passes
through the thin film. In Refs. 1–3 it was shown that spect
flow occurs inside the vortex core when the superconduc
dynamics is in the hydrodynamic limit, while in the coll
sionless limit, spectral flow does not occur. When acti
spectral flow produces a nonequilibrium occupation of
quasiparticle states bound to the vortex core which is quic
relaxed in the hydrodynamic limit. As shown by Volovik1

the relaxation process transfers momentum from the vo

to the lattice producing a forceFs f5(C0h/2)vL3 ẑ on the
vortex, with C0;rs(T50). Fs f only acts in the hydrody-
namic limit where it contributes toFnd along with FB and
FL . Comparison ofFs f andFB shows that they:~1! have the
same vector charactervL3 ẑ; ~2! point in opposite directions
and~3! have nearly equal magnitudes. Thus, in the hydro
namic limit, the spectral flow force effectively cancels th
Berry phase force so thatFnd is entirely due to the Lorentz
force. On the other hand, because there is no spectral flo
the collisionless limit, the Berry phase force is not mask
©2001 The American Physical Society12-1
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VASILIKI PLEROU AND FRANK GAITAN PHYSICAL REVIEW B 63 104512
under these conditions. Thus, in the collisionless limit,Fnd is
due to the Lorentz and Berry phase forces whose sum eq
the Magnus force (rsh/2)(vT2vL)3 ẑ. Note thatFnd is dis-
tinct from dissipative and pinning forces which may also
on the vortex.

Let T* denote the temperature at which the supercond
ing dynamics enters the hydrodynamic limit. In general,T*
decreases with increasing impurity concentration. We
summarize the preceding discussion of the crossover ofFnd
by the formula:

Fnd5FL1g~T!FB

5
rsh

2
„vT2g~T!vL…3 ẑ. ~1!

The phenomenological parameterg(T) will be referred to as
the ~temperature-dependent! Berry phase strength, and
takes values: 0<g<1. In the collisionless limit (T!T* )
where spectral flow does not occur,g51, and Eq.~1! re-
duces to the Magnus force. In the hydrodynamic limitT
.T* ) where spectral flow masks the Berry phase forceg
50, and Eq.~1! yields the Lorentz force. The crossov
between these two limits begins in the temperature rangT
&T* where spectral flow begins to loose its ability to com
pletely mask the Berry phase force. At these temperaturg
is small (0,g!1). This is the temperature range that w
be of interest in this paper.

Returning again to Josephson junctions, it was shown
Ref. 10 that Berry’s phase causes a modulation of the tun
current density in a restricted class of large annular Jose
son junctions~AJJ! in which a moving vortex is present. Th
necessary restrictions on the AJJ will be stated in Sec. II.
manifestation of the tunnel current density modulation i
spatially and temporally varying modification of the curre
drive that acts on the vortex. As pointed out in Ref. 8, sp
tral flow will mask this Berry phase effect in a large SNS A
when T.T* . As mentioned above, our interest is in th
temperature rangeT&T* at which the crossover begins t
occur, going from the regime where spectral flow masks
Berry phase effects (T.T* ), to the regime where the Berr
phase effects are active due to the absence of spectral
(T!T* ). We will calculate the I–V curves forT&T* where
the Berry phase effects strengthen asT decreases away from
T* . We will show that distinctive shifts appear in the
curves as the Berry phase effects strengthen, providing c
targets for an experimental test of the underlying theory
the following section we:~i! summarize the needed results
Ref. 10;~ii ! introduce spectral flow into the junction dynam
ics; ~iii ! describe how the I–V curves are determined; a
~iv! present the results of our numerical calculation. In S
III we show how these shifts can be understood as a co
quence of the Berry phase induced modulation of the tun
current density, the magnetic structure of the vortex co
and Bernoulli’s theorem. Finally, we summarize the essen
points of the paper in Sec. IV.
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II. CALCULATION OF THE I –V CURVES

This section is divided into four parts. In Sec. II A w
summarize how Berry’s phase impacts the dynamics o
restricted class of large AJJ’s~containing a single vortex! at
low temperatures, and state the restrictions needed for t
Berry phase effects to be observable. The reader is refe
to Ref. 10 for a detailed discussion. Spectral flow effects
introduced in Sec. II B, while Sec. II C describes the calc
lation of the I–V curves. Finally, our numerical results a
presented in Sec. II D.

A. Necessary background

For the purpose of observing Berry phase effects, not
Josephson junctions will do. As explained in detail in R
10, these effects are only observable in a restricted clas
large AJJs at low temperature. The precise definition of t
restricted class is given below. In this paper, however, it w
be sufficient to focus on a particular member of this
stricted class: the planar AJJ. A careful description of a p
nar AJJ is given in Ref. 10. To avoid repetition, we will n
repeat that description here. The annular weak link~WL! is
assumed to have a bias currentI passing through it. We limit
ourselves to the case where a single vortex resides in the
with magnetic flux aligned parallel toẑ. Figure 2 of Ref. 10
shows such a vortex inside the WL together with its asso
ated screening currents. This figure also details the polar
ordinate system (r ,u) used to parametrize the annular WL

It was shown in Ref. 10 that the supercurrents flowing
the boundary of each of the junction electrodes include
Berry phase induced contributionD jB(t)52rsevL(t). Gen-
erally speaking,D jB(t) will have components parallel an
normal to the local junction plane. The parallel componen
D jB(t) flows inside the junction electrodes, and contribute
to the surface supercurrents. The normal component, on
other hand, contributes to the tunneling current density
adds to the bias current densityj T5rsueuvT :

j tun~u,t !5 j T1D jB~ t !• r̂ ~u!. ~2!

