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Berry phase modification of the current drive in a restricted class of large annular Josephson
junctions at low temperature
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We examine how Berry’s phase influences the motion of vortices in a restricted class of large annular
Josephson junctions at sufficiently low temperatures. We show that the essential physical effect produced is a
modulation of the tunnel current density passing through the junction which, however, leaves the total current
through the junction unaffected. The tunnel current density modulation is seen to produce a spatially inhomo-
geneous modification of the current drive which acts on a vortex residing in an annular junction of this
restricted type. We discuss the circumstances under which this current drive modification vanishes, and provide
an estimate of the temperature at which its effects will be masked by spectral flow.
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I. INTRODUCTION

Previously,1 it has been argued that Berry’s phase2 will
influence the motion of vortices in a large annular Joseph
junction atT50. In this paper, we provide the details of th
argument, and discuss the conditions under which this B
phase effect is expected to be observable. We will see
two restrictions are essential for an observable effect.
first is that the electron dynamics is in the collisionless lim
so that spectral flow3–6 will not mask the Berry phase effec
which is the focus of this paper. The second requires that
annular Josephson junction belong to a restricted class w
we define explicitly later in this paper.

For a current-biased annular Josephson junction~AJJ! sat-
isfying the above restrictions, we will see that Berry’s pha
causes a modulation of the tunnel current density.7 It is worth
noting, however, that the total tunnel current through
junction is uneffected, and remains equal to the bias cur
fed into the junction. Formally, the manifestation of the tu
nel current density modulation is a spatially inhomogene
modification of the current drive acting on a vortex in t
junction. Examination of the explicit form of the curren
drive modification shows that it vanishes identically for
traditional linear Josephson junction, as well as for the w
known Lyngby AJJ. We provide two examples of AJJ’s f
which the current drive modification does not vanish.

To ensure that the electron dynamics is in the collisionl
limit, we specifically require that~1! the electrodes and wea
link that make up the AJJ be in the clean limit,~2! the weak
link have uniform thickness, and~3! the temperature be suf
ficiently low as to rule out activation of spectral flow v
thermal effects. We provide a more quantitative discuss
of condition ~3! later in this paper.

The structure of our presentation is as follows. In Sec
we demonstrate how Berry’s phase causes a modulatio
the tunnel current density passing through a current-bia
AJJ,7 and how this modulation in turn produces a modific
tion of the current drive acting on a vortex in the junctio
Section III examines the conditions under which the curr
drive modification is expected to be observable. This disc
sion explicitly defines the restricted class of AJJ’s for whi
0163-1829/2001/63~10!/104511~10!/$15.00 63 1045
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the current drive modification does not trivially vanish,
well as elaborating on the conditions needed to ensure
absence of spectral flow. Section IV provides a summary
the essential results found, while in the Appendix, we p
vide a brief review of how Berry’s phase influences the m
tion of the superconducting electrons present in the e
trodes that feed current into the AJJ. It is this Berry pha
effect which ultimately causes the current drive modificati
discussed in Sec. II.

II. BERRY’S PHASE AND THE CURRENT DRIVE AT TÄ0

In a Josephson junction, two superconducting electro
are coupled through a weak link which often is either~i! a
normal metallic layer that separates the superconduc
electrodes~SNS junction! or ~ii ! an insulating layer which
provides the separation~SIS junction!. This coupling of the
superconductivity of disjoint superconductors across a w
link originates in an interaction energy between the sup
conductors which is sensitive to the difference in values
the gap phases of each superconductor,g5g12g2. The dif-
ference in phase valuesg is known as the Josephson pha
and it is the sole low-energy degree of freedom of the ju
tion. g is highly sensitive to magnetic fields, resulting
screening effects which occur on a length scalelJ known as
the Josephson penetration length. Junctions whose weak
has a transverse lengthL@lJ are referred to as large Josep
son junctions. In a large Josephson junction magnetic
can penetrate into the weak link in localized regions kno
as fluxons or vortices. In this paper we restrict ourselves
large annular Josephson junctions in which the weak link
an annular geometry.

It is well known8 that the dynamics of an isolated ide
large Josephson junction is governed by the sine-Gor
equation

]2g

]t2
2¹'

2 g1sing50. ~1!

Here~1! t5vJt is the dimensionless time measured in un
of the inverse Josephson plasma frequencyvJ

21 , ~2! the po-
sition along the surface of the weak link is parametrized
©2001 The American Physical Society11-1
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FRANK GAITAN PHYSICAL REVIEW B 63 104511
the dimensionless coordinatel'5x' /lJ , and ~3! ¹' is the
gradient operator with respect tol' . It is important to note
that this equation applies to all types of isolated ideal la
Josephson junctions~SNS, SIS, etc.!. In fact, as Josephso
showed, the necessary ingredients for its derivation are A
père’s law, together with the fundamental Josephson re
tions

\vJ

2e

]g

]t
5V,

1

lJ
¹'g5

2ed

\c
H3n̂. ~2!

Equations~2! express the fundamental sensitivity ofg to
voltageV and magnetic fieldH. Hered is the magnetic thick-
ness of the weak link, andn̂ points across the weak link from
one superconducting electrode to the other, and consequ
is orthogonal tol' . Equation~1! can be obtained variation
ally from the sine-Gordon actionS0:

S05E dt d2l'F1

2 S ]g

]t D 2

2
1

2
~¹'g!22~12cosg!G . ~3!

