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Berry phase modification of the current drive in a restricted class of large annular Josephson
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We examine how Berry’s phase influences the motion of vortices in a restricted class of large annular
Josephson junctions at sufficiently low temperatures. We show that the essential physical effect produced is a
modulation of the tunnel current density passing through the junction which, however, leaves the total current
through the junction unaffected. The tunnel current density modulation is seen to produce a spatially inhomo-
geneous modification of the current drive which acts on a vortex residing in an annular junction of this
restricted type. We discuss the circumstances under which this current drive modification vanishes, and provide
an estimate of the temperature at which its effects will be masked by spectral flow.

DOI: 10.1103/PhysRevB.63.104511 PACS nuni®er74.50+r, 03.65.Ta, 74.66-w
I. INTRODUCTION the current drive modification does not trivially vanish, as
well as elaborating on the conditions needed to ensure the
Previously! it has been argued that Berry’s phasell  absence of spectral flow. Section IV provides a summary of

influence the motion of vortices in a large annular Josephsothe essential results found, while in the Appendix, we pro-
junction atT=0. In this paper, we provide the details of that vide a brief review of how Berry’s phase influences the mo-
argument, and discuss the conditions under which this Berr{ion of the superconducting electrons present in the elec-
phase effect is expected to be observable. We will see thafodes that feed current into the AJJ. Itis this Berry phase
two restrictions are essential for an observable effect. Th&ffect which ultimately causes the current drive modification

first is that the electron dynamics is in the collisionless limitdiscussed in Sec. II.
so that spectral flo#® will not mask the Berry phase effect ’
which is the focus of this paper. The second requires that thd- BERRY'S PHASE AND THE CURRENT DRIVE AT T=0

annular Josephson junction belong to a restricted class which |, g Josephson junction, two superconducting electrodes
we define explicitly later in this paper. are coupled through a weak link which often is eitliera

For a current-biased annular Josephson jund#ald) sat-  normal metallic layer that separates the superconducting
isfying the above restrictions, we will see that Berry's phaseeslectrodes(SNS junction or (ii) an insulating layer which
causes a modulation of the tunnel current derfsitys worth provides the separatiof®IS junction. This coupling of the
noting, however, that the total tunnel current through thesuperconductivity of disjoint superconductors across a weak
junction is uneffected, and remains equal to the bias currerink originates in an interaction energy between the super-
fed into the junction. Formally, the manifestation of the tun-conductors which is sensitive to the difference in values of
nel current density modulation is a spatially inhomogeneoushe gap phases of each superconducyer,y; — y,. The dif-
modification of the current drive acting on a vortex in the ference in phase valuegis known as the Josephson phase
junction. Examination of the explicit form of the current and it is the sole low-energy degree of freedom of the junc-
drive modification shows that it vanishes identically for ation. y is highly sensitive to magnetic fields, resulting in
traditional linear Josephson junction, as well as for the well-screening effects which occur on a length seajé&nown as
known Lyngby AJJ. We provide two examples of AJJ's for the Josephson penetration length. Junctions whose weak link
which the current drive modification does not vanish. has a transverse lengtl® \ ; are referred to as large Joseph-

To ensure that the electron dynamics is in the collisionles§on junctions. In a large Josephson junction magnetic flux
limit, we specifically require thatl) the electrodes and weak Can penetrate into the weak link in localized regions known
link that make up the AJJ be in the clean lin) the weak as fluxons or vortices. In this paper we restrict ourselves to
link have uniform thickness, an@®) the temperature be suf- large annular Josephson junctions in which the weak link has
ficiently low as to rule out activation of spectral flow via an annular geometry.
thermal effects. We provide a more quantitative discussion It is well knowrf that the dynamics of an isolated ideal
of condition (3) later in this paper. large Josephson junction is governed by the sine-Gordon

The structure of our presentation is as follows. In Sec. llequation
we demonstrate how Berry’s phase causes a modulation of
the tunnel current density passing through a current-biased 7y
AJJ! and how this modulation in turn produces a modifica- 92
tion of the current drive acting on a vortex in the junction.
Section Il examines the conditions under which the currentere(1) 7= w;t is the dimensionless time measured in units
drive modification is expected to be observable. This discusef the inverse Josephson plasma frequedag)}, (2) the po-
sion explicitly defines the restricted class of AJJ’s for whichsition along the surface of the weak link is parametrized by

V2 y+siny=0. 1)

0163-1829/2001/630)/10451110)/$15.00 63104511-1 ©2001 The American Physical Society



FRANK GAITAN PHYSICAL REVIEW B 63 104511

the dimensionless coordinate=x, /\;, and(3) V, is the
gradient operator with respect tp. It is important to note
that this equation applies to all types of isolated ideal large
Josephson junctionéSNS, SIS, etg. In fact, as Josephson
showed, the necessary ingredients for its derivation are Am-
pee’s law, together with the fundamental Josephson rela-
tions

hog 7y \Y ! \Y 2edH XN (2) SUPERCONDUCTOR 1
—— = y N 1 'y: - n.

