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Possibility of a p Josephson junction and switch in superconductors with spiral magnetic order
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It is shown in tunneling junctions made of two magnetic superconductors with spiral magnetic order that the
Josephson current depends on the magnetic phase,u5uL2uR , as well as the spiral helicity,x5xLxR . The
former describes the relative orientation of magnetizations on the left~L! and right~R! banks of the contact,
while the latter characterizes the left~right!-handed spiral with respect to the surface unit vector. The
Josephson currentJ5(Jc2J2x cosu)sinw is calculated as a function of the superconducting order parameters,
DL(R) , the exchange energies,hL(R) , and the spiral wave vectors,QL(R) . It turns out that thep Josephson
junction can be realized in some range of microscopic parameters. A possibility of making switches, which are
based on this new phase relation, is also analyzed.
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I. INTRODUCTION

The physics of magnetic superconductors is interes
due to the competition of magnetic order and singlet sup
conductivity in bulk materials. The problem of their coexis
ence was first set up theoretically in the pioneering work
V. L. Ginzburg1 in 1956. The experimental progress in th
field begun after the discovery of the ternary rare earth (RE)
compounds (RE)Rh4B4 and (RE)Mo6X8 ~X5S,Se! ~Ref. 2!
with a regular distribution of localizedRE magnetic mo-
ments. It turned out that in many of these systems super
ductivity ~with the critical temperatureTc) coexists rather
easily with antiferromagnetic order~with the critical tem-
peratureTN). Usually the situation withTN,Tc is realized.2

Due to their antagonistic characters singlet superconduct
and ferromagnetic order cannot coexist in bulk samples w
realistic physical parameters. However, under certain co
tions the ferromagnetic order is transformed, in the prese
of superconductivity, into a spiral or domainlike structure
depending on the type and strength of magnetic anisotrop
the system.3,4 As a result of this competition, these two typ
of order coexist in a limited temperature intervalTc2,T
,Tm ~the reentrant behavior! in ErRh4B4 and HoMo6S8, or
even down toT50 K in HoMo6Se8. In ErRh4B4 the coex-
istence region is narrow (Tc58.7 K, Tm'0.8 K, Tc2
'0.7 K), while in HoMo6S8 it is even narrower withTc
51.8 K, Tm'0.74 K, Tc2'0.7 K—see Refs. 2, 3, and 4
In most of the new quaternary rare-earth compou
(RE)Ni2B2C antiferromagnetic order and superconductiv
coexist up toT50 K ~Ref. 5!, while in HoNi2B2C an addi-
tional oscillatory magnetic structure is realized in a limit
temperature interval. The latter magnetic structure comp
strongly with superconductivity causing a reentrant behav
in this compound.6

A new and very interesting field of research was open
recently by Pobell’s group,7 which discovered the coexist
ence of superconductivity and nuclear magnetic order
AuIn2 with Tc50, 207 K andTm535 mK. This result was
interpreted in Ref. 8 to be due to the appearance of a spir
domainlike nuclear magnetic order in the superconduc
state.
0163-1829/2001/63~10!/104503~6!/$15.00 63 1045
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Recently, it was reported that antiferromagnetic ord
~which is probably accompanied by a weak ferromagnetis!
coexists with superconductivity in the layered perovskite
perconductor RuSr2GdCu2O8.9 The magnetic order appear
at the temperatureTN5137 K with magnetic moments
placed in Ru-O planes. The superconductivity sets in atTc
,45 K and it occurs in Cu-O planes. We point out that
all of the above cited magnetic superconductors the effec
the exchange interaction~between localized magnetic mo
ments and conduction electrons! on superconductivity is
much larger than the electromagnetic interaction. Note t
the electromagnetic interaction between localized magn
moments and superconductivity is due to the dipolar m
netic fieldBM . The latter is caused by the localized magne
moments and it affects the orbital motion of superconduct
electrons.

Due to these facts, in the following we study the Jose
son effect in magnetic superconductors with spiral magn
order in the framework of the direct exchange~EX! model in
which the exchange interaction dominates. It will be sho
below that the Josephson current depends on a
quantity—the relative phase of the magnetic order param
at the contact surfaces.

II. THE MODEL

The microscopic theory of magnetic superconducto
which is described in detail in Ref. 3, takes into account
interaction betweenlocalized magnetic momentsand con-
duction electronsthat goes:~a! via the direct exchange~EX!
interaction and~b! via the electromagnetic~EM! interaction.