The Berry phase contributionD jB(t)• r̂ (u) is intimately con-
nected to the interesting shifts that appear in the I–V curv
These shifts are presented in Sec. II D, and their phy
explained in Sec. III. The total flux ofD jB through the WL is
easily shown to vanish. Thus, the total current through
WL is solely due to the flux of the bias current densityjT ,
and this flux is simply the bias currentI passing through the
AJJ. Thus, the Berry phase contribution toj tun simply causes
a redistribution of the bias current density, strengthening i
one region by reducing it in another, while still leaving th
total current equal to the bias current.

As is well known,12–14 the equation of motion for the
phase dynamics of a large AJJ is a perturbed Sine-Gor
equation. The tunnel current densityj tun(u,t) acts as a local
energy source for the phase dynamics, producing a lo
driving term in the Sine-Gordon equation known as the c
rent drive. Becausej tun(u,t) contains a Berry phase contr
bution @see Eq.~2!#, the current drive becomes sensitive
Berry’s phase, and formally, this is how Berry’s phase is a
2-2
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DYNAMIC INTERPLAY OF BERRY’S PHASE AND . . . PHYSICAL REVIEW B63 104512
to influence the junction dynamics. As shown in Ref. 10,
a clean large planar AJJ of uniform thickness at low tempe
ture, the current driveb8 is:

b85b1db~u,t!. ~3!

Hereb5I /I c is the contribution to the current drive comin
from the bias currentI (I c is the junction critical current!,
anddb(u,t) is the Berry phase induced contribution:

db~u,t!5
b

vT
vL~t!• ĵT~u!. ~4!

Heret5vJt is the~dimensionless! time measured in units o
the inverse Josephson plasma frequencyvJ

21 . The bias cur-
rent densityjT(u) flows radially through the WL so tha
ĵT(u)56 r̂ (u). As shown in Ref. 10,db(u,t) introduces a
spatial and temporal variation into the current driveb8. We
now summarize the conditions which must be satisfied
db(u,t) is to be observable.

The Berry phase induced contribution to the current dr
db(u,t) was derived under the restriction that the superc
ducting dynamics is in the collisionless limit.10 This corre-
sponds to low temperature, and to AJJ’s with clean sup
conducting electrodes and WL. It proves convenient
require that the WL have uniform thickness. This insures t
the vortex will not be pinned or scattered by inhomogenei
in the WL thickness. Although it is known how to mod
such inhomogeneities,13 our interest is in the competition
between Berry phase and spectral flow effects. It is clea
advantageous, then, to restrict ourselves to AJJ’s with W
of uniform thickness so that pinning effects are absent,
so cannot obscure the Berry phase/spectral flow competi
Consequently, it is suggested that experiments designe
test the crossover-theory presented below use AJJ’s
WL’s whose thickness is as uniform as possible. Min
variation in the WL thickness is not expected to significan
alter the I–V curve shifts to be presented in Sec. II D. S
Sec. IV for further discussion of this point. We now go on
show that one further restriction is necessary ifdb(u,t) is to
be nonvanishing.

The final restriction arises from the important observat
that db(u,t) is sensitive to the geometrical arrangement
the junction electrodes. This sensitivity originates in the s
lar productvL(t)• ĵT(u) which appears in Eq.~4!. We see
that db(u,t) will vanish for a physically uninteresting rea
son if the geometrical arrangement of the junction electro
forcesvL(t) to be everywhere perpendicular toĵT(u). This
situation occurs in the original linear Josephson junction12

and in the well-known Lyngby AJJ~Ref. 15! ~see Ref. 10!.
Thus, if db(u,t) is to produce observable consequences,
must restrict ourselves to AJJ’s whose electrode arrangem
insures thatvL(t)• ĵT(u)Þ0 for some value~s! of u. It is this
requirement on the junction electrodes that defines the
stricted class of AJJ’s in which the Berry phase effects
expected to be nonvanishing. Any attempt to observe
consequences ofdb(u,t) must be done using an AJJ b
longing to this restricted class to insure thatdb(u,t) does
not vanish for trivial reasons. As pointed out in Ref. 10, t
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planar AJJ and the cylindrical AJJ of Kuwadaet al.16 both
belong to this restricted class. Having summarized the es
tial points concerning the Berry phase contribution to t
current drive, we go on to consider spectral flow effects.

B. Spectral flow effects

As pointed out in the Introduction, in the hydrodynam
limit, spectral flow masks the Berry phase effects. This
curs forT.T* . In the collisionless limit (T!T* ), however,
the Berry phase effects are not masked since spectral
does not act under these conditions. In Eq.~1! we introduced
the phenomenological parameterg(T) to model the cross-
over inFnd due to the Berry phase/spectral flow competitio
In the collisionless~hydrodynamic! limit, g51(0), andFnd
equals the Magnus~Lorentz! force. In the crossover region
T&T* , g(T) satisfies 0,g!1, andg increases asT de-
creases away fromT* . As mentioned earlier, Makhlin and
Volovik8 have argued that a similar crossover will occur
an SNS AJJ whenT.T* . In the phenomenological spirit o
Eq. ~1!, we introduce the Berry phase strengthg(T) into the
expression for the current driveb8 @see Eqs.~3! and ~4!#:

b85b1g~T!vL~t!• ĵT~u!