2e It \; hc (SCI)
Equations(2) express the fundamental sensitivity ¢fto

voltageV and magnetic fieltH. Hered is the magnetic thick-

ness of the weak link, aml points across the weak link from
one superconducting electrode to the other, and consequently
is orthogonal td, . Equation(1) can be obtained variation-

ally from the sine-Gordon actioB,: s Lt

(WL)

1(ay\* 1 2
E(E) _E(V“/) —(1—cosy)|. (3

so=f drd?,

SUPERCONDUCTOR 2
(SC2)

In reality, one never encounters an isolated ideal Josephson
junction. For a real junction, the dynamics of Ed) will be FIG. 1. Top view of a planar annular Josephson junction. See
modified by a number of physical effe&® The first modi-  sec. 11 A for further discussion.
fication is due to nonuniformity in the thickness of the weak
link arising from imperfections in the fabrication process. To
simplify the analysis below, we assume that junction fabri-
cation was done with sufficient care that this type of modi-
fication is small and can be ignored or, if necessary, treate
erturbatively. Thus we explicitly restrict ourselves to clean ) S
\?veak links 0>f/ uniform thickrr)wess)./ The second type of modi-Center of SC1 a_nd S.C2' we paramgtnze positioalong the
fication is caused by dissipative processes occurring in th8Nnular weak link in terms of height and arc lengths
junction. Dissipation arises from normal currents passing= R, whereR=(R;+R;)/2. In Fig. 2 we show a portion of
through the weak link and from normal currents which flow the AJJ which details our coordinate system.
at the surface of the electrodes transverse to the weak link. For the remainder of this paper we will assume that a bias
These effects occur at finite temperature and their contribucurrentl is passed through the AJJ. Because we assume a
tions to Eq.(1) will be included later in this section. The Weak link of uniform thickness, the bias current dengity
final type of modification we consider arises when we con-=jj; flows radially through the weak link so that= =r,
nect the junction to a current source. This drives a bias curand its magnitudg = pg|e|v+ is independent of positios
rent through the weak link which accelerates any vorticesalong the link. We further assume that a single vortex is
present within the link. The bias current contributes a drivingpresent in the weak link with magnetic flux pointing alang
term to Eq.(1) which is known as the current drive. In this A yortex is shown in Fig. 2 together with a schematic repre-
section we will show that for a clean AJJ of uniform thick- sentation of the associated screening currents. The screening
ness atT=0 the current drive includes a Berry-phase-cyrrents penetrate into the two superconductors to a distance
induced modification. It will be clear from the derivation that of ordern (penetration length and go to zero as one moves
the current drive modification will appear in both SNS andgway from the region of localized magnetic fluxortex

necessary if the current drive modification is to be observyyctori (i=1,2) isvg(i)=vr+Veic(i). Herevy is the su-

The weak link(WL) corresponds to the annular region sepa-
rating SC1 from SC2 with a thickneasR=R,—R;<R;.

d To simplify things, we consider an AJJ of heighf. We
introduce polar coordinates (#) with origin at the common

able at nonzero temperature. perflow velocity associated withjr, and vg.c(i)
=(h/12m)V v, is the superflow velocity associated with the
A. Current density modification portion of the screening currents that flow inside supercon-

Before we begin our discussion of the current drive, jtductori. _ o _
would be useful to describe the AJJ in a bit more detail. We N @ traditional linear Josephson juncti¢hl)) the bias
have in mind a planar AJJ as shown in Fig. 1. Superconurrentl produces a driving terng=1/I; known as the cur-
ductor 1 (denoted SCIL corresponds to a circular disk of rent drive in the sine-Gordon equatipBq. (1)]:
superconducting material of radiU®;. Superconductor 2
(SC2 is a superconducting film in which a circular region of P
radius R,=R; has been removed. The AJJ is formed by —Y—nyJrsiny:i,B. (4)
placing SC1 concentrically inside the circular hole in SC2. ar?
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show thatg receives a Berry-phase-induced correcti&.

This correction vanishes identically for a linear Josephson
junction[so that we recover the familiggy term in Eq.(5)],

but is nonvanishing for a restricted class of AJJ's to be de-
fined in Sec. Ill. The current drive modificatiof3 will be
seen to be the consequence of a modulation of the tunnel
current density flowing through the weak link caused by Ber-
ry’s phase’. We will see, however, that the total current
through the weak link is unaffected, and remains equal to the
bias current fed into the junction.

As discussed in the Appendix, the termsSg;¢,, respon-
sible for producing the driving force on a vortex in the weak
link originate in the actionss; (i=1,2) and are the terms
which are linear inV,y; [see Eq.(A7)]:

h
sdr(i>=fdtd3xi(—£ (ir+Aie) Veyi. (D)
sc2

HereAjg= — p<ero(t), and it is shown in the Appendix to be
a consequence of Berry's phase. Using an identity from vec-
tor calculus, we can rewrit8;,(i) as

. h
FIG. 2. Coordinate system for a planar annular Josephson junc- Sar(1)= j dt dgxi( - %)

tion containing a single vortex with magnetic flux aloag The
closed loop is a schematic representation of the screening currents X[V, {yi(jt+Ajg)}— vV, (jt+Ajg)]. (8)
circulating around the vortex center.