The Hamiltonian of the system has the form

Ĥ5Ĥ01ĤBCS1E d3r H ĉ†~r !V̂ex~r !ĉ~r !1
@curlA~r !#2

8p J
1(

i
@2B~r i !gmBĴi1ĤCF~ Ĵi !#. ~1!

The operatorĤ0[Ĥ0„p̂2(e/c)A… describes the quasipart
cle motion in the magnetic fieldB(r )5curlA(r ), where the
©2001 The American Physical Society03-1
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latter is created by the localized magnetic moments and
the induced Meissner current. The BCS pairing Hamilton
ĤBCS[ĤBCS„D(r )… describes superconductivity with a sin
glet order parameterD(r ), while V̂ex(r )5ĥ(r )s is the ex-
change energy operator, whereĥ(r )5( iJex(r2r i)(g
21)Ĵi . Here, Jex(r ) is the exchange integral between t
conduction electron spins5(s1 ,s2 ,s3) and the localized
magnetic moment. The latter is characterized by the t
angular momentum operatorĴi at thei th site. If the magnetic
anisotropy in the system is pronounced then the crystal-fi
term ĤCF( Ĵi) has to be added toĤ.

In the following we assume that both banks of the jun
tion are made of cleans-wave magnetic superconducto
with spiral magnetic order. The extension of the theory
other than spiral oscillating magnetic order is discussed
Sec. IV. The spiral is characterized by the wave vectorQ
along the z axis, Q5Qzẑ56Qẑ, and by the helicityx
5Qz /Q561. In what follows we consider magnetic supe
conductors with an easy-plane magnetic anisotropy in wh
case the localized magnetic moments lie in thexy plane~see
Fig. 1! and the spiral structure is favorable in the superc
ducting state. The exchange effects are considered in
mean-field approximation in which case the exchange po
tial V̂(r )[^V̂ex(r )& reads

V̂~r !5S 0 he2 i (xQz1u)

hei (xQz1u) 0 D . ~2!

Here,h@5nm(g21)Jex(0)^uĴu&# is the exchange energ
andJex(0) is theq50 Fourier component ofJex(r2r i), nm
is the concentration of regularly distributed localized ma
netic moments—see Ref. 3. For further purposes we de
hu5heiu, where the magnetic phaseu characterizes the ori
entation of the exchange field~magnetization! at the surface
z50 of the junction. As is well known the Josephson curre

FIG. 1. The Josephson contactI between two magnetic supe
conductorsSL andSR with spiral magnetic order. The correspon

ing exchange fieldshW L,R at the surface make anglesuL,R with they
axis. The wave vectors,QL,R , of the spirals are along thez axis.
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depends on the anomalous Green’s functionsFs1s2

† (x1 ,x2)

5^T̂ĉs1

† (x1)ĉs2

† (x2)&, as well as on their conjugates, whe

x5(r ,t) ands5↑,↓. In the case of magnetic superconduc
ors with spiral magnetic order these functions were cal
lated in Ref. 4 as a function of Matsubara frequencies,vn
5pT(2n11), and are given by

F↓↑
† ~k,k8;vn!5d~k2k8!D

vn
21D22h21~«p1rk!2

@vn
21E1k

2 #@vn
21E2k

2 #
.

~3!

F↑↑
† ~k1Q/2,k82Q/2;vn!

52d~k2k8!2Dhu*
@ ivn2rk#

@vn
21E1k

2 #@vn
21E2k

2 #
. ~4!

The quasiparticle excitation spectrum in the coexiste
phase,E1,2k , is given by

E1,2k
2 5«k

21rk
21h21uDu272A«k

2~rk
21h2!1uDu2h2, ~5!

where

«k5@j~k1Q/2!1j~k2Q/2!#/2

rk5@j~k1Q/2!2j~k2Q/2!#/2. ~6!

For calculational simplicity we consider in the following
parabolic quasiparticle spectrum,j(k)5k2/2m2EF , in
which case«k5j(k) andrk5vF•Q, wherevF is the Fermi
velocity.