5b6g~T!vL~t!• r̂ ~u!. ~5!

@Recall thatĵT(u)56 r̂ (u) in a planar AJJ.# Replacingb8 in
Eq. ~17! of Ref. 10 with Eq.~5! gives the following equation
for the phase dynamics whenT,T* :

]2g

]t2
2

]2g

] l 2
1sing52a

]g

]t
1b

]3g

] l 2]t
6b1gvL~t!• r̂ ~ l !.

~6!

@Recall thatl 5u(R̄/lJ).] It would be very interesting to use
the microscopic approach of Ref. 8 to derive Eq.~6!, and
thus determineg(T) microscopically. Here, however, w
will content ourselves with a phenomenological treatment
g(T). In the numerical calculation to be described below,
restrict g to values 0<g<0.1 as a means of probing th
crossover regionT&T* whereg is small.

A crude estimate ofT* was given in Ref. 10 for the cas
of a clean SNS AJJ. It was found that

T* ;
h2

4pmklJd
. ~7!

For typical large Josephson junctions,lJ;1023 m and d
;1027 m so thatT* ;0.1 mK. We stress that this estimate
only appropriate for a clean SNS AJJ. Generally,T* de-
creases with increasing impurity concentration so that fo
sufficiently dirty junction,T* 50. This underscores the im
portance of using a clean SNS AJJ in any experimental
of the work to be presented below. Having made this cav
about the importance of cleanliness, our estimate ofT*
raises some hope that the crossover in the junction dynam
which we study below might prove observable in a su
ciently clean SNS AJJ.
2-3
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C. Description of numerical calculation

Equation~6! is an example of a perturbed Sine-Gord
equation. Analytical solutions are not known for this type
equation so that a numerical approach is necessary. We a
the Fourier-Galerkin method of Paganoet al.17 We present
an explicit analysis only for the lower choice of sign in E
~6! corresponding toĵT(u)52 r̂ (u). A similar analysis is
possible for the upper choice of sign, though we shall
present it here.

The starting point is a Fourier series expansion ofg( l ,t)
using time dependent coefficients:

g~ l ,t!52pmS l

L D1f0~t!1 (
n51

N H fn~t!cosS 2pnl

L D
1cn~t!sinS 2pnl

L D J . ~8!

The first term on the right-hand side takes care of the p
odic boundary condition,

g~ l 1L,t!5g~ l ,t!12pm. ~9!

HereL is the junction circumference in units oflJ , andm
51 for a single vortex in the junction. Inserting Eq.~8! into
Eq. ~6!, and using the orthonormality of the trigonometr
functions, we arrive at a collection of ordinary differenti
equations~ODE’s! for the series expansion coefficients.N
corresponds to the number of spatial harmonics include
the Fourier expansion. In principle,N is infinite; in practice,
N is finite, and determined by the degree of accuracy on
striving for.

The presence of the Berry phase term in Eq.~6! requires
three modifications of the procedure of Ref. 17. First, n
terms appear in the ODE’s governing then51 spatial har-
monic @see Eqs.~13! below#. These terms depend on th
vortex position and velocity. This gives rise to the seco
modification: we must locate the vortex center at each t
step of the numerical integration, thus giving the vortex p
sition, and allowing determination of the vortex velocit
The final modification is to write the scalar product appe
ing in Eq. ~4! in a form convenient for the orthonormaliza
tion. To that end, we introducer̄ 5R̄/lJ and let the vortex
position at timet be l 85 r̄u8. Then,u852p l 8/L, and

vL~t!5vL~t!û~u8!

5vL~t!@2sinu8,cosu8#. ~10!

With r̂ (u)5@cosu,sinu#; andu52p l /L; we have:

vL~t!• r̂ ~u!5vL~t!F2cosS 2p l

L D sinS 2p l 8

L D
1sinS 2p l

L D cosS 2p l 8

L D G . ~11!

For the choice of sign in Eq.~6! that we are considering, th
vortex moves in theû direction ~see Sec. III A! so that, by
10451
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Eq. ~10!, vL(t).0. Carrying out the orthogonalization pro
cedure, we arrive at the following set of ODE’s which are
be numerically integrated:

n50

f̈01aḟ01b52
1

LE0

L

dl sing, ~12!

n51

f̈11S 2p

L D 2

f11Fa1bS 2p

L D 2G ḟ11gvL sinS 2p l 8

L D
52

2

LE0

L

dl sing cosS 2p l

L D ; ~13a!

c̈11S 2p

L D 2

c11Fa1bS 2p

L D 2G ċ12gvL cosS 2p l 8

L D
52

2

LE0

L

dl sing sinS 2p l

L D ; ~13b!

n>2

f̈n1S 2pn

L D 2

fn1Fa1bS 2pn

L D 2G ḟn

52
2

LE0

L

dl sing cosS 2pnl

L D ; ~14a!

c̈n1S 2pn

L D 2

cn1Fa1bS 2pn

L D 2G ċn

52
2

LE0

L

dl sing sinS 2pnl

L D . ~14b!