. . . . The second term in the integrand acts locally and is restricted
The choice of sign on the right-nand sieHS) corresponds to the interior of superconductor Consequently, it does not

to the two directions in which current can pass through thei\nfluence the dynamics of the Josephson phasey, — v,

weak linkjr==n, andl is the critical current for the AJJ. \yhich is determined by interactions at the superconductor
This equation of motion can be obtained variationally frompqndaries which are adjacent to the weak link. The first

the action term, however, converts into a boundary te8gy(i) through
1 1 the divergence theorem and thus will influence the dynamics
— of vy:
Sy—f d7d?,|5(.7)%= 5(Viy)? Y
. h ) ) R
—<1—Cosv>il37} () Sbt<|>=fdtdle(—%){yi(wmmni(s). 9)

Note that, because the magnetic flux is assumed to point
alongz, it follows from Eq.(2) that the Josephson phage Here n;(s) is the outward normal to superconductaat po-
=vy(l,7) only depends oh=s/\; and 7=w,t, and is inde-  sition s=R# along the annular weak link. From Fig. 2,
pendent of heighz. Thus (V, y)?=(v/4l)? and the inte-  { (s)=—f,(s)=r(s). It is clear from the derivation that the
gration over height simply gives the assumed helght cyrrent density=j+Ajg appearing in Eq(9) flows at the
It is clear that theBy term within the square brackets in poyndary surface of superconduciorts projection along
B o Scom o ur 1 MO () e he e urentdens witin
Y .~ sign), while its component along the tangent plane contrib-
system of two superconductors coupled through a weak lin utes to the supercurrent flowing parallel to superconductor
i's surface. This contribution to the surface supercurrent
Smicro= S1 2+ Sint ©) originates inAjz which has both a normal and :Esurface
HereS, (i=1,2) is the BCS action for thigh superconductor componentsee Sec. Il & Note, however, that only the nor-
[see Eq.(A6) in the Appendig, and S,,, describes the Jo- Mal component of exits the electrode and enters the weak
sephson and capacitive coupling of the two superconductoﬂ'éﬂk- o
across the weak link. We will now carry out the microscopic  The current drive actiois.q is the sum of the boundary
derivation of the current drive contribution ®,, and will ~ termsS;(i):
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gd:Sb (1)+S(2) class of AJJ’s which will be defined in Sec. lll. For this class
¢ ! ‘ of AJJ’s, the junction actior®, includes both contributions
5 h ) . - to Scd,
= | dtdx, % (JrtAjp)-r(s)|{(y1—72)
h - S =fd g | = Q)Z—E(V )2—(1—cosy)
:f dtd%( B E)[UﬁAJB)-r(s)]y. (10 =) T2l T2 Y
It is clear from the final line in Eq(10) that the vortex drive " 1+f0'J'AT (14)
is produced by the normal component jofand that this =By vr ||
normal component receives a Berry-phase-induced contribu-
tion Ajg-r(s). It is important to note that the flux akj;  and the equation of motion is
through the weak link vanishes:
&Z'y 0727
N[ - — ———+siny=*x[B+8B8(I,7)]. 15
AIB=JO dzJO RAO[Ajg 1(6)] o2 gz TSiny==1B+ 5B 7)] (15)

[Recall thaty= y(l,7) since the magnetic flux is assumed to
point alongi.] The sign choice on the RHS corresponds to

. . . jr(N==r(l). We see that the current drive includes the spa-
Thus the total current flowing through the weak link remamsJtially inhomogeneous madificatios3(l, 7) which is a con-

equal to the bias curreihias it should. From Eq11), we see . R
that the Berry phase contribution to the tunnel current den§equence of the current density modificatidjy produced

} o R ) o by Berry’s phase:
sity, Ajg-r(s), is simply a spatial modulation ¢f, enhanc-
ing it in one region by reducing it in anothésee Sec. 11 C B Aj
for further discussion sB(1,7)= v_;o( 7)-jr(Hh=j(1)- J_B_ (16)
T c

_ . 27 R
= ~\R(psero)- | d6T(6)=0. (12)

B. Current drive modification R
Sincej+(l) is always normal to the local junction plane, we

We now show how the component dijs along r(s) see that it is the component dfjz alongr(l) which is re-

Ferscijrllj?haz agaid;{rkanon of the current drive acting on a Vor'sponsible for the current drive modificatia¥B(l,7) as al-

We begin by extracting the dimensionful quantities Onready anticipated in Sec. Il A. Note that our derivationsgf
= ) T made no assumptions about whether the AJJ is SNS or SIS.
which S¢q depends. Recalling thgt=jrjr, jr=psl€lvr,  Consequently, the derivation applies to both cases. As will
andAjg= —pgery, it follows that be discussed more fully in Sec. Ill, a class of AJJ's can be
. defined for which the scalar product appearingsjg does
— 5 [T de iTl~ Tol - not vanish. There we will discuss more fully the conditions
Scd:f dtdx, 2lel/| 3. JT+; T(s)|y needed foréB to be observable in this restricted class of
¢ AJJ’s at finite temperature.
EJ)\§ 5 Equation (15) determines the dynamics of a restricted
=\ "w f drdl, . (12 class of AJJ's aT =0 (see Sec. lll, and recall thatj was
determined aff =0 in the Appendix At finite temperature,
HereE;=%J./2|e| is the Josephson coupling energy per unitdissipation and spectral flow will act to modify the dynamics
area,J. is the critical current density of the AJJ, and we noteof this equation. Dissipation is produced by normal currents
that B=1/1.=j1/J;. The integral on the final line is the which (a) pass through the weak link @db) flow at the sur-
dimensionless current drive acti®. Noting thatjr(1)= f_aceg% the superconducting electrodes parallel to the weak
+r(l) since the bias current can flow through the weak Iinkl'nk.' T As W'I.I _be discussed in Sec. Il spectral flow is not
in either of two directions. we have that active at sufficiently _Iovy temperatures. Thus, for §uch low
' temperatures, only dissipation modifies the dynamics of Eq.