The pair functionF↓↓
† is obtained fromF↑↑

† by replacing
hu* →hu , i.e., u→2u andQ→2Q. It is worth mentioning
here, that in the magnetic superconductor with singlet pair
(D↑↓5D) and with spiral magnetic order triplet pairs wit
amplitudes,F↑↑

† and F↓↓
† , have a finite lifetime although

there is no triplet pairing in the system (D↑↑50). The finite
lifetime of the triplet pairs, which is of the order\/D, leads
to nontrivial effects in the Josephson current studied belo

The above theory3,4 predicts that if in a magnetic supe
conductor the exchange interaction dominates then super
ductivity modifies the ferromagnetic order into a spiral,
domainlike, one. In that case the spiral wave vector,QW , ful-
fills the conditionj0

21!Q!kF . The latter means, that th
exchange field,̂h&j0

, which is averaged over the superco

ducting coherence lengthj0, is practically zero, thus reduc
ing the depairing effect of the exchange interaction. As
ready mentioned the two types of order coexist in a narr
temperature interval in ErRh4B4 , HoMo6S8, or down toT
50 K in HoMo6Se8, while in AuIn2 superconductivity co-
exists with the nuclear~spiral! magnetic order down toT
50 K.7,8

III. JOSEPHSON CURRENT

We consider the tunneling Josephson junction betw
two magnetic superconductors, where in both of them
spiral magnetic order is realized—see Fig. 1. The latte
characterized by the wave vectorQL,R and exchange fields
3-2
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huL(R)
5hL(R)e

iuL(R), respectively, while the superconducti

ity in the banks is described by the order parameterDL,R
5uDL,RueiwL,R. To simplify the calculation we assume tha
~i! uDLu5uDRu5D, hL5hR5h, while w5wL2wRÞ0 and
u5uL2uRÞ0; ~ii ! uQLu5uQRu5Q where QL,R5xL,RQẑ
are orthogonal to the tunneling barrier. The spiral helic
xL(R) takes values61 for QL,R along or opposite to thez
axis. In that case one hasrkL(R)

5vF•QL(R)5xL(R)r

5xL(R)r0 cosb, wherer05QvF andb is the angle between
the Fermi velocityvF and thez axis.

The tunneling process of a left-side electron with mom
tum and spin (kL ,s) into a right-side electron (kR ,s) is
described by the standard tunneling Hamiltonian.10 For the
calculational simplicity the standard assumption is mad10

that the tunneling amplitudeTkL ,kR
is weakly dependent on

energy and momentum, i.e.,TkL ,kR
'T0Q(kL,zkR,z). The

Heaviside functionQ(kL,zkR,z) takes into account that be
fore tunneling the left electron moves toward the barri
while after tunneling it moves as a right electron away fro
the barrier, and vice versa. We point out that the assum
form for TkL ,kR

is more suitable for a diffusive tunnelin
barrier, i.e., for an incoherent tunneling process.

The standard theory of the first-order Josephson effe10

~in which the current is proportional touTkL ,kR
u2) applied to

the above system gives the Josephson currentJ(w,u) and the
junction energyEJ(w,u) in the following form:

J~w,u!5~Jc2J2x cosu!sinw, ~7!

EJ~w,u!52
F0Jc

2pc
~12R2x cosu!cosw1const. ~8!

Here,w5wL2wR , u5uL2uR , F0 is the flux quantum and
R2x5J2x /Jc . The first term in the bracket of Eq.~7!,
which is proportional toJc , is the standard Josephson ter
due to the tunneling of singlet pairs, i.e.,Jc

;T(kL ,kR ,vn
uTkL ,kR

u2F↑↓
† (kL ,vn)F↑↓(kR ,2vn). In what

follows a finite temperature is assumed. In the calculation
J(w,u) the summation overk is replaced by the integratio
over j andr([r0 cosb), i.e.,

(
k

~••• !5
N~0!

2r0
E

0

r0
drE

2`

`

dj~••• !, ~9!

whereN(0) is the density of states on the Fermi level,r0
5QvF . By integrating overj a straightforward calculation
leads to the expression forJc :

Jc54ep2N2~0!uT0u2D2T(
n51

` F E
0

1

I ~vn ,y!dyG2

,

I ~vn ,y!5
an1Aan

224D2h222h2

Aan
224D2h2Aan22r0

2y222h21Aan
224D2h2

,

~10!

wherey5cosb, an5vn
21r0

2y21h21D2 andr05QvF .
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The second term in Eq.~7!, which is proportional toJ2x ,
is absent in standard Josephson junctions based on non
netic superconductors. This term depends on the rela
magnetic phase of the exchange fields at the barrier surf
as well as on the helicityx5xLxR . It is due to the tunneling
of Cooper pairs that are for a short time in the triplet sta
i.e.,

J2x;2T (
kL ,kR ,vn

uTkL ,kR
u2$F↑↑

† ~kL ,vn!@F↑↑
† ~kR ,2vn!#*

1F↓↓
† ~kL ,vn!@F↓↓

† ~kR ,2vn!#* %.