The terms in Eqs.~13! proportional tog result from the
Berry phase contribution to the current drivedb(u,t) in Eq.
~6!. The solutions of Eqs.~12!—~14! are used to reconstruc
g( l ,t). These solutions depend parametrically ona, b, L, b,
and g. All our numerical integrations useda5b50.02 and
L54. Three values of the Berry phase strengthg were con-
sidered:g50, 0.05, and 0.10.

For given values ofg andb, the DC junction voltageV is
determined from the Josephson equation,

V5
]g

]t
, ~15!

whereV is in units of\vp/2e, and the bar denotes a spati
and temporal average. It is important to note that, beca
g5g( l 2vLt), V will be proportional to2vL . Thus for a
vortex moving in the1û (2û) direction, the vortex veloc-
ity vL is positive ~negative!, and the DC voltageV will be
negative~positive!. This connection between the sign of th
voltageV and the sense of vortex motion will be necessa
when we examine the numerical results for the I–V curv

The I–V curve for a given Berry phase strengthg is found
by sweepingb from 0 up to a valuebs at which the junction
2-4
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DYNAMIC INTERPLAY OF BERRY’S PHASE AND . . . PHYSICAL REVIEW B63 104512
switches from a stable propogating vortex state to the ‘‘
tating’’ state in which the magnetic flux is uniformly sprea
across the WL and the phase varies rapidly with time.17 The
signature of switching is the appearance of a horizontal
teau in the I–V curve at the critical valuebs .

D. I –V curves: Results

In Fig. 1 we plot the I–V curves for a planar AJJ fo
positive and negative values of the bias currentb, for g
50 and 0.1. The current is in units ofI c and the voltage in
units of\vp/2e. From the discussion at the end of Sec. II
the portion of the curve with positive~negative! voltage cor-
responds to a vortex moving in the2û (1û) direction, or
equivalently, clockwise~counter-clockwise! motion around
the WL. Figure 1 shows the three main features produced
Berry’s phase in the I–V curves. The first is that for sm
bias currentb, Berry’s phase has little effect on the I–
curves. Next, recalling thatuVu is proportional to the vortex
speeduvLu, the second effect is thatuVu, and henceuvLu, are

FIG. 2. Current-voltage characteristic for an SNS planar AJJ
clockwise vortex motion around the AJJ (g50, 0.05, and 0.10).

FIG. 1. Current-voltage characteristic for an SNS planar AJJ
positive and negative bias current (g50 and 0.1). Positive~nega-
tive! bias b corresponds to clockwise~counter-clockwise! vortex
motion around the AJJ.
10451
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also sensitive tog. This manifests in the lateral shift of th
vertical steps in the I–V curves with increasingg. For clock-
wise ~counter-clockwise! vortex motion at fixedb, Fig. 1
shows thatuVu, and henceuvLu, increases~decreases! with
increasingg. This behavior is more clearly seen in Figs.
and 3 which focus, respectively, on clockwise and coun
clockwise vortex motion. The third and final effect is that t
critical currentbs at which the junction switches is sensitiv
to the Berry phase strength. For clockwise vortex motion,bs
is reduced asg increases; while for counter-clockwise mo
tion, ubsu increases wheng increases. For easy reference, w
summarize these features in Table I. The variation of featu
2 and 3 with the Berry phase strengthg, and their smooth
disappearance asg→0 (T→T

*
2) suggests that they be use

as the experimental signature of the the Berry phase/spe
flow crossover.

III. PHYSICS OF I –V CURVE SHIFTS

In this section we show that the features appearing in
I–V curves whenT&T* can be understood as consequen
of: ~1! the Berry phase contribution to the tunnel curre
density flowing through the WL;~2! the appearance of a
negative flux region at the trailing edge of the vortex co
when a large bias current passes through the WL; and~3!
Bernoulli’s theorem. In Sec. III A we consider temperatur
T.T* where the Berry phase effects are masked by spec
flow. Here the basic arguments can be presented withou
Berry phase complications. In Sec. III B we consider the c
of actual interest:T&T* . Here the analysis of Sec. III A is
extended to include the Berry phase effects. This anal
will explain why lateral shifts appear in the I–V curves
the Berry phase effects strengthen. Finally, in Sec. III C,
explain why the critical currentbs ~at which the junction
switches! is sensitive tog. Before proceeding, however, tw
remarks are necessary:

1. As pointed out in Ref. 10, when normal currents flo
parallel to the surface of the junction electrodes, dissipat
occurs there, giving rise to theb term in Eq.~6!. It is well
known17,18 that at large bias current this dissipation leads
r

r FIG. 3. Current-voltage characteristic for an SNS planar AJJ
counter-clockwise vortex motion around the AJJ (g50, 0.05, and
0.10).
2-5
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TABLE I. Summary of features produced in the I–V curves of an SNS planar AJJ by the Berry’s p
for T&T* .