By r(l)

S fO
+_
IT e

R (15)
5 fo-Jt
scd=fd7d | =8yl 1+ ) . (13)
ur
Py Py gy 3y
The second term in the integrand is due to the Berry phase ﬁ‘ﬁ*‘s'” y==*[B+ 5,8(I,7-)]—a5+b(9l 25,
modificationAjg in Eq. (10). For a LJJj7 is always orthogo- 17)

nal tor, (see Sec. Il for a further discussipiConsequently,

the Berry phase contribution 8.4 vanishes identically and Here dissipation due to normal currents flowing through
Scq reduces to th@y term in Eq.(5) as it should. However, (parallel t9 the weak link produces tha (b) term on the
the Berry phase term iB.4 does not vanish for a restricted RHS.
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FIG. 3. Bias current density;(I) and the Berry-phase-induced
current densityAjg for a vortex moving in the+ @ direction. Ajg
points in the same direction ag sinceAjz= —pgev, ande<0.
Note thatAjg is drawn inside the weak link to make the figure
easier to examine. Only the componentAgg normal to the local
junction plane flows inside the weak link. The componeniAg
parallel to the local junction plane flows inside the junction
electrodes—it doenot flow inside the weak linKsee Sec. Il A

C. Nature of current drive modification

of the current drive8— B' = B8+ 88(l, 7). From Eq.(16) we
see thatég is proportional to the component dfjg along

r(1) (viz., normal to the local junction planeWe now show

PHYSICAL REVIEW B 63 104511

If the vortex center is ab’(7) at time 7, then

(19

wherev (7) is the vortex speed at time Plugging Eqs(18)
and (19) into Eq.(16) gives

Aol Gitor(m— a1,
vr

From Fig. 3 we see that the region ahead of the vortex cor-
responds t@> 6’ (1) so thaté3<0 ahead of the vortex. For
the region behind the vortexy< 6’(r), so thaté8>0 be-
hind the vortex. At the vortex cent¢p=6'(r)] and at the
center's antipode[ =60'(7)+w], 68=0. Thus B'=p
+ 6B is reduced ahead of the vortex, enhanced behind it and
unchanged at the vortex center and its antipode.

One can also arrive at these results for the spatial depen-
dence oféB by examining Fig. 3. Since the electric charge

e<0, Ajg=—peer, is parallel to the vortex velocity,
=v, . In this figure we drawAjg at a position ahead of, and
behind, the vortex. To make the analysis which we are about
to present easier to follow, we have drawg inside the
weak link. As is clear from the figureAjg generally has
components both normal and parallel to the local junction
plane. As discussed in Sec. Il A, the parallel component
flows inside the junction electrodes as part of the surface
supercurrents. It is vital that the reader be clear on this point:
the parallel component &z doesnot flow inside the weak
link—it flows inside the junction electrodes. On the other

ro(7)=v,(7)[—sind’(7) X+cosé’ (7)y],

op(o, )= (20)

._hand, the component afjz normal to the local junction

Blane doesflow inside the weak link. It contributes to the
tunnel current density which continues to be everywhere nor-
mal to the local junction plane. The reader should not be
misled by the way we have drawjg into thinking that the

that 5 is spatially varying, and that for comparable situa-tunnel current density has a component parallel to the local

tions, its spatial dependence for a vortex moving in the

direction is exactly the opposite of what it is for a vortex

moving in the— @ direction.

junction plane; it does not.
Keeping these remarks abatfg in mind, Fig. 3 shows
Ajg at an arbitrary point ahead of the vortex, and we see that

In an AJJ, we note that the position of the vortex centerthe normal projection ofj is negative Ajg-j+(1)<0, so
and its antipodal point on the annular weak link divide thethat the effective current drive’ = 8+ & is reduced ahead

weak link into two half-circles. For a moving vortex, we will

of the vortex. Figure 3 also showsjg at an arbitrary point

refer to the half-circle into which the vortex enters in the behind the vortex. It is clear that the normal projection of

following instant as the region “ahead” of the vortex, while
the other half-circle will be referred to as the region “be-
hind” the vortex.

1. Vortex moving in the+ @ direction

In Fig. 3 we show a vortex with magnetic flux alomg
moving in the+ 6 direction. The bias current flows such that

jt(1)=—r(1). One can show using either of the two heuristic

approachesglLorentz or Bernoulli described in the Appendix

thatj; does positive work on the vortex causing it to speed

up. Let L be the circumference of the AJJ, so thlat
=L(6/27), and @ is the polar angle in ther(6) polar coor-
dinate system detailed in Fig. 2. Then,

j1(6)=—[cosfx+sindy]. (18

Ajg is positive at this pointAjB-fT(I’)>0, so thatB’ is
enhanced behind the vortex. At the vortex cenig¢g and

j+(1) are clearly perpendicular so tha&’ =2 at this point
and also at its antipode. At the two points on the weak link
midway between the vortex center and its antipaljg, and

jr are either parallel or antiparallel. Thisg| is a maximum
at these two points. This is in agreement with the above
analysis based on EO).

2. Vortex moving in the— @ direction

In Fig. 4 we show an AJJ containing the same vortex as in

Fig. 3, only moving in the- @ direction. Assume again that
the vortex center is &’ (7) and has speed, (7) at time 7.
To produce a situation comparable to that in Fig. 3 in which

jt does positive work on the vortex, we must hzf\fél)
=r(l). The argument leading up to E(R0) also works for
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B
53('17):;JT(|)'r0(t)- (21)

Up to this point, besides requiring=0, we have also re-

quired the weak link and electrodes to be in the clean limit

and the weak link to be of uniform thickness. We now show

that further restrictions are necessangp is to be observ-
3, able at finite temperature.