In reality, one never encounters an isolated ideal Joseph
junction. For a real junction, the dynamics of Eq.~1! will be
modified by a number of physical effects.9,10 The first modi-
fication is due to nonuniformity in the thickness of the we
link arising from imperfections in the fabrication process.
simplify the analysis below, we assume that junction fab
cation was done with sufficient care that this type of mo
fication is small and can be ignored or, if necessary, trea
perturbatively. Thus we explicitly restrict ourselves to cle
weak links of uniform thickness. The second type of mo
fication is caused by dissipative processes occurring in
junction. Dissipation arises from normal currents pass
through the weak link and from normal currents which flo
at the surface of the electrodes transverse to the weak
These effects occur at finite temperature and their contr
tions to Eq.~1! will be included later in this section. Th
final type of modification we consider arises when we co
nect the junction to a current source. This drives a bias c
rent through the weak link which accelerates any vorti
present within the link. The bias current contributes a driv
term to Eq.~1! which is known as the current drive. In th
section we will show that for a clean AJJ of uniform thic
ness atT50 the current drive includes a Berry-phas
induced modification. It will be clear from the derivation th
the current drive modification will appear in both SNS a
SIS AJJ’s. In Sec. III we will see that further restrictions a
necessary if the current drive modification is to be obse
able at nonzero temperature.

A. Current density modification

Before we begin our discussion of the current drive,
would be useful to describe the AJJ in a bit more detail. W
have in mind a planar AJJ as shown in Fig. 1. Superc
ductor 1 ~denoted SC1! corresponds to a circular disk o
superconducting material of radiusR1. Superconductor 2
~SC2! is a superconducting film in which a circular region
radius R2*R1 has been removed. The AJJ is formed
placing SC1 concentrically inside the circular hole in SC
10451
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The weak link~WL! corresponds to the annular region sep
rating SC1 from SC2 with a thicknessDR5R22R1!R1.

To simplify things, we consider an AJJ of heightlJ . We
introduce polar coordinates (r , u! with origin at the common
center of SC1 and SC2. We parametrize positionl' along the
annular weak link in terms of heightz and arc lengths

5R̄u, whereR̄5(R11R2)/2. In Fig. 2 we show a portion o
the AJJ which details our coordinate system.

For the remainder of this paper we will assume that a b
current I is passed through the AJJ. Because we assum
weak link of uniform thickness, the bias current densityjT

5 j TĵT flows radially through the weak link so thatĵT56 r̂ ,
and its magnitudej T[rsueuvT is independent of positions
along the link. We further assume that a single vortex
present in the weak link with magnetic flux pointing alongẑ.
A vortex is shown in Fig. 2 together with a schematic rep
sentation of the associated screening currents. The scree
currents penetrate into the two superconductors to a dista
of orderl ~penetration length!, and go to zero as one move
away from the region of localized magnetic flux~vortex
core!. Under these circumstances the superflow in superc
ductor i ( i 51,2) is vs( i )5vT1vcirc( i ). Here vT is the su-
perflow velocity associated with jT , and vcirc( i )
5(\/2m)¹g i is the superflow velocity associated with th
portion of the screening currents that flow inside superc
ductor i.

In a traditional linear Josephson junction~LJJ! the bias
currentI produces a driving termb5I /I c known as the cur-
rent drive in the sine-Gordon equation@Eq. ~1!#:

]2g

]t2
2¹'

2 g1sing56b. ~4!

FIG. 1. Top view of a planar annular Josephson junction. S
Sec. II A for further discussion.
1-2
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BERRY PHASE MODIFICATION OF THE CURRENT . . . PHYSICAL REVIEW B 63 104511
The choice of sign on the right-hand side~RHS! corresponds
to the two directions in which current can pass through
weak link ĵT56n̂, andI c is the critical current for the AJJ
This equation of motion can be obtained variationally fro
the action

Sg5E dt d2l'F1

2
~]tg!22

1

2
~¹'g!2

2~12cosg!6bgG . ~5!

Note that, because the magnetic flux is assumed to p
along ẑ, it follows from Eq. ~2! that the Josephson phaseg
5g( l ,t) only depends onl 5s/lJ andt5vJt, and is inde-
pendent of heightz. Thus (¹'g)25(]g/] l )2, and the inte-
gration over height simply gives the assumed heightlJ .

It is clear that thebg term within the square brackets i
Eq. ~5! produces the current drive in Eq.~4!. This contribu-
tion to Sg can be derived from the microscopic action for o
system of two superconductors coupled through a weak l

Smicro5S11S21Sint . ~6!

HereSi ( i 51,2) is the BCS action for thei th superconductor
@see Eq.~A6! in the Appendix#, and Sint describes the Jo
sephson and capacitive coupling of the two superconduc
across the weak link. We will now carry out the microscop
derivation of the current drive contribution toSg , and will

FIG. 2. Coordinate system for a planar annular Josephson j

tion containing a single vortex with magnetic flux alongẑ. The
closed loop is a schematic representation of the screening cur
circulating around the vortex center.
10451
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show thatb receives a Berry-phase-induced correctiondb.
This correction vanishes identically for a linear Josephs
junction @so that we recover the familiarbg term in Eq.~5!#,
but is nonvanishing for a restricted class of AJJ’s to be
fined in Sec. III. The current drive modificationdb will be
seen to be the consequence of a modulation of the tu
current density flowing through the weak link caused by B
ry’s phase.7 We will see, however, that the total curre
through the weak link is unaffected, and remains equal to
bias currentI fed into the junction.

As discussed in the Appendix, the terms inSmicro respon-
sible for producing the driving force on a vortex in the we
link originate in the actionsSi ( i 51,2) and are the terms
which are linear in¹ rg i @see Eq.~A7!#:

Sdr~ i !5E dt d3xi S 2
\

2e D ~ jT1D jB !•¹ rg i . ~7!