Clockwise vortex motion Counter-clockwise vortex motion

1. At smallb, Berry phase effects are small. 1. At smallb, Berry phase effects are small.
2. At larger, fixedb: uVu↑ wheng↑. 2. At larger, fixedb: uVu↓ wheng↑.
3. At switching:ubsu↓ wheng↑. 3. At switching:ubsu↑ wheng↑.
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the appearance of a region of negative flux at the trail
edge of the core of a moving vortex. This region of negat
flux grows with increasing bias current. Once the critical b
currentbs is reached, vortex-antivortex pairs are created
the trailing edge of the core which quickly cause the junct
to switch.17 Thus, unlike vortices in a superconducting th
film, vortices in a large Josephson junction have cores wh
can develop internal magnetic structure in which the fl
changes sign. This has important consequences for the a
ments to be presented below~see Sec. III B!. We shall see
that at small bias current where only positive flux is prese
Berry phase effects are small. The situation is very differ
at large bias current where a negative flux region is a
present. As we shall see, the Berry phase effects will now
significant, and are due to the interplay of:~1! the Berry
phase contribution to the tunneling current density, and~2!
the internal magnetic structure of the vortex core. We sh
see that Bernoulli’s theorem provides the basis for a qua
tive analysis of the hydrodynamic force on the vortex wh
applies equally well to cores with or without internal ma
netic structure~i.e., flux reversal!. The Bernoulli analysis
leads to a deeper understanding of how Berry’s phase
duces the I–V curve modifications presented in Sec. II
and it nicely complements thequantitative analysis of
Sec. II.

2. For completeness, we remind the reader of the st
ment of Bernoulli’s theorem. For a steady, nonviscous,
compressible, and irrotational flow, the pressureP and the
flow speedv maintain the sumP1rv2/2 constant. Thus
where the flow speed is large, the pressure is small, and
versa. In the case of a wing, the flow speed is larger ab
the wing than below it, and so the pressure is smaller ab
the wing than below it. Consequently, an upward hydro
namic force acts on the wing. Similar arguments will be us
below.

A. Bernoulli analysis for TÌT* : Berry phase effects absent

We restrict ourselves in this subsection to temperatu
T.T* where Berry phase effects are masked by spec
flow. Because of dissipation due to normal currents flow
in the surface of the junction electrodes, two cases mus
considered.

Small Bias Current:For small bias currentb, a region of
negative magnetic flux does not appear behind
vortex.17,18 Figure 4 shows a vortex in a large planar A
with magnetic flux alongẑ. The screening current associat
with the vortex is represented schematically by the clo
loop. The bias current is assumed to pass through the j
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tion such thatĵT( l )52 r̂ ( l ) @recall that l 5u(R̄/lJ)]. The
bias current densityjT is represented by radial lines in Fig. 4

OIt is clear from Fig. 4 thatjT( l ) enhances the flow of the
screening currents atl, while reducing it atl 8. Thus the
pressure is less atl than atl 8, and a net hydrodynamic forc
acts on the vortex in the1û direction. Thus a bias curren
with ĵT( l )52 r̂ ( l ) causes a vortex to accelerate in the1û
direction as claimed in Sec. II C.

O Repeating this analysis for the case whereĵT( l )
51 r̂ ( l ), one finds that the vortex will be subject to a h
drodynamic force in the2û direction and will accelerate in
that direction.

Large Bias Current:In this case, a negative magnetic flu
region does appear at the trailing edge of the vortex co
Figure 5 shows a vortex with total magnetic flux alongẑ
moving in the1û direction. A region of negative flux~along
2 ẑ) has set in behind the vortex. Note, however, that
sum of the positive and negative magnetic flux remains eq
to hc/2e. The loop with counter-clockwise circulation repre
sents the screening current associated with the region
positive flux, while the clockwise circulating loop represen
the screening current associated with the negative flux

FIG. 4. A single vortex in a planar AJJ with magnetic flux alon

ẑ for T.T* . A bias current densityjT( l ) passes through the wea

link with ĵT( l )52 r̂ ( l ). The closed loop is a schematic represen
tion of the screening current circulating around the vortex.
2-6
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DYNAMIC INTERPLAY OF BERRY’S PHASE AND . . . PHYSICAL REVIEW B63 104512
gion. The radial lines represent the bias current density w
direction ĵT( l )52 r̂ ( l ), and is responsible for driving th
vortex in the1û direction.

O Since the flow around the positive flux region in Fig.
is identical with that appearing in Fig. 4, we see that
hydrodynamic forceF1 acting on the positive flux region i
in the1û direction. For the negative flux region, we see th
the flow associated with the screening current is reduce
l 8, and enhanced atl 9. Thus the pressure is greater atl 8 than
at l 9, and the negative flux region is subject to a hydrod
namic forceF2 in the 2û direction. The net hydrodynami
force on the vortex isF5F11F2 ~see Fig. 6!. As the bias

FIG. 5. A single vortex moving counter-clockwise around a p

nar AJJ with total magnetic flux alongẑ for T.T* . The bias cur-
rent b is sufficiently large to have produced a region of negat
flux behind the vortex. See Sec. III A for further discussion.

FIG. 6. The net hydrodynamic forceF5F11F2 acting on a
vortex in which the bias currentb has produced a region of nega
tive flux (T.T* ). See Sec. III A for further discussion.
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currentb is increased,F1 andF2 also increase. At the criti-
cal valuebs , these forces are large enough to create vort
antivortex pairs. At this point the traveling vortex becom
unstable: the localized magnetic flux associated with the v
tex is smeared out uniformly over the WL, and the juncti
switches.17

We now extend this analysis to include the Berry pha
effects.