The first point to notice is the sensitivity af8 to the
geometrical arrangement of the superconducting electrodes
in the AJJ. In particular, because of the scalar product
jt(1)-ro(t) in Eq. (22), 58(1,7) will vanish for a physically
uninteresting reason if the geometrical arrangement of the
electrodes constrains(l) to be everywhere perpendicular to

ro(t). This situation occurs in the traditional linear Joseph-
son junction and in the well-known Lyngby A33.

(i) In the case of the linear Josephson junction, if we set
FIG. 4. Bias current density; (1) and the Berry-phase-induced up our coordinates so that the direction across the weak link

current densityAjg for a vortex moving in the- 6 direction.Ajs  n=x and the magnetic flux of the vortex lies alomgthen
points in the same direction ag sinceAjs=—psev, ande<0.  the junction geometry constrains the vortex to move along
Nott_e thatAjg is drawn inside the weak !lnk to make the figure the y axis. Thuszz +% and fo(t)va(t))A/, and clearly
easier to examine. Only the componentAg§ normal to the local . . . .
junction plane flows inside the weak link. The componeniAd J7-To(t)=0. Thus58=0, and the Curr_ent drive modlflcatl_on
parallel to the local junction plane flows inside the junction due to Berry’s phase does not contribute to the dynamics of

electrodes—it doenot flow inside the weak linksee Sec. Il A a linear Josephson junction.
(i) For the Lyngby AJJ, the electrodes have an overlap

the present situation, though withy——r, and j(6) structure so thaty(I) = %z, while ry(t) is constrained to lie

- . L in the x-y plane. ThussB=0 for all values ofl, and it pro-
— —I1(#), so that53(6,7) is again given by Eq(20). Note o n>c/) peffect in the ’gynamics of the Lyngby AJJ. P

that this time, however, the region ahead of the vortex cor- e
' ! We see that if53 is to produce observable consequences
! L]
responds t@< ¢'(7) so thatg>0 ahead of the vortex. The we must restrict ourselves to AJJ’s whose electrode arrange-

region behind the vortex now correspondsé&o 6'(7) so - : ,
that 58<0 behind the vortexs8 again vanishes at the vor- Ment ensures thag(l) - ro(t) #0 for some values of. This

tex center and at its antipode. Th@s is enhanced ahead of requirement on the electrode arrangement defines the re-

the vortex, reduced behind the vortex, and unchanged at thicted class of AdJ's alluded to in Sec. Il. Any attempt to
vortex center and its antipode. observespB must be done using an AJJ belonging to this

Figure 4 showsAjg at an arbitrary point ahead of, and restricted class to insure thaB does not vanish for trivial

behind, the vortex. The above remarks related to the drawinffaSons: We now provide two examples of AJJ's which be-
of Ajg inside the weak link also apply to Fig. 4. From the [oNg to this restricted class.

figure we see thahjg-j-(1) is positive ahead of the vortex, (). In the planar AJJ shown in Figs. 1-f(1)==r(l)
negative behind it, and vanishes at the vortex center and i8nd ro(t) = (vx(t), vy(t), 0) so thatj(l)-ro(t)#0 at all
antipode. Thus the effective current driy@ is enhanced Points on the weak link except the vortex center and its an-
ahead of the vortex, reduced behind it, and uneffected at théode[see Eq(20)]. Thus54(1,7) #0 for this AJJ.

vortex center and its antipodiei| is again maximum atthe (i) The cylindrical AJJ of Kuwadat al* is another AJJ
two points midway between the vortex center and its antifor which 88(l,7)#0. Here jr(I)==r(l) and ro(t)
pode. This again agrees with the preceeding analysis based(v,(t),v,(t),0) so thatss(l,7) is the same as for the pla-
on Eq.(20). nar AJJ.

We see that under comparable situations, the two direc- Having defined the restricted class of AJJ's in which
tions of vortex motion produce current drive modifications §8(l,7) is not trivially quenched by a poor choice of elec-
J which are exact opposites of one another. This is a diredrode arrangement, we now examine the consequences of
consequence of the sensitivity of Berry's phase to the vortexpectral flow for the observability afs.

velocity r,. In the Appendix we show that in a clean superconducting
film at T=0, Berry's phase produces a contribution to the
IIl. NECESSARY CONDITIONS EOR OBSERVABILITY nondissipative forceF,4 acting on the vortex. Volovik

pointed out that the existence of quasiparticle states bound to
We have shown how Berry’s phase leads to a modificathe vortex core would strongly influence the observability of
tion 68(l,7) of the current drive acting on a vortex &  the Berry phase contribution #,4. In the presence of non-
=0: zero temperature or impurity concentration, these levels are
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broadened. When this broadening is roughly the same size aypically, \;~10 3 m and d~10' m so that T,