HereD jB52rseṙ0(t), and it is shown in the Appendix to b
a consequence of Berry’s phase. Using an identity from v
tor calculus, we can rewriteSdr( i ) as

Sdr~ i !5E dt d3xi S 2
\

2eD
3@¹ r•$g i~ jT1D jB!%2g i¹ r•~ jT1D jB!#. ~8!

The second term in the integrand acts locally and is restric
to the interior of superconductori. Consequently, it does no
influence the dynamics of the Josephson phaseg5g12g2
which is determined by interactions at the superconduc
boundaries which are adjacent to the weak link. The fi
term, however, converts into a boundary termSbt( i ) through
the divergence theorem and thus will influence the dynam
of g:

Sbt~ i !5E dt d2x'S 2
\

2eD $g i~ jT1D jB!%•n̂i~s!. ~9!

Here n̂i(s) is the outward normal to superconductori at po-
sition s5R̄u along the annular weak link. From Fig. 2
n̂1(s)52n̂2(s)5 r̂ (s). It is clear from the derivation that the
current densityj5 jT1D jB appearing in Eq.~9! flows at the
boundary surface of superconductori. Its projection along
the normaln̂i(s) gives the tunnel current density~to within a
sign!, while its component along the tangent plane contr
utes to the supercurrent flowing parallel to superconduc
i ’s surface. This contribution to the surface supercurr
originates inD jB which has both a normal and a surfa
component~see Sec. II C!. Note, however, that only the nor
mal component ofj exits the electrode and enters the we
link.

The current drive actionS̄cd is the sum of the boundary
termsSbt( i ):

c-

nts
1-3
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FRANK GAITAN PHYSICAL REVIEW B 63 104511
S̄cd5Sbt~1!1Sbt~2!

5E dt d2x'F S 2
\

2eD ~ jT1D jB!• r̂ ~s!G~g12g2!

5E dt d2x'S 2
\

2eD @~ jT1D jB!• r̂ ~s!#g. ~10!

It is clear from the final line in Eq.~10! that the vortex drive
is produced by the normal component ofj , and that this
normal component receives a Berry-phase-induced contr
tion D jB• r̂ (s). It is important to note that the flux ofD jB
through the weak link vanishes:

DI B5E
0

lJ
dzE

0

2p

R̄ du@D jB• r̂ ~u!#

52lJR̄~rseṙ0!•E
0

2p

du r̂ ~u!50. ~11!

Thus the total current flowing through the weak link rema
equal to the bias currentI as it should. From Eq.~11!, we see
that the Berry phase contribution to the tunnel current d
sity, D jB• r̂ (s), is simply a spatial modulation ofjT , enhanc-
ing it in one region by reducing it in another~see Sec. II C
for further discussion!.

B. Current drive modification

We now show how the component ofD jB along r̂ (s)
produces a modification of the current drive acting on a v
tex in the weak link.

We begin by extracting the dimensionful quantities
which S̄cd depends. Recalling thatjT5 j TĵT , j T5rsueuvT ,
andD jB52rseṙ0, it follows that

S̄cd5E dt d2x'S \Jc

2ueu D F j T

Jc
S ĵT1

ṙ0

vT
D • r̂ ~s!Gg

5S EJlJ
2

vJ
D E dt d2l'FbgS ĵT1

ṙ0

vT
D • r̂ ~ l !G . ~12!

HereEJ5\Jc/2ueu is the Josephson coupling energy per u
area,Jc is the critical current density of the AJJ, and we no
that b5I /I c5 j T /Jc . The integral on the final line is the
dimensionless current drive actionScd . Noting that ĵT( l )5

6 r̂ ( l ) since the bias current can flow through the weak l
in either of two directions, we have that

Scd5E dt d2l'F6bgS 11
ṙ0• ĵT

vT
D G . ~13!

The second term in the integrand is due to the Berry ph
modificationD jB in Eq. ~10!. For a LJJ,ĵT is always orthogo-
nal to ṙ0 ~see Sec. III for a further discussion!. Consequently,
the Berry phase contribution toScd vanishes identically and
Scd reduces to thebg term in Eq.~5! as it should. However
the Berry phase term inScd does not vanish for a restricte
10451
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class of AJJ’s which will be defined in Sec. III. For this cla
of AJJ’s, the junction actionSg includes both contributions
to Scd ,

Sg5E dt d2l'F1

2 S ]g

]t D 2

2
1

2
~¹'g!22~12cosg!

6bgS 11
ṙ0• ĵT

vT
D G , ~14!

and the equation of motion is

]2g

]t2
2

]2g

] l 2
1sing56@b1db~ l ,t!#. ~15!

@Recall thatg5g( l ,t) since the magnetic flux is assumed
point alongẑ.# The sign choice on the RHS corresponds
ĵT( l )56 r̂ ( l ). We see that the current drive includes the sp
tially inhomogeneous modificationdb( l ,t) which is a con-
sequence of the current density modificationD jB produced
by Berry’s phase:

db~ l ,t!5
b

vT
ṙ0~t!• ĵT~ l !5 ĵT~ l !•

D jB

Jc
. ~16!

Since ĵT( l ) is always normal to the local junction plane, w
see that it is the component ofD jB along r̂ ( l ) which is re-
sponsible for the current drive modificationdb( l ,t) as al-
ready anticipated in Sec. II A. Note that our derivation ofdb
made no assumptions about whether the AJJ is SNS or
Consequently, the derivation applies to both cases. As
be discussed more fully in Sec. III, a class of AJJ’s can
defined for which the scalar product appearing indb does
not vanish. There we will discuss more fully the conditio
needed fordb to be observable in this restricted class
AJJ’s at finite temperature.