B. Bernoulli analysis for T›T* : Berry phase effects present

Here we consider temperaturesT&T* where the Berry
phase effects first begin to appear. We again must cons
the cases of small and large bias current separately.
shown in Ref. 10, and summarized in Sec. II, Berry’s pha
produces a contribution to the supercurrents flowing in
vicinity of the WL. The surface supercurrents flowing in th
junction electrodes include the Berry phase contribut
D j B

sur5D jB•û( l ). Depending on the sign of the scalar pro

uct, D j B
sur flows along6û( l ). The tunneling current density

includes a Berry phase contributionD j B
tun5D jB• r̂ ( l ), and

depending on the sign of the scalar product, it flows alo
6 r̂ ( l ). It is very important to note that onlyD j b

tun actually
flows in the WL; D j B

sur flows inside, and at the surface o
the junction electrodes. Using Eqs.~5!, ~4!, and~2!, one can
show that D jB(g)5gJcvL , where g is the Berry phase
strength. Thus, both components ofD jB vanish whenT
5T* (g50), and grow larger asT decreases away fromT*
~i.e., asg increases!. In this subsection we repeat the Be
noulli analysis of Sec. III A, this time includingD j B

sur and
D j B

tun in the analysis. We again consider a vortex with to

magnetic flux alongẑ.
Small Bias Current:Figure 7 shows a large planar AJ

-
FIG. 7. A large planar AJJ containing a vortex at small b

current forT&T* . The Berry phase contribution to the:~1! tunnel
current densityD j B

tun ; and ~2! junction electrode surface supercu
rentsD j B

sur are shown at various locations in the weak link. See S
III B for further discussion.
2-7
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VASILIKI PLEROU AND FRANK GAITAN PHYSICAL REVIEW B 63 104512
with a bias current density for whichĵT( l )52 r̂ ( l ). This
causes the vortex to move in the1û direction as discussed i
Sec. III A. ThusvL5vLû, and vL.0. Note that sinceD jB
5gJcvL , its direction is parallel tovL . In Fig. 7 we draw
D j B

sur and D j B
tun at various locations on the WL. As men

tioned above, their directions are found by evaluating
scalar product ofD jB with û( l ) and r̂ ( l ), respectively.

O Our first observation is that Berry’s phase produce
hydrodynamicforce which has anr̂ component~though see
the related Meissner effect remark below!. Figure 7 shows
that D j B

sur reduces the screening flow present in the surf
of SC1, while enhancing the screening flow in the surface
SC2. Thus a hydrodynamic force acts in the1 r̂ ( l ) direction.
This corresponds to the Berry phase force contribution in
~1! which can be written asD jB3G, whereG5(hc/2e) ẑ is
the magnetic flux associated with the vortex. This clea
acts in ther̂ ( l ) direction. It is very important to note, how
ever, that due to the Meissner effect, the SC electrodes
ways apply a counter-force on the vortex in the radial dir
tion which insures that thenet radial forceon the vortex
exactly equals the centripetal force needed to keep it mov
within the annular WL. Thus this radial Berry phase effect
always neutralized by the Meissner effect.

O Berry’s phase also produces a contribution to theû
component of the hydrodynamic force. The magnitude
this force depends on the size of the bias currentb. We now
show that at small bias current, this force is at best a sm
perturbation, while at large bias current, it makes an imp
tant contribution to the driving force on a vortex. Note th
the existence of this force is not predicted by Eq.~1! which
applies to a vortex with a core inside which the magnetic fl
does not change sign.5,10 We remind the reader that thes
conditions donot occur in a large AJJ at large bias curre
when normal current dissipation occurs at the surface of
junction electrodes. One needs to recognize then that,under
these conditions, Eq.~1! becomes unreliable because its de
vation does not account for the effects of the negative fl
region onFnd . Consequently, it is no longer the final wor
on the driving force on a vortex in such an AJJ. The fin
word, quantitatively, is Eq.~6!. For a qualitative analysis
Bernoulli’s theorem provides a better starting point than E
~1! since it applies equally well to cores in which the ma
netic flux may or may not change sign. In the present cas
small bias current, we see from Fig 7 thatD j B

tun acts to
reduce the screening flow ahead of, and also behind,
vortex relative to the corresponding situation shown in Fig
whereT.T* and the Berry phase effects are absent. T
causes the pressure to rise both ahead of, and behind
vortex relative to the situation in Fig. 4. Consequently, t
pressure differential on the vortex atsmall bias currentb is,
at most, only slightly modified by Berry’s phase. Thus, t
Berry phase contribution to theû component of the hydro
dynamic force is expected to be~at best! small for small bias
current, and one expects Berry’s phase to have minor ef
on the I–V curves at smallb. This is in agreement with wha
was found numerically, and explains the first entry in Ta
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I. This also agrees with Eq.~1! which predicts that Berry’s
phase will only contribute to ther̂ component of the hydro-
dynamic force on the vortex.~As discussed above, this forc
is neutralized by the Meissner effect.! Note that this agree-
ment with Eq.~1! at small bias current is quite necessa
since only positive flux is present inside the core under t
condition, and so Eq.~1! properly accounts for the Berry
phase effects. We now show, however, that atlarge bias
currentb where a region of negative magnetic flux sets
behind the vortex, the Berry phase contribution to theû com-
ponent of the hydrodynamic force isnot small.

Large Bias Current:Figure 8 shows a vortex moving in
the 1û direction with magnetic flux alongẑ. The bias cur-
rent density hasĵT( l )52 r̂ ( l ). D j B

tun is drawn at various lo-
cations along the WL. As mentioned above, its direction
determined by the sign of the scalar product ofD jB with
r̂ (u). Note that although the magnitude ofD j B

tun varies with
u, we ignore this variation when drawing Fig. 8. We do n
includeD j B

sur in the figure as its effect is always masked
the Meissner effect as discussed above. The bias currentb is
assumed to be large enough to produce a region of nega
flux behind the vortex.

