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Structural properties of copper
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~Received 11 August 2000; published 13 February 2001!

First-principles total-energy calculations on the tetragonal states of bulk elemental copper have been made
with a full-potential electronic structure program with both the local-density approximation~LDA ! and the
generalized gradient approximation~GGA!. The unique path through tetragonal states produced by epitaxial
strain on equilibrium states has been found. This path, called the epitaxial Bain path, shows that body-centered
cubic Cu ~at axial ratio c/a51! is unstable, but a shallow energy minimum exists for a body-centered
tetragonal~bct! state with axial ratioc/a50.93. Structure parameters and elastic constants of both the face-
centered cubic~fcc! ground state and the bct state are determined and the fcc values are compared to experi-
ment: the GGA results are better than the LDA results. The procedures for evaluating the three fcc elastic
constants and the six tetragonal elastic constants are described in detail. Tests of the stability of the bct phase
at c/a50.93 show that this phase, although stable with respect to tetragonal deformations, is unstable with
respect to@110# shear in the~001! plane. A lower-energy body-centered orthorhombic phase is found that may
be metastable.

DOI: 10.1103/PhysRevB.63.094113 PACS number~s!: 68.55.Nq, 64.60.My, 61.66.Bi
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I. INTRODUCTION

The electronic and structural properties of elemental
have been studied extensively, both theoretically and exp
mentally, in the past fifteen to twenty years. Fueling some
those studies was the controversy that was started by a c
of Kang et al.1 about double minima in the energy-volum
curve of a body-centered cubic~bcc! structure of copper.
That claim was later disproven, but it generated several
teresting reports of calculations of lattice parameters
elastic constants of both the stable face-centered-cubic~fcc!
and a hypothetical metastable bcc phase of Cu.2–10

The calculations were made with different theoretic
methods: mostly the full potential linearized augmen
plane wave~FLAPW!, both semirelativistic and nonrelativ
istic, in the local-density approximation~LDA ! and in the
generalized gradient approximation~GGA!, but also with
plane waves and pseudopotentials, Gaussian orbitals,
The calculations found either the total energy versus volu
or the total energy at constant volume versus the axial r
c/a of the body-centered-tetragonal~bct! unit cell that char-
acterizes both the fcc structure (c/a5&) and the bcc struc-
ture (c/a51). Almost all the older reports quote values f
the lattice constant of bcc Cu that range between 2.80
2.87 Å, although some of them state that bcc Cu
unstable,5,6,10 and two of them find shallow minima atc/a
,1, i.e.,c/a50.958 andc/a50.92,10 in the curve of energy
versusc/a at constant experimental volume.

These theoretical results stimulated a number of exp
mental attempts at stabilizing bcc Cu at room temperature
pseudomorphic epitaxy. Ultrathin films of Cu were grown
different substrates, and the structure of the films was stu
by quantitative low-energy electron diffractio
~QLEED!11–14 or by STM.15 The substrates were chosen
such a way as to minimize the mismatch between the lat
constant of the substrate surface and the lattice consta
bcc Cu as predicted by the theoretical calculation mentio
above. Copper films grown on Pd$001% and Pt$001% were
0163-1829/2001/63~9!/094113~8!/$15.00 63 0941
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found to have a bct structure derived from strained fcc,12,13

while Cu films grown on Fe and Ag$001%11,14were judged to
have some small regions of a highly strained bcc structu
although the lattice parameters were tagged with an unu
ally large experimental error. Thatunstablebcc Cu could
possibly grow epitaxially on Ag$001% was explained5 by the
fact that while the shear constantC8[(c112c12)/2, which
would oppose sliding of$110% planes, was found to be nega
tive, the shear constantc44, which opposes sliding of$001%
planes, is finite. Then it was suggested that the epitaxial c
straint of the films by the substrate would prevent$110%
planes from sliding on each other.

The STM experiment involved ultrathin films of Cu on P
$001%15 and was interpreted as revealing the presence o
high-coverage metastable bct phase and a low-cove
strained fcc phase. However, both these claims were foun
be incorrect by Jeong,8 who stated that the high-coverag
phase should be assigned to strained fcc, while the inter
tation of the low-coverage phase as strained fcc implie
vanishing Poisson ratio and is therefore unacceptable.

Recently new experiments have been reported in the
erature in which regions of ‘‘bcc Cu’’ were identified.16–18In
contrast to the experiments mentioned above, these ex
ments were not done for the specific purpose of stabiliz
the metastable phase of Cu—but rather involved the gro
of multilayers of Cu with Nb. Such multilayers are notable
that they exhibit high mechanical strengths which incre
with decreasing thickness of the individual layers. The m
tilayers were polycrystalline, but electron microscopy a
electron diffraction detected the presence in the thinner
layers of a crystalline phase that was labeled strained bcc

The present work verifies that bcc Cu is tetragonally u
stable and finds a bct state atc/a,1 that is tetragonally
stable by calculation of the epitaxial Bain path~EBP! of Cu
with the WIEN97 computer program.19 The EBP20,21 is a path
through tetragonal states which passes through all tetrag
equilibrium states, where the energy is a minimum, a
through tetragonal states produced by epitaxial~biaxial!
©2001 The American Physical Society13-1
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F. JONA AND P. M. MARCUS PHYSICAL REVIEW B63 094113
strain of the equilibrium states. The EBP has been used
viously to locate equilibrium states of bct Co,21,22 V,23 and
fcc Ti.24