Equation ~15! determines the dynamics of a restricte
class of AJJ’s atT50 ~see Sec. III, and recall thatD jB was
determined atT50 in the Appendix!. At finite temperature,
dissipation and spectral flow will act to modify the dynami
of this equation. Dissipation is produced by normal curre
which ~a! pass through the weak link or~b! flow at the sur-
face of the superconducting electrodes parallel to the w
link.9,10 As will be discussed in Sec. III, spectral flow is n
active at sufficiently low temperatures. Thus, for such lo
temperatures, only dissipation modifies the dynamics of
~15!:

]2g

]t2
2

]2g

] l 2
1sing56@b1db~ l ,t!#2a

]g

]t
1b

]3g

] l 2]t
.

~17!

Here dissipation due to normal currents flowing throu
~parallel to! the weak link produces thea ~b! term on the
RHS.
1-4
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BERRY PHASE MODIFICATION OF THE CURRENT . . . PHYSICAL REVIEW B 63 104511
C. Nature of current drive modification

We have seen that Berry’s phase leads to a modifica
of the current driveb→b85b1db( l ,t). From Eq.~16! we
see thatdb is proportional to the component ofD jB along
r̂ ( l ) ~viz., normal to the local junction plane!. We now show
that db is spatially varying, and that for comparable situ
tions, its spatial dependence for a vortex moving in the1 û
direction is exactly the opposite of what it is for a vorte
moving in the2 û direction.

In an AJJ, we note that the position of the vortex cen
and its antipodal point on the annular weak link divide t
weak link into two half-circles. For a moving vortex, we wi
refer to the half-circle into which the vortex enters in t
following instant as the region ‘‘ahead’’ of the vortex, whi
the other half-circle will be referred to as the region ‘‘b
hind’’ the vortex.

1. Vortex moving in the¿û direction

In Fig. 3 we show a vortex with magnetic flux alongẑ
moving in the1 û direction. The bias current flows such th
ĵT( l )52 r̂ ( l ). One can show using either of the two heuris
approaches~Lorentz or Bernoulli! described in the Appendix
that jT does positive work on the vortex causing it to spe
up. Let L be the circumference of the AJJ, so thatl
5L(u/2p), andu is the polar angle in the (r ,u) polar coor-
dinate system detailed in Fig. 2. Then,

ĵT~u!52@cosu x̂1sinu ŷ#. ~18!

FIG. 3. Bias current densityjT( l ) and the Berry-phase-induce

current densityD jB for a vortex moving in the1 û direction.D jB

points in the same direction asvL sinceD jB52rsevL and e,0.
Note thatD jB is drawn inside the weak link to make the figu
easier to examine. Only the component ofD jB normal to the local
junction plane flows inside the weak link. The component ofD jB

parallel to the local junction plane flows inside the juncti
electrodes—it doesnot flow inside the weak link~see Sec. II A!.
10451
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If the vortex center is atu8(t) at timet, then

ṙ0~t!5vL~t!@2sinu8~t! x̂1cosu8~t!ŷ#, ~19!

wherevL(t) is the vortex speed at timet. Plugging Eqs.~18!
and ~19! into Eq. ~16! gives

db~u,t!5
bvL~t!

vT
sin@u8~t!2u#. ~20!

From Fig. 3 we see that the region ahead of the vortex c
responds tou.u8(t) so thatdb,0 ahead of the vortex. Fo
the region behind the vortex,u,u8(t), so thatdb.0 be-
hind the vortex. At the vortex center@u5u8(t)# and at the
center’s antipode@u5u8(t)1p#, db50. Thus b85b
1db is reduced ahead of the vortex, enhanced behind it
unchanged at the vortex center and its antipode.

One can also arrive at these results for the spatial dep
dence ofdb by examining Fig. 3. Since the electric charg
e,0, D jB52rseṙ0 is parallel to the vortex velocityṙ0
[vL . In this figure we drawD jB at a position ahead of, an
behind, the vortex. To make the analysis which we are ab
to present easier to follow, we have drawnD jB inside the
weak link. As is clear from the figure,D jB generally has
components both normal and parallel to the local junct
plane. As discussed in Sec. II A, the parallel compon
flows inside the junction electrodes as part of the surf
supercurrents. It is vital that the reader be clear on this po
the parallel component ofD jB doesnot flow inside the weak
link—it flows inside the junction electrodes. On the oth
hand, the component ofD jB normal to the local junction
plane doesflow inside the weak link. It contributes to th
tunnel current density which continues to be everywhere n
mal to the local junction plane. The reader should not
misled by the way we have drawnD jB into thinking that the
tunnel current density has a component parallel to the lo
junction plane; it does not.

Keeping these remarks aboutD jB in mind, Fig. 3 shows
D jB at an arbitrary point ahead of the vortex, and we see
the normal projection ofD jB is negative,D jB• ĵT( l ),0, so
that the effective current driveb85b1db is reduced ahead
of the vortex. Figure 3 also showsD jB at an arbitrary point
behind the vortex. It is clear that the normal projection
D jB is positive at this point,D jB• ĵT( l 8).0, so thatb8 is
enhanced behind the vortex. At the vortex centerD jB and
ĵT( l ) are clearly perpendicular so thatb85b at this point
and also at its antipode. At the two points on the weak l
midway between the vortex center and its antipode,D jB and
ĵT are either parallel or antiparallel. Thusudbu is a maximum
at these two points. This is in agreement with the abo
analysis based on Eq.~20!.