O Because the superflow around the positive flux reg
in Fig. 8 is identical with the superflow in Fig. 7, we kno
that D j B

tun will only contribute slightly to the hydrodynamic
force F18 acting on the positive flux region in Fig. 8. If w
denote byF1 the corresponding force on the positive flu
region when Berry phase effects are absent~see Fig. 6!, we
see thatF18 'F1 . We now consider the region of negativ
flux, and will similarly denote the hydrodynamic force o
this region byF28 (F2) in the case where Berry phase effec
are ~are not! present. From Fig. 8 we see that atl 8, D j B

tun

FIG. 8. A large planar AJJ containing a vortex at a large b
current forT&T* . A region of negative flux has been produce
behind the vortex by the bias current. The Berry phase contribu
to the tunnel current densityD j B

tun is shown at various locations in
the weak link. See Sec. III B for further discussion.
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DYNAMIC INTERPLAY OF BERRY’S PHASE AND . . . PHYSICAL REVIEW B63 104512
causes the screening flow to be reduced even more th
was in Fig. 5 where the Berry phase effects were abs
Thus the pressure atl 8 is larger when the Berry phase effec
are present than when they are absent. Similarly, Figs. 8
5 show that, atl 9, the flow associated with the screenin
currents is enhanced byD j B

tun beyond the enhancement a
ready occuring in Fig. 5 where the Berry phase effects
absent. Thus the pressure atl 9 is smaller when Berry phas
effects are present than when they are absent. Consequ
the pressure differential on the negative flux region is in
2û direction, and will belarger when the Berry phase ef
fects are present than when they are absent:F28 .F2 . Thus
the interplay of the Berry phase effects with the negative fl
region produces a force in the2û direction. For a vortex
moving counter-clockwise around the WL, this is a retard
force which grows asg increases. Thus the total drivin
force F85F18 1F28 acting on a vortex moving in the1û
direction ~counter-clockwise motion around the WL! de-
creases as the Berry phase effects strengthen. Becaus
total driving force decreases as the Berry phase eff
strengthen (g increases!, it follows that, in steady state, th
vortex speeduvLu will decrease asg increases. We now show
that the sensitivity ofuvLu to g is inherited by the DC voltage
V.

O As pointed out in Sec. II C, since the absolute value
the voltageuVu is proportional to the vortex speeduvLu,
slower speed corresponds to smaller voltageuVu. For the
I–V curves, this means that, for a givenubu, a vortex moving
counter-clockwise around the WL should haveuVu decrease
with increasingg. This is exactly what is found numericall
~see Figs. 1 and 3!, and summarized in entry 2 of the righ
hand column of Table I.

O Repeating the above analysis for a vortex mov
clockwise (2û direction! around the WL, one finds tha
F18 'F1 , and F28 ,F2 . Thus the net driving forceF8
5F18 1F28 increaseswith increasingg since the retarding
componentF28 decreaseswith increasingg. Thus, in this
case, at givenubu, the steady state vortex speeduvLu should
increase with increasingg, causing the voltageuVu to in-
crease with increasingg. This is what is found numerically
~see Figs. 1 and 2!, and summarized in entry 2 in the lef
hand column of Table I.

We see that we can understand the lateral shift of the
curves encountered in our numerical results as a manife
tion of: ~1! the Berry phase contribution to the tunnel curre
densityD j B

tun ; ~2! the internal magnetic structure of the vo
tex core; and~3! Bernoulli’s theorem.

C. Consequences of the Berry’s phase for junction switching

Tables II and III list the numerical values found forbs
andVs at which switching occurred for different values ofg,
and correspond to clockwise and counter-clockwise vor
motion, respectively. Also listed is the DC power,Ps
5bsVs ; and the percent change inPs(g): dPs
5100uPs(g)2Ps(0)u/Ps(0). We seethat in all cases,Ps(g)
varies by no more than 3.5%, and thus is a slowly vary
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function of g over the range of values considered. Ignori
this slight variation then,Ps(g1)5Ps(g2), so that

Ubs~g2!

bs~g1!
U5UVs~g1!

Vs~g2!
U. ~16!

Let g2.g1. For clockwise vortex motion, Table II show
that Vs(g1)/Vs(g2),1. This is a consequence of the Ber
phase effects, as discussed in Sec. III B. From Eq.~16! we
see thatbs(g2),bs(g1), so that the switching plateau in th
first quadrant of Fig. 1 should move downward with increa
ing g. This is exactly what is found in our numerical resu
~see Figs. 1 and 2!.

A similar analysis for counter-clockwise vortex motio
indicates that, forg2.g1 , ubs(g2)u.ubs(g1)u. Thus the
switching plateau in the third quadrant of Fig. 1 should mo
downward with increasingg, exactly as observed in Figs.
and 3.

We see that entry 3 of Table I can be understood a
consequence of:~1! the Berry phase induced lateral shift o
the I–V curves discussed in Sec. III B: and~2! the slow
variation ofPs(g) with g whenT&T* .