SinceJ2x;hLhR it follows that J2x50 in the absence o
magnetic order in at least one bank of the junction, i
J2x50 for hL50 or hR50.

After the j integrationJ2x reads

J2x516ep2N2~0!uT0u2D2h2T

3 (
n50

` H S vnE
0

1

K~vn ,y!dyD 2

2xS r0E
0

1

yK~vn ,y!dyD 2J ,

whereK(vn ,y) is given by

K~vn ,y!5
I ~vn ,y!

an1Aan
224D2h222h2

. ~11!

In order to calculateJc and J2x we have to know the
equilibrium values ofD, h, and Q, which minimize the
free energyF(D,h,Q) of the system. This problem ha
been discussed extensively in the past—see Ref. 3,
references therein, where it was shown that the equilibri
values ofD, h, and Q depend on microscopic paramete
kF ,vF ,nm ,Jex ,D0. This problem is not the subject here b
we stress, that in systems that would be ferromagnetic in
absence of superconductivity the equilibrium value ofQ is
strongly affected by superconductivity. It turns out thatQ
;j0

21/3 for the spiral structure, while in systems with a
easy-axis magnetic anisotropy, the domain structure withQ
;j0

21/2 is realized.3 We point out that a situation is possib
when the oscillating magnetic order is due to Fermi surfa
properties in the normal state in which caseQ is independent
on superconductivity. As a typical example for such a beh
ior serves TmNi2B2C with Tc511 K, where atTm51.5 K
an oscillating magnetic order appears with the wave vec
Q50.24 Å21, i.e., Q21!j0'250 Å.5,11 This discussion
demonstrates that in singlet magnetic superconductors an
cillating magnetic structure can be realized with the equ
rium wave vectorQ laying in the rangej0

21,Q,kF .
The current ratioR2x(m,p)5J2x /Jc is calculated nu-

merically, for the temperatureT50.1 K, as a function of the
parametersm5D/h and p5(r0 /h)(5QvF /h), which are
supposed to be equilibrium values. The obtained results
shown in Fig. 2, whereR2x(m,p5const) is plotted, and in
Fig. 3, where the caseR2x(m5const,p) is presented.
3-3
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FIG. 2. The ratio R2x(m5const,p)
5J2x /Jc for m51;0.1;0.02.~a! x521 and~b!
x51. For uR2xu.1 the p contact is realized.
Here,m5D/h andp5QvF /h.
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IV. DISCUSSION AND CONCLUSION

The u dependence of the Josephson current gives ris
interesting physical effects in this junction—we call it th
MSJ junction. In the following we discuss some of the
like, for instance, the tuning from 0- top junctions, i.e.,
switching ability of the MSJ junction. The extension of th
theory to other than spiral magnetic order is discussed at
end of this section.

~i! The p Josephson junction
The theory for the MSJ junction predicts that both cas

uR2xu,1 and uR2xu.1, can be realized in some region
parameters:m(5D/h) andp(5QvF /h)—see Figs. 2 and 3
Equation~8! tells us, that ifuR2xu.1 the p junction is re-
alized, in which case the MSJ-junction energy@given by Eq.
~8!# has a minimum forw5p. For x51 and forR2,21,
10450
to

,

he

s,

the p contact is favorable if the magnetic phaseu takes
values cosu,21/uR2u, while in the case whenx521 and
R1.1, thep contact is realized for cosu.1/R1 . It is seen
in Figs. 2 and 3 that thep junction is preferable in the
parameter regionm,1, p,2, whereuR2xu.1. We point
out that the parameterm([D/hex) is a measure of the rela
tive strength of the superconducting order parameter w
respect to the exchange energy, whilep(5QvF /hex

[Lex /Lspiral) measures the relative ratio between the ‘‘e
change’’ length,Lex52pvF /hex , and the spiral period
Lspiral52p/Q. Hence the conditionp,2 means that thep
contact is favorable in magnetic superconductors with
longer period of the spiral structure. However, theory3 shows
that the latter property is less favorable for the coexistenc
superconductivity and spiral magnetic order. In existi
3-4
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FIG. 3. The ratio R2x(m,p5const)
5J2x /Jc for p52;1;0.2. ~a! x521 and~b! x
51. For uR2xu.1 the p contact is realized.
Here,m5D/h andp5QvF /h.
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~ferro!magnetic superconductors ErRh4B4 , HoMo6S8 ,
HoMo6Se8, and AuIn2, the parameterm decreases fromm
@1 to m,1 by lowering T from Tm , while the valuep
.10 is realized. The latter fact means that the current r
uR2xu is small in these systems3 and thep junction is unfa-
vorable in MSJ junctions based on these compounds.