2. Vortex moving in theÀû direction

In Fig. 4 we show an AJJ containing the same vortex a
Fig. 3, only moving in the2 û direction. Assume again tha
the vortex center is atu8(t) and has speedvL(t) at timet.
To produce a situation comparable to that in Fig. 3 in wh
jT does positive work on the vortex, we must haveĵT( l )
5 r̂ ( l ). The argument leading up to Eq.~20! also works for
1-5
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FRANK GAITAN PHYSICAL REVIEW B 63 104511
the present situation, though withṙ0→2 ṙ0 and ĵT(u)
→2 ĵT(u), so thatdb(u,t) is again given by Eq.~20!. Note
that this time, however, the region ahead of the vortex c
responds tou,u8(t) so thatdb.0 ahead of the vortex. The
region behind the vortex now corresponds tou.u8(t) so
that db,0 behind the vortex.db again vanishes at the vor
tex center and at its antipode. Thusb8 is enhanced ahead o
the vortex, reduced behind the vortex, and unchanged a
vortex center and its antipode.

Figure 4 showsD jB at an arbitrary point ahead of, an
behind, the vortex. The above remarks related to the draw
of D jB inside the weak link also apply to Fig. 4. From th
figure we see thatD jB• ĵT( l ) is positive ahead of the vortex
negative behind it, and vanishes at the vortex center an
antipode. Thus the effective current driveb8 is enhanced
ahead of the vortex, reduced behind it, and uneffected at
vortex center and its antipode.udbu is again maximum at the
two points midway between the vortex center and its a
pode. This again agrees with the preceeding analysis b
on Eq.~20!.

We see that under comparable situations, the two di
tions of vortex motion produce current drive modificatio
db which are exact opposites of one another. This is a di
consequence of the sensitivity of Berry’s phase to the vo
velocity ṙ0.

III. NECESSARY CONDITIONS FOR OBSERVABILITY

We have shown how Berry’s phase leads to a modifi
tion db( l ,t) of the current drive acting on a vortex atT
50:

FIG. 4. Bias current densityjT( l ) and the Berry-phase-induce

current densityD jB for a vortex moving in the2 û direction.D jB

points in the same direction asvL sinceD jB52rsevL and e,0.
Note thatD jB is drawn inside the weak link to make the figu
easier to examine. Only the component ofD jB normal to the local
junction plane flows inside the weak link. The component ofD jB

parallel to the local junction plane flows inside the juncti
electrodes—it doesnot flow inside the weak link~see Sec. II A!.
10451
r-

he

g

its

he

i-
ed

c-

ct
x

-

db~ l ,t!5
b

vT
ĵT~ l !• ṙ0~ t !. ~21!

Up to this point, besides requiringT50, we have also re-
quired the weak link and electrodes to be in the clean li
and the weak link to be of uniform thickness. We now sho
that further restrictions are necessary ifdb is to be observ-
able at finite temperature.

The first point to notice is the sensitivity ofdb to the
geometrical arrangement of the superconducting electro
in the AJJ. In particular, because of the scalar prod
ĵT( l )• ṙ0(t) in Eq. ~21!, db( l ,t) will vanish for a physically
uninteresting reason if the geometrical arrangement of
electrodes constrainsĵT( l ) to be everywhere perpendicular t
ṙ0(t). This situation occurs in the traditional linear Josep
son junction and in the well-known Lyngby AJJ.11

~i! In the case of the linear Josephson junction, if we
up our coordinates so that the direction across the weak
n̂5 x̂ and the magnetic flux of the vortex lies alongẑ; then
the junction geometry constrains the vortex to move alo
the y axis. Thus ĵT56 x̂ and ṙ0(t)5vL(t) ŷ, and clearly
ĵT• ṙ0(t)50. Thusdb50, and the current drive modificatio
due to Berry’s phase does not contribute to the dynamic
a linear Josephson junction.

~ii ! For the Lyngby AJJ, the electrodes have an over
structure so thatĵT( l )56 ẑ, while ṙ0(t) is constrained to lie
in the x-y plane. Thusdb50 for all values ofl, and it pro-
duces no effect in the dynamics of the Lyngby AJJ.

We see that ifdb is to produce observable consequenc
we must restrict ourselves to AJJ’s whose electrode arran
ment ensures thatĵT( l )• ṙ0(t)Þ0 for some values ofl. This
requirement on the electrode arrangement defines the
stricted class of AJJ’s alluded to in Sec. II. Any attempt
observedb must be done using an AJJ belonging to th
restricted class to insure thatdb does not vanish for trivial
reasons. We now provide two examples of AJJ’s which
long to this restricted class.

~i! In the planar AJJ shown in Figs. 1–4,ĵT( l )56 r̂ ( l )
and ṙ0(t)5„vx(t), vy(t), 0… so that ĵT( l )• ṙ0(t)Þ0 at all
points on the weak link except the vortex center and its
tipode @see Eq.~20!#. Thusdb( l ,t)Þ0 for this AJJ.

~ii ! The cylindrical AJJ of Kuwadaet al.12 is another AJJ
for which db( l ,t)Þ0. Here ĵT( l )56 r̂ ( l ) and ṙ0(t)
5„vx(t),vy(t),0… so thatdb( l ,t) is the same as for the pla
nar AJJ.

Having defined the restricted class of AJJ’s in whi
db( l ,t) is not trivially quenched by a poor choice of ele
trode arrangement, we now examine the consequence
spectral flow for the observability ofdb.