IV. SUMMARY OF ESSENTIAL POINTS

In this paper we have studied the Berry phase/spec
flow induced crossover in the dynamics of a restricted cl
of large SNS AJJ’s. The crossover is expected to occur at
temperatureT* at which the superconducting dynamics e
ters the hydrodynamic limit. In this limit (T.T* ), spectral
flow is active and causes a masking of the Berry phase
fects. In the collisionless limit (T!T* ), spectral flow does
not act, leaving the Berry phase effects free to influen
junction dynamics. We have focused on temperaturesT
&T* where the Berry phase effects start to become obs
able, and strengthen asT decreases away fromT* .

We numerically evaluated the I–V curves for this r
stricted class of large SNS AJJ’s in the case where a sin
vortex is present in the WL, and found that a number
interesting shifts appear in the I–V curves as the Berry ph
effects strengthen. These shifts provide clear targets fo

TABLE II. Switching values for clockwise vortex motion as
function of g.

g bs(g) Vs(g) Ps(g) dPs

0.00 0.668365 1.57525 1.0529 0.00%
0.05 0.656570 1.57957 1.0371 1.50%
0.10 0.641204 1.58406 1.0157 3.53%

TABLE III. Switching values for counter-clockwise vortex mo
tion as a function ofg.

g bs(g) Vs(g) Ps(g) dPs

0.00 20.668365 21.57525 1.0529 0.00%
0.05 20.678350 21.57122 1.0659 1.23%
0.10 20.684945 21.56695 1.0732 1.93%
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VASILIKI PLEROU AND FRANK GAITAN PHYSICAL REVIEW B 63 104512
experimental test of the crossover theory~see Figs. 1–3 and
Table I!.

We discussed a number of conditions which crucially
fect the observability of the crossover~see Sec. II B!:

1. The geometry of the junction electrodes must be s
that the vortex velocityvL(t) and the local tunnel curren
densityjT(u) satisfyvL(t)• jT(u)Þ0 for some value~s! of u.
This condition defines the restricted class of AJJ’s in wh
the Berry phase effects are expected to occur. As show
Ref. 10, it isnot satisfied in the traditional linear Josephs
junction, nor in the well-known Lyngby AJJ. Thus the
junctions should not be used in a search for the Berry ph
spectral flow induced crossover. Ref. 10 also showed th
planar AJJ and the cylindrical AJJ of Kuwadaet al.16 both
belong to this restricted class, and thus are suitable for us
such a search.

2. Because the crossover temperatureT* decreases as th
impurity concentration increases, for sufficiently dirty jun
tions, it can vanish:T* 50. Clearly then, an experimenta
search for the crossover must use a clean large SNS AJ
as to maximizeT* . A crude estimate for such an AJJ foun
that T* ;0.1mK. Although the estimate is crude, it give
some hope that the crossover might prove observable
sufficiently clean large SNS AJJ belonging to the restric
class defined in 1.

3. We also require the WL thickness to be as uniform
possible. This reduces the possibility of pinning or scatter
of the vortex by inhomogeneities in the junction thickne
which might otherwise act to obscure the Berry pha
spectral flow competition. Minor variations in the WL thick
ness are expected to predominantly influence the junc
dynamics at small bias current. Large bias currents are
ficiently energetic to de-pin the vortex and overwhelm t
scattering effects produced by such minor variations in W
thickness. Since the I–V curve shifts occur at large bias c
rent, this requirement should be sufficient to protect th
from the effects of minor thickness inhomogeneities.

We have also discussed at great length~Sec. III! the phys-
ics underlying the Berry phase induced shifts in the I–
curves. We have shown that they arise from an interes
interplay of: ~1! the Berry phase contribution to the loc
tunnel current density;~2! the internal magnetic structure o
the vortex core arising, at large bias current, from dissipa
10451
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produced by normal currents flowing at the surface of
junction electrodes; and~3! Bernoulli’s theorem. This inter-
play was shown to produce a hydrodynamic force in theû
direction whose magnitude is a function of the Berry pha
strengthg, and whose contribution to the driving force on
vortex is the source of the interesting new shifts in the I–
curves. Such a force isnot expected on the basis of Eq.~1!.
It is important to note, however, that the derivation of Eq.~1!
assumed a vortex core in which the magnetic flux does
change sign.5,10 This condition doesnot prevail in a large
AJJ at large bias current with normal current dissipation
curing at the surface of the junction electrodes. In fact,
seen in Sec. III B, the appearance of a region of rever
magnetic flux at the trailing edge of the vortex core und
these conditions is crucial for producing a Berry phase fo
in the û direction. One needs to recognize, then, that Eq.~1!
becomes unreliable when a region of reversed magnetic
is present inside the vortex core because its derivation d
not account for the effects of the reversed flux onFnd . In
such cases, Bernoulli’s theorem provides a better star
point for a qualitative analysis since it easily takes into a
count the presence of a negative flux region in the core.

Further work is possible in a number of directions. For t
case of a single vortex in the WL, it would be useful
examine the effects produced on the Berry phase indu
shifts in the I–V curves by variation of the dissipatio
strengthsa andb which appear in Eq.~6!. It would also be
interesting to derive an expression forg from the micro-
scopic theory of Ref. 8. We have also examined the ca
where two and three vortices are present in the WL, and h
found interesting preliminary results associated with the v
tex bunching transition. This looks to be a promising area
further research. We hope to report on these results in
future.

We strongly hope that this work, together with Ref. 1
might encourage an experimental search for the Berry ph
spectral flow induced crossover which has been the sub
of this paper.
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