the interlevel energy spacing, Volovik argued that vortex~0.1 mK. It is important to remind the reader that this es-
motion would drive the levels adiabatically across the Fermiimate is appropriate for a clean SNS AJJ. Note however that
surface(spectral flow, producing excitations in the vortex T, decreases with increasing impurity concentration so that
core. In the hydrodynamic limit, this nonequilibrium popula- for sufficiently dirty junctions;T, =0. Having made this ca-
tion of the core states is quickly relaxed by interactions withveat about the importance of cleanliness, our estimafg, of
the lattice, causing momentum to be transferred from theaises the hope that the crossover in the junction dynamics
vortex core to the lattice. This spectral-flow-induced momen-produced by activation of spectral flow &, might prove
tum transfer produces a force on the vortex which is found tebservable. Elsewher@we present the results of a numeri-
be nearly equal and opposite to the Berry phase contributioBal evaluation of thé-V characteristics for a planar SNS AJJ
to Fng.*® Thus, in the hydrodynamic limit, the Berry phase for T<T, . In this temperature rang8g is small, but non-
contribution toF4 is masked by spectral flow. Specifically, zero, and we examined the modifications that appear in the
the linear momentum that enters the vortex core due to Berry.v curves aséB is varied. We find that’g (i) shifts the
phase processes is transferred to the lattice with nearly pegritical value of the bias current at which the AJJ switches
fect efficiency by spectral flow so that the core retains effecand i) introduces lateral shifts in the vertical steps appear-
tively none of the momentum sent in by Berry’s phase. In theing in the |-V curves at large bias current. Both effects are
collisionless limit, however, level broadening is negligible, found to be sensitive to the sense of vortex motion around
relaxation processes are slow, and spectral flow does nehe AJJ and provide a clear experimental signatureS@f
occur®=®If 7 is the characteristic relaxation time for the core These shifts are shown to be consequenced)othe Berry
states and\E their characteristic energy-level spacing, thenphase modulation of the tunnel current densiB), the ap-
activation of spectral flow occurs when~r7, =A/AE so  pearance of a region of reversed magnetic flux at the trailing
that the level broadening/7 is of order the level spacing edge of the vortex core at large bias current in junctions with
AE. A clean superconductor at low temperature is in theb-type dissipatiorisee Eq.(17)], and (3) Bernoulli's theo-
collisionless limit so that spectral flow does not occur due tarem. We refer the reader to Ref. 15 for a detailed presenta-
insufficient level broadening. Thus the Berry phase contribution of these results.

tion to F,,4 is not masked and can influence vortex motion. A

dirty superconductor at sufficiently high temperature is in the

hydrodynamic limit so that spectral flow is active and leads IV. SUMMARY OF ESSENTIAL POINTS

to a masking of the Berry phase contributionRg,. Thus a

crossover is expected in the dynamics of vortices when  In this paper we have shown in detail how Berry’s phase
~1, : for 7>, (collisionless limi} there is no masking of leads to a modificatiodB(l, 7) of the current drive acting on
Berry phase effects by spectral flow aFigy has the Magnus @ vortex in a restricted class of large AJJ's at sufficiently low
force form (see the Appendix while for <7, (hydrody- temperatures5(l, ) was shown to be a consequence of a
namic limit) Berry phase effects are masked by spectral flowmodulation of the tunnel current density flowing through the
andF, 4 has the Lorentz force form. This scenario is consis-Weak link caused by Berry’s phase.

tent with earlier work by Sonii and by Kopnin and We discussed at some length the circumstances which in-

Kravtsov!* fluence the observability o68. The following restrictions
Makhlin and Volovi€ have argued that spectral flow were seen to be essential for a nonvanishiyy

similarly influences the observability af3(l,7) in an SNS (i) To ensure thabpg is not trivially quenched, the geo-

AJJ. As in the case of a superconducting film, activation ofnetrical arrangement of the electrodes in the AJJ must en-
spectral flow requires sufficient level broadening, only thissure thaj(1)-rq(t)#0 for some values df Two examples
time of quasiparticle states localized to the normal metailvere presented of AJJ’s that satisfy this condition.

layer which acts as the weak link in the AJJ. FaleanSNS (i) To ensure that spectral flow does not ma#k it is

AJJ, spectral flow can only be activated thermally. As in thenecessary that the electrodes and weak link be in the clean
preceding discussion, at sufficiently low temperatures, spedimit and the temperature be safely below the crossover tem-
tral flow will not occur in a clean SNS AJJ, ani3 is ob-  peratureT, at which spectral flow can be thermally acti-
servable. Above a crossover temperatlife, spectral flow vated.

will occur, causingéB to be masked and thus unable to  (iii) To ensure that the vortex is not pinned or scattered by
influence vortex motion in the weak link. It is possible to inhomogeneities in the thickness of the weak link, the weak
crudely estimate the crossover temperaflife The quasi- link is required to be of uniform thickness. Such inhomoge-
particles localized on the weak link populate Landau levelseities are expected to predominantly influence the junction
with energy spacindAE=#%w., wherew,=eB/mc is the  dynamics at small bias currents. They will be less significant
cyclotron frequency. The flux associated with the vortex,at larger bias currents which are sufficiently energetic to de-
¢o=hcl2e, is concentrated in a region of ar@gd so that pin the vortex.