In the Appendix we show that in a clean superconduct
film at T50, Berry’s phase produces a contribution to t
nondissipative forceFnd acting on the vortex. Volovik4

pointed out that the existence of quasiparticle states boun
the vortex core would strongly influence the observability
the Berry phase contribution toFnd . In the presence of non
zero temperature or impurity concentration, these levels
1-6
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broadened. When this broadening is roughly the same siz
the interlevel energy spacing, Volovik argued that vort
motion would drive the levels adiabatically across the Fe
surface~spectral flow!, producing excitations in the vorte
core. In the hydrodynamic limit, this nonequilibrium popul
tion of the core states is quickly relaxed by interactions w
the lattice, causing momentum to be transferred from
vortex core to the lattice. This spectral-flow-induced mom
tum transfer produces a force on the vortex which is found
be nearly equal and opposite to the Berry phase contribu
to Fnd .4,5 Thus, in the hydrodynamic limit, the Berry phas
contribution toFnd is masked by spectral flow. Specificall
the linear momentum that enters the vortex core due to B
phase processes is transferred to the lattice with nearly
fect efficiency by spectral flow so that the core retains eff
tively none of the momentum sent in by Berry’s phase. In
collisionless limit, however, level broadening is negligib
relaxation processes are slow, and spectral flow does
occur.3–5 If t is the characteristic relaxation time for the co
states andDE their characteristic energy-level spacing, th
activation of spectral flow occurs whent;t* 5\/DE so
that the level broadening\/t is of order the level spacing
DE. A clean superconductor at low temperature is in
collisionless limit so that spectral flow does not occur due
insufficient level broadening. Thus the Berry phase contri
tion to Fnd is not masked and can influence vortex motion.
dirty superconductor at sufficiently high temperature is in
hydrodynamic limit so that spectral flow is active and lea
to a masking of the Berry phase contribution toFnd . Thus a
crossover is expected in the dynamics of vortices whet
;t* : for t@t* ~collisionless limit! there is no masking o
Berry phase effects by spectral flow andFnd has the Magnus
force form ~see the Appendix!, while for t!t* ~hydrody-
namic limit! Berry phase effects are masked by spectral fl
andFnd has the Lorentz force form. This scenario is cons
tent with earlier work by Sonin13 and by Kopnin and
Kravtsov.14

Makhlin and Volovik6 have argued that spectral flo
similarly influences the observability ofdb( l ,t) in an SNS
AJJ. As in the case of a superconducting film, activation
spectral flow requires sufficient level broadening, only t
time of quasiparticle states localized to the normal me
layer which acts as the weak link in the AJJ. For acleanSNS
AJJ, spectral flow can only be activated thermally. As in
preceding discussion, at sufficiently low temperatures, sp
tral flow will not occur in a clean SNS AJJ, anddb is ob-
servable. Above a crossover temperatureT* , spectral flow
will occur, causingdb to be masked and thus unable
influence vortex motion in the weak link. It is possible
crudely estimate the crossover temperatureT* . The quasi-
particles localized on the weak link populate Landau lev
with energy spacingDE5\vc , where vc5eB/mc is the
cyclotron frequency. The flux associated with the vort
f05hc/2e, is concentrated in a region of arealJd so that
B5f0 /lJd. The crossover is expected to occur when
thermal energykT* is of orderDE so that

T* ;
h2

4pmklJd
. ~22!
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Typically, lJ;1023 m and d;1027 m so that T*
;0.1 mK. It is important to remind the reader that this e
timate is appropriate for a clean SNS AJJ. Note however
T* decreases with increasing impurity concentration so t
for sufficiently dirty junctions,T* 50. Having made this ca-
veat about the importance of cleanliness, our estimate ofT*
raises the hope that the crossover in the junction dynam
produced by activation of spectral flow atT* might prove
observable. Elsewhere,15 we present the results of a numer
cal evaluation of theI -V characteristics for a planar SNS AJ
for T&T* . In this temperature rangedb is small, but non-
zero, and we examined the modifications that appear in
I -V curves asdb is varied. We find thatdb ~i! shifts the
critical value of the bias current at which the AJJ switch
and ~ii ! introduces lateral shifts in the vertical steps appe
ing in the I -V curves at large bias current. Both effects a
found to be sensitive to the sense of vortex motion arou
the AJJ and provide a clear experimental signature ofdb.
These shifts are shown to be consequences of~1! the Berry
phase modulation of the tunnel current density,~2! the ap-
pearance of a region of reversed magnetic flux at the trai
edge of the vortex core at large bias current in junctions w
b-type dissipation@see Eq.~17!#, and ~3! Bernoulli’s theo-
rem. We refer the reader to Ref. 15 for a detailed prese
tion of these results.

IV. SUMMARY OF ESSENTIAL POINTS

In this paper we have shown in detail how Berry’s pha
leads to a modificationdb( l ,t) of the current drive acting on
a vortex in a restricted class of large AJJ’s at sufficiently lo
temperature.db( l ,t) was shown to be a consequence o
modulation of the tunnel current density flowing through t
weak link caused by Berry’s phase.7

We discussed at some length the circumstances which
fluence the observability ofdb. The following restrictions
were seen to be essential for a nonvanishingdb.

~i! To ensure thatdb is not trivially quenched, the geo
metrical arrangement of the electrodes in the AJJ must
sure thatĵT( l )• ṙ0(t)Þ0 for some values ofl. Two examples
were presented of AJJ’s that satisfy this condition.

~ii ! To ensure that spectral flow does not maskdb, it is
necessary that the electrodes and weak link be in the c
limit and the temperature be safely below the crossover t
peratureT* at which spectral flow can be thermally act
vated.

~iii ! To ensure that the vortex is not pinned or scattered
inhomogeneities in the thickness of the weak link, the we
link is required to be of uniform thickness. Such inhomog
neities are expected to predominantly influence the junc
dynamics at small bias currents. They will be less signific
at larger bias currents which are sufficiently energetic to
pin the vortex.