~ii ! Tuning of the magnetic phaseu in the MSJ-junction
If u(x,y,t) can be tuned in space and time in a contr

lable way it offers possibilities for applications of the MS
junctions. The elaboration of coupled equations forw(x,y,t)
and u(x,y,t) is a matter for future investigation and
present this problem can only be analyzed qualitatively.
the MSJ junction the Josephson phasew can be tuned by
external currents, like in standard junctions, while the m
netic phaseu can in principle be tuned by external magne
10450
io

-

n

-

fields. For instance, in the case of magnetic superconduc
with an easy-plane magnetic anisotropy~thex-y plane in the
geometry of Fig. 1! u can be tuned in the range (0,p) by
applying a magnetic field on lateral surfaces~which are far
away from the contact plane! of the left and/or right super-
conducting bank. By applying magnetic field directly to th
contact one can change bothw andu along the contact.

~iii ! Switching of MSJ junctions
The controllable change ofu in a MSJ junction might be

useful in switching and similar operations. For instance
the system is characterized byuR2xu.1 one can tune the
MSJ junction continuously from the 0- top junction by
rotating the magnetic field~which is applied far away from
the contact!. If such ap junction is part of a superconductin
ring circuit with large inductanceL then a spontaneous cu
3-5
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rent flows.12 Moreover, it is imaginable that one can reali
different logic circuits by combining more such junctions.

Note that the tuning property of the MSJ junction, from
0- to p state in the same setup, is unique. Such tuning in
same setup is hard to realize in junctions with high-Tc super-
conductors, where due tod-wave pairing one can have eithe
a 0- orp junction. It should also be stressed that even th
MSJ junctions withuR2xu,1 ~when only 0 junctions are
possible! might be useful in applications because spatial a
time variations ofu would modulate the Josephson curren

~iv! Other types of magnetic order
The proposed theory holds qualitatively for supercondu

ors with antiferromagnetic magnetic order that has an ea
plane magnetic anisotropy. Note that the antiferromagn
order can be considered as a limiting case of the spiral or
For instance, in some antiferromagnetic heavy-fermion
perconductors, like URu2Si2 with TN'17 K and Tc
'1.5 K, one hasp'122, m'0.0120.03, where the smal
value of p is due to the small Fermi velocity.13 If one as-
sumes that~anisotropic! s-wave pairing takes place in thi
system in the absence of antiferromagnetic order, then
magnetic order affects superconductivity in the way d
scribed above.14 Since in URu2Si2 one hasp'122, m
'(0.0120.03) and uRxu;1 this means that this system
might be favorable for makingp junctions. Other heavy fer
mions, like UPd2Al3 (TN'14 K, Tc'2 K) and UNi2Al3
(TN'4.6 K, Tc'1 K), might also belong to the class de
scribed by the theory above.14 The antiferromagnetic super
conductor UPt3, with TN'5 K, Tc'0.5 K, p'122, m
'(0.0120.03) is also a candidate for such a system
. B

F.

t.
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s-wave pairing is realized in it. However, a number of e
periments in UPt3 are better described by assuming unco
ventional superconductivity13 with a still unknown structure
of the superconducting order parameter.

We would like to point out that the above theory hol
qualitatively for magnetic superconductors with an easy-a
magnetic anisotropy. In that case the orientation of the os
lating ~sinusoidal or domainlike! magnetic order is fixed and
the tuning of corresponding MSJ junctions by a magne
field is more difficult. This possibility depends strongly o
the strength of the magnetic anisotropy.

In conclusion, it is shown that in Josephson junctio
made of magnetic superconductors with a spiral magn
order the Josephson current depends on a new degre
freedom—the relative magnetic phase of the magnetizat
at the barrier. In some ranges of the parametersD, h and
QvF the p junction can be realized by tuningu in a mag-
netic field. Even in the case when only the 0 junction
realizable the physics of such a junction is interesting due
the sensitivity of the Josephson current to small spatial
time variations ofu. Such systems could be of potenti
interest for small-scale applications, of course, if the M
junction is realizable.
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Adv. Phys.34, 176 ~1985!.
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