B=¢,/\,d. The crossover is expected to occur when the In a separate papé&twe examine numerically the conse-

thermal energkT, is of orderAE so that guences obB on thel -V characteristics of a planar SNS AJJ
5 for T<T, . We find clear experimental signatures&s in
T ~ h 22) the I-V curves, and provide an explanation of the physics
* Aamkn,d” underlying these Berry phase effects.
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ACKNOWLEDGMENTS drive modification discussed at length in Sec. Il. It is worth
pointing out that Ref. 16 explicitly assum&d=0 and a van-
ishing impurity potential. Consequently, the conclusion
reached there regarding the Berry phase contribution to the

APPENDIX: BERRY'S PHASE AND VORTICES nondissipative force only applies in the low-temperature,

IN A TWO-DIMENSIONAL SUPERCONDUCTOR clean limit. As dls_cusse_d in Sec. lll, at sufficiently high tem-
perature and/or impurity concentration, spectral flow pro-

In this appendix we summarize the argument which indi-duces a masking of this Berry phase contribution to the non-
cates that, under appropriate restricti¢sse below, Berry's  dissipative forcé:®> The original realization that Berry’s
phase will cause a modification of the superflow associateghase can influence vortex motion in a superconductor is due
with a transport current that flows past a moving vortex in ato Ao and Thoules’
superconducting thin film. We then relate this superflow We begin by restricting the following analysis to an
modification to the nondissipative force acting on the vortexs-wave superconducting thin film. The dynamics of the Bo-
For a more detailed presentation, the reader is referred tgoliubov quasiparticleSBQP’s) is governed by the Bogoliu-
Ref. 16. This flow modification is the origin of the current bov HamiltonianHg[ r]:

I would like to thank T. Howell IlI for continued support
and Subodh Shenoy for encouragement.

1/ e \?
>m —IﬁV—EA —E;+Ug(r) A(r—rop)
Hglrol= 1 e
A*(r—=rop) ——(ihV——A
m C

HereA is the vector potential associated with the magneticanalysis ofS.4 given in Sec. 1l B] The BCS ground state is

field H, andE; is the Fermi energyUo(r) is the impurity  formed by occupying all energy eigenstates VBf<E; :
potential which we assume vanishes so that we are limiting

ourselves to the case of a clean superconducting film. Later

we will further restrict ourselves t&=0. HereA(r—r,) is |BCS>fo:1_n[ 7ni10). (A2)

the superconducting gap function, angmarks the location ] o

of a vortex in the superconducting thin film. For this The subscript on the BCS ground state indicates that the
case, the gap function takes the fort(r—ry)=Aq(|r  Vortexis located at,. .
—ro])exd—i6(r—rg)]. The gap amplitude, vanishes at For a moving vortex, the vortex trajecto_ryg(t) causes
the vortex centerr(=r), and reaches its bulk value within a the Bogoliubov Hamiltonian to become time dependent:
coherence length of the vortex center. The gap phase HB[rp(t)]. Typically, vortex motion is suff|C|e_ntIy slow t_hat
=—6(r—rg) is (to within a sign the azimuthal angle(r this time dependence can be considered adiabaEgplicit

. . . H 6
—rg) of r relative tor,. Consequentlyg is not single val- calculatiort® shows that a Berry phasé, (not to be con-

ued, but changes by/2asr winds around . fused with the gap phasg) is generated in the instantaneous
For a stationary vortex, the eigenfunctiogs(r —ro) of ~ €nergy eigenstatesufv,) —exfign](uwy). From Eq.(A1),
Hg[ro] depend explicitly orry: this causes y,; to inherit (minug this phase: yy,
—exd —i¢,]yn . Consequently, from Eq(A2), the BCS
Un(r —ro) ground state develops a Berry phdse
n
r—rg)= . .
Xa(r=To) vn(r—ro)) |BCS)—>exp{|I‘]|BCS>r0(t), (A3)

The creation operatoy,,, for an energy eigenstate with, where,

<Ef is
F:_; ®n
— d3 .t LI + * (v ,
Tl f XL=9i(Non (F=ro) + 4, (N (r=ro)] Explicit calculation give
(A1)
3 1 e
where 4(r—ro) (s=1,|) are the field operators for the == [ dtdpg5dy+ & (A4)

Landau quasiparticlegNote that, although we are consider-
ing a thin film, we include thépassive height dimension of Here y=¢—(2e/#ic)[*dl-A is the gauge-invariant gap
the film in the integration measutEx. This ensures that we phase, and= — [*dI- E=A,+ (1/c) [*dI- A is the emf.pg is

do not overlook the height contribution to the dimensionalthe T=0 superfluid density, and it has arisen because we
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have focused on the BCS ground state. Consequdnttgn Vr

only depend on th& =0 properties of the superconductor. It Veire
is because our calculations are based on the BCS ground

state that our results are restricted Te=0 as mentioned @
earlier. It is a simple matter to show that/R)d;y+eé

=(h12)d;p+eh, so that Eq.(A4) agrees with Eq(20) of V1

Ref. 16.

To see how Berry’s phase is able to influence the dynam- . . .
ics of the BQP’s, wg exl;mine the condensate effectiveyaction '.:IG' 5 qumd.ynam'c forcdr acting on a vortex with mag-
S _netlc flux pointing into the page due to a _super_ﬂmw The screen-

ing currents produce a superflow;,. which circulates counter-
i clockwise around the vortex core.
ex;{ﬁ 8] =rom(BESU(T.O[BCS 1 0). —ro(t)) so thatd,y=—ro-V,y. The second appears in the
Note that becaus8 is defined in terms of the ground-state- Stiffness term- mPsV§_/2- In fact, S'”Ca’gz(VT”LVcirc)Z_' the
to-ground-state transition amplitude, we are again explicitlycross term 21 - Veirc gives rise to the second term of interest:
restricting our results tF =0. Because of the adiabatic time — (Ps#/2)vy-V,y. Thus the action associated with the vortex
dependencel(T,0) propagates$BCS), (o) into [BCS), (v drive is