In a separate paper,15 we examine numerically the conse
quences ofdb on theI -V characteristics of a planar SNS AJ
for T&T* . We find clear experimental signatures ofdb in
the I -V curves, and provide an explanation of the phys
underlying these Berry phase effects.
1-7
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APPENDIX: BERRY’S PHASE AND VORTICES
IN A TWO-DIMENSIONAL SUPERCONDUCTOR

In this appendix we summarize the argument which in
cates that, under appropriate restrictions~see below!, Berry’s
phase will cause a modification of the superflow associa
with a transport current that flows past a moving vortex in
superconducting thin film. We then relate this superfl
modification to the nondissipative force acting on the vort
For a more detailed presentation, the reader is referre
Ref. 16. This flow modification is the origin of the curre
ti

tin
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drive modification discussed at length in Sec. II. It is wor
pointing out that Ref. 16 explicitly assumedT50 and a van-
ishing impurity potential. Consequently, the conclusi
reached there regarding the Berry phase contribution to
nondissipative force only applies in the low-temperatu
clean limit. As discussed in Sec. III, at sufficiently high tem
perature and/or impurity concentration, spectral flow p
duces a masking of this Berry phase contribution to the n
dissipative force.4,5 The original realization that Berry’s
phase can influence vortex motion in a superconductor is
to Ao and Thouless.17

We begin by restricting the following analysis to a
s-wave superconducting thin film. The dynamics of the B
goliubov quasiparticles~BQP’s! is governed by the Bogoliu-
bov HamiltonianHB@r0#:
HB@r0#5S 1

2m S 2 i\¹2
e

c
AD 2

2Ef1U0~r ! D~r2r0!

D* ~r2r0! 2
1

2m S i\¹2
e

c
AD 2

1Ef2U0~r !
D .
the

nt:
t

us

we
Here A is the vector potential associated with the magne
field H, andEf is the Fermi energy.U0(r ) is the impurity
potential which we assume vanishes so that we are limi
ourselves to the case of a clean superconducting film. L
we will further restrict ourselves toT50. HereD(r2r0) is
the superconducting gap function, andr0 marks the location
of a vortex in the superconducting thin film. For th
case, the gap function takes the formD(r2r0)5D0(ur
2r0u)exp@2iu(r2r0)#. The gap amplitudeD0 vanishes at
the vortex center (r5r0), and reaches its bulk value within
coherence length of the vortex center. The gap phasf
52u(r2r0) is ~to within a sign! the azimuthal angleu(r
2r0) of r relative tor0. Consequently,f is not single val-
ued, but changes by 2p as r winds aroundr0.

For a stationary vortex, the eigenfunctionsxn(r2r0) of
HB@r0# depend explicitly onr0:

xn~r2r0!5S un~r2r0!

vn~r2r0!
D .

The creation operatorgn↓ for an energy eigenstate withEn
,Ef is

gn↓5E d3x@2c↑
†~r !vn* ~r2r0!1c↓~r !un* ~r2r0!#,

~A1!

where cs(r2r0) (s5↑,↓) are the field operators for th
Landau quasiparticles.@Note that, although we are conside
ing a thin film, we include the~passive! height dimension of
the film in the integration measured3x. This ensures that we
do not overlook the height contribution to the dimension
c

g
er

l

analysis ofS̄cd given in Sec. II B.# The BCS ground state is
formed by occupying all energy eigenstates withEn,Ef :

uBCS& r0
5)

n
gn↓u0&. ~A2!

The subscript on the BCS ground state indicates that
vortex is located atr0.

For a moving vortex, the vortex trajectoryr0(t) causes
the Bogoliubov Hamiltonian to become time depende
HB@r0(t)#. Typically, vortex motion is sufficiently slow tha
this time dependence can be considered adiabatic.18 Explicit
calculation16 shows that a Berry phasefn ~not to be con-
fused with the gap phasef) is generated in the instantaneo
energy eigenstates: (unvn)→exp@ifn#(unvn). From Eq.~A1!,
this causes gn↓ to inherit ~minus! this phase: gn↓
→exp@2ifn#gn↓ . Consequently, from Eq.~A2!, the BCS
ground state develops a Berry phaseG:

uBCS&→exp@ iG#uBCS& r0(t) , ~A3!

where,

G52(
n

fn .

Explicit calculation give

G52E dt d3x rsF1

2
] tg1

e

\
jG . ~A4!

Here g5f2(2e/\c)*xdl•A is the gauge-invariant gap
phase, andj52*xdl•E5A01(1/c)*xdl•A is the emf.rs is
the T50 superfluid density, and it has arisen because
1-8
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have focused on the BCS ground state. Consequently,G can
only depend on theT50 properties of the superconductor.
is because our calculations are based on the BCS gro
state that our results are restricted toT50 as mentioned
earlier. It is a simple matter to show that (\/2)] tg1ej
5(\/2)] tf1eA0 so that Eq.~A4! agrees with Eq.~20! of
Ref. 16.

To see how Berry’s phase is able to influence the dyna
ics of the BQP’s, we examine the condensate effective ac
S:

expF i

\
SG5 r0(T)^BCSuU~T,0!uBCS& r0(0) .

Note that becauseS is defined in terms of the ground-stat
to-ground-state transition amplitude, we are again explic
restricting our results toT50. Because of the adiabatic tim
dependence,U(T,0) propagatesuBCS& r0(0) into uBCS& r0(T)

to within a phase factor which is fixed by the quantum ad
batic theorem2

U~T,0!uBCS& r0(0)5expF iG2
i

\E0

T

dt E0~ t !G uBCS& r0(T) .

~A5!

Projecting Eq.~A5! onto uBCS& r0(T) yields the effective ac-
tion S:16

S5\G1S2

5E dt d3xF2rsS \

2
] tg1ej D2

mrs

2
vs

2

1N~0!S \

2
] tg1ej D 2

1
1

8p
$~H2Hext!

22E2%G .
~A6!

Herevs(r ) is the velocity field associated with the superflo
present in the superconducting film, andN(0) is the single-
particle density of states evaluated at the Fermi energy.Hext
is the externally applied magnetic field,H is the local mag-
netic field, andE is the electric field produced by the movin
vortex. We see that the Berry phaseG now appears in the
condensate effective actionSand is thus able to influence th
condensate dynamics. The first term in the square bracke
the Berry phase contribution to the condensate’s effec
Lagrangian. That Berry’s phase can enter as a term i
low-energy effective Lagrangian is well known;19 such a
term is known as a Wess-Zumino term.

Imagine now that a transport currentjT5rsevT is passed
through our superconducting film. This current adds to
screening currentj circ5rsevcirc which circulates around the
vortex core, and herevcirc5(\/2m)¹g. Thus, the total ve-
locity field is vs5vT1vcirc . This corresponds to the physic
situation encountered in a Hall effect experiment.

The terms inS which are linear in¹ rg determine the
driving force which acts on the vortex.~This force is distinct
from dissipative or pinning forces which may also act on
vortex.! Two such terms appear inS. The first appears in the
Berry phase contribution toS. This follows sinceg5g„r
10451
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2r0(t)… so that] tg52 ṙ0•¹ rg. The second appears in th
stiffness term2mrsvs

2/2. In fact, sincevs
25(vT1vcirc)2, the

cross term 2vT•vcirc gives rise to the second term of interes
2(rs\/2)vT•¹ rg. Thus the action associated with the vort
drive is

Sdr5E dt d3xF2
rs\

2
~vT2 ṙ0!•¹ rgG

5E dt d3xS 2
\

2eD ~rsevT2rseṙ0!•¹ rg

5E dt d3xS 2
\

2e D ~ jT1D jB!•¹ rg. ~A7!

We see that the ground-state Berry phaseG has led to a
modification of the current density which couples to the v
tex: jT→ jT1D jB , whereD jB52rseṙ0. Note that sincee
,0, D jB is parallel to the vortex velocityṙ0. In Ref. 16 it
was shown thatSdr causes the~nondissipative! driving force
Fnd to act on the vortex:

Fnd5
rsh

2
~vT2 ṙ0!3 ẑ. ~A8!

Thus, for a clean superconducting film atT50, the nondis-
sipative driving force acting on a vortex has the Magn
force form with the contribution proportional toṙ03 ẑ having
its origin in the BCS ground-state Berry phaseG. As dis-
cussed in Sec. III, the Berry phase contribution toFnd is
masked by spectral flow effects at sufficiently high tempe
ture and/or impurity concentration.4,5

We close by presenting two heuristic analyses of theT
50 clean limit form ofFnd which we have found instructive

~1! We rewrite Eq.~A8! as

Fnd5
1

c
~rsevT2rseṙ0!3S 2

hc

2ueu
ẑD5

1

c
j3F, ~A9!

where j5 jT1D jB , and F is the magnetic flux associate
with the vortex. Thus one can considerFnd as the Lorentz
force acting on the vortex, although the current densitj
which couples to the moving vortex contains a Berry-pha
induced modificationD jB52rseṙ0.

~2! In Fig. 5 we show the superflowvT associated with the
transport currentjT . The magnetic flux of the vortex point
into the page so that the screening superflowvcirc circulates
counterclockwise (j circ flows clockwise!. It is clear from the

FIG. 5. Hydrodynamic forceFT acting on a vortex with mag-
netic flux pointing into the page due to a superflowvT . The screen-
ing currents produce a superflowvcirc which circulates counter-
clockwise around the vortex core.
1-9
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figure that the transport flowvT enhances the circulating flow
vcirc below the vortex and reduces it above. Thus, by B
noulli’s law, the transport current produces a hydrodynam
forceFT acting downward on the vortex. Formally, this forc
is given by the Kutta-Joukowski force so thatFT5mrsvT

3G5(rsh/2)vT3 ẑ, whereG5(h/2m) ẑ is the circulation as-
sociated with the vortex~not to be confused with the ground
state Berry phaseG). In Fig. 6, ṙ0 is the vortex velocity, and
the Berry phase modification of the flow velocity,DvB

5D jB /rse52 ṙ0, is shown passing the same vortex that a
pears in Fig. 5. A Bernoulli analysis of the situation depict
in Fig. 6 shows that a hydrodynamic forceFB acts on the
vortex due to the Berry phase modification of the superfl
DvB . The direction ofFB is shown in Fig. 6, and here th
Kutta-Joukowski force isFB5mrs(2 ṙ0)3G52(rsh/2)ṙ0

3 ẑ. Thus the total hydrodynamic forceFhyd is the sum ofFT
andFB ,

Fhyd5
rsh

2
~vT2 ṙ0!3 ẑ, ~A10!

reproducing the vortex driving force in Eq.~A8!.
l
n
o
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In both of these heuristic analyses, it is the Berry pha
modification of the superflow passing over the vortexD jB
that gives rise to the portion ofFnd which is proportional to
ṙ03 ẑ. As shown in Sec. II,D jB is the origin of the Berry
phase modification of the current drive acting on a vortex
a restricted class of large annular Josephson junction aT
50. As discussed in Sec. III, at sufficiently high temper
tures, this Berry phase effect is masked by spectral flow

FIG. 6. Hydrodynamic forceFB acting on a vortex with mag-
netic flux pointing into the page due to the Berry phase modificat

of the superflowDvB52 ṙ0, where ṙ0 is the vortex velocity. The
screening currents produce a superflowvcirc which circulates coun-
terclockwise around the vortex core.
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