to within a phase factor which is fixed by the quantum adia- psh .
batic theorerh Sdr=f dt d®x —T(VT—I’O)-VQ/}
i (T
U(T’°>|BCSMO):eX’{iF‘ﬁfO tho(t)hBCS%o(T)- =f dtd3X<—;)(PSGVT_PsefO)'VrV
(A5) )
Projecting Eq.(A5) onto |BCS),O(T) yields the effective ac- :f dtd3x< - i (jr+Ajg)-V,y. (A7)
tion S§*° 2e
We see that the ground-state Berry phdséias led to a
S=hil'+S; modification of the current density which couples to the vor-
. i mps tex: jr—jr+Ajg, WhereAsz—psefo. N_ote that sincee
:f dtdx _95(5‘7t7+ ef| -~ —5 Vs <0, Ajg is parallel to the vortex velocity,. In Ref. 16 it

) was shown tha§y, causes thénondissipativedriving force
1 F,q to act on the vortex:
+§{(H_Hext)2_E2} . nd

+N(0)(g&t'y+ eé

psh . -
(AB) Fra=— (V= ro) X2z (A8)

Herevs(() is the velocity fielq ass_ociated with the superﬂow Thus, for a clean superconducting film Bt 0, the nondis-
present in the superconducting film, aN@0) is the single-  sjpative driving force acting on a vortex has the Magnus
particle density of states evaluated at the Fermi enéigy, force form with the contribution proportional f@xi having

is the externally applied magnetic field, is the local mag- . S .
o . P " its origin in the BCS ground-state Berry phake As dis-
netic field, anckE is the electric field produced by the moving cussed in Sec. Ill, the Berry phase contribution s

vortsx. Wte S%e t?at thetlggrré/ .prl?]Eenot\)/;/ e;ppeﬁlrs N trt'ﬁ masked by spectral flow effects at sufficiently high tempera-
condensate effective acti@and is thus able to influence the | " -4/ impurity concentratidry

s o o ookt ¥ We ciose by presening o heursic anayses of e
yp s =0 clean limit form ofF,4 which we have found instructive.
Lagrangian. That Berry’'s phase can enter as a term in a .
. o ‘ (1) We rewrite Eq.(A8) as

low-energy effective Lagrangian is well knowh;such a
term is known as a Wess-Zumino term. 1 )

Imagine now that a transport currgst= p.evy is passed Fna=7 (ps€VT—psero) X
through our superconducting film. This current adds to the o _ _ . _
screening currerjt,c = pseVeirc Which circulates around the wherej=jr+Ajg, and @ is the magnetic flux associated
vortex core, and here,;,.= (#/2m)Vy. Thus, the total ve- With the vortex. Thus one can considéfy as the Lorentz

locity field isvg= v+ V... This corresponds to the physical force acting on the vortex, although the current dengity

heol2 L @, (A9
_ﬁz =X, (A9)

situation encountered in a Hall effect experiment. which couples to the moving vortex contains a Berry-phase-
The terms inS which are linear inV,y determine the induced modificatiom\jg= — ps€ry.
driving force which acts on the vortefThis force is distinct (2) In Fig. 5 we show the superflow associated with the

from dissipative or pinning forces which may also act on thetransport currenj;. The magnetic flux of the vortex points
vortex) Two such terms appear B The first appears in the into the page so that the screening superfloyy. circulates
Berry phase contribution t& This follows sincey= y(r counterclockwisej(i,. flows clockwise. It is clear from the
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figure that the transport flowy enhances the circulating flow AVg
V.irc below the vortex and reduces it above. Thus, by Ber- <

noulli’'s law, the transport current produces a hydrodynamic v

force F; acting downward on the vortex. Formally, this force
is given by the Kutta-Joukowski force so thf=mpgvy

X I'=(psh/2)vy X z, wherel'= (h/2m)z is the circulation as-
sociated with the vortetnot to be confused with the ground-

state Berry phasE). In Fig. 6,r is the vortex velocity, and

the Berry phase modification of the flow velocitphvg
=Ajg/pse=—

ro, is Shown passing the same vortex that ap-

AV,

FIG. 6. Hydrodynamic forcd-g acting on a vortex with mag-

pears in Fig. 5. A Bernoulli analysis of the situation depictednetic flux pointing into the page due to the Berry phase modification

in Fig. 6 shows that a hydrodynamic for€g acts on the

of the superflowAvg=—r,, wherer, is the vortex velocity. The

vortex due to the Berry phase modification of the superflowscreening currents produce a superfiayy, which circulates coun-
Avg. The direction ofFg is shown in Fig. 6, and here the terclockwise around the vortex core.

Kutta-Joukowski force isFg=mps(—ro) X I'=—(psh/2)rg

x z. Thus the total hydrodynamic for@g,yq is the sum of
andFg,

psh . -
thdZT(VT_ o)Xz, (A10)

reproducing the vortex driving force in EGA8).

In both of these heuristic analyses, it is the Berry phase
modification of the superflow passing over the vortejg
that gives rise to the portion @4 which is proportional to

roXz As shown in Sec. llAjg is the origin of the Berry
phase modification of the current drive acting on a vortex in
a restricted class of large annular Josephson junctioh at
=0. As discussed in Sec. lll, at sufficiently high tempera-
tures, this Berry phase effect is masked by spectral flow.
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