In addition to locating the two equilibrium states of Cu
the two minima of energy on the EBP, we calculate the th
elastic constants of fcc Cu, which we compare with expe
ment, and the six elastic constants of the bct state. The
elastic constants are then used to check the four stab
conditions of a tetragonal structure. The interesting resu
that the bct state fails one stability condition, hence is
truly metastable. A step toward locating a truly metasta
phase is taken by following a path through orthorhom
states leading to an energy minimum, whose metastabilit
not yet established.

We describe in Sec. II the procedure followed for t
calculations, the results and their comparison with those p
lished in the literature; in Sec. III, a discussion of the co
clusions; and in an Appendix the details of the procedu
followed for the determination of elastic constants.

II. CALCULATIONS AND RESULTS

The WIEN97 program19 uses the FLAPW method and ca
calculate total energies for a variety of crystal structures
space groups with a choice of nonrelativistic~NREL! or rela-
tivistic ~REL! calculations in either the LDA or the GGA
approximation. The program was implemented and execu
on a LINUX-based desktop PC. All calculations discussed
this paper were done twice, once with the NREL-LDA a
once with the REL-GGA formulation.

The structures considered for the construction of the E
all had a bct cell with parametersa ~the edge of the primitive
square base! andc ~the height of the cell!. The procedure was
as follows: a value ofa was chosen and several calculatio
of the total energy were done for a series of values oc.
~Energy will throughout mean the energy per atom.! Usually,
five values ofc would be chosen in such a way that th
corresponding energies would straddle a minimum. A lea
squares fit of a cubic polynomial to the five calculated valu
then gave the minimum energy and the value ofc that cor-
responds to the minimum energy.

This procedure produces values ofa and c on the EBP
which can be plotted asc vs. a, or c vs. c/a. The procedure
is then repeated for values ofa usually spaced about 2%
apart. About 22 to 25 values ofa would be chosen to cove
the range ofc/a values from 0.8 to 1.6. The resulting plot o
c vs. c/a is depicted in the top panel of Fig. 1 for both LD
and GGA.

For each~a,c! pair we also plot the energy versusc/a,
relative to the ground state, as shown in the middle pane
Fig. 1. This plot gives three important pieces of informatio
~1! the curves~for LDA and GGA! have a deep minimum a
c/a51.417, very close to the valuec/a5&, corresponding
to the fcc ground state of Cu. The energy minima a
23310.060 442 Ry for the GGA and23275.878 584 Ry for
the LDA formulation. ~2! There is a maximum atc/a51,
confirming the fact that the bcc phase is tetragonally
stable. ~3! A shallow, higher minimum is found atc/a
50.936 for LDA and atc/a50.927 for GGA. This mini-
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mum is about 3 mRy/atom higher than that of the sta
phase, andmaybe a metastable phase of Cu.

It may be worth emphasizing that this curve isnot a plot
of the energy vs.c/a at constant volume, as commonly di
played in many other publications, since here the volu
changes along the curve, and at eacha has the value of the
volume per atom (V5a2c/2) that corresponds to the min
mum energy. Constant-volume curves find approximate v
ues of the equilibriumc/a values, but the EBP is needed
find the correctc/a and the equilibrium volume.

A useful aspect of the EBP is produced by plotting t
magnitude ofV/V0 as a function ofc/a, as done in the
bottom panel of Fig. 1:V0 is the theoretical value of the
volume of the unstrained stable phase~at c/a5&!. The
points corresponding to the unstrained stable phase and
bct phase atc/a50.93 are marked with solid circles~only
for the GGA calculation, to avoid complicating the plot!. The

FIG. 1. Epitaxial Bain Path of Cu: solid curves were calculat
with the LDA approximation, dashed curves, with the GGA a
proximation. Top panel: tetragonal parameterc vs. c/a. Middle
panel: Energy per atom vs.c/a referred to zero at the equilibrium
fcc phase (c/a5&). Lower panel: Normalized volume (V/V0) vs.
c/a, where the reference volumeV0 is the theoretical volume pe
atom of the equilibrium fcc phase of Cu.
3-2
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TABLE I. Lattice parameters and elastic constants of fcc Cu and bct Cu:a08 andc08 are the parameters o
the bct unit cell, in Å units;V is the volume per atom, in Å3; the ci j are elastic constants, in Mb;B5(c11

12c12)/3 is the bulk modulus, in Mb;C85(c112c12)/2 is the shear modulus, in Mb. The values ofB andC8
given in the first two columns and in the Expt. column were calculated from the corresponding valuesc11

andc12 in order to allow direct comparison with the data reported by others in the literature. For both fc
bct Cu the present calculations were done with theWIEN97 ~FLAPW! program~Ref. 19! both in the nonrel-
ativistic local-density approximation~LDA ! and in the relativistic generalized-gradient approximati
~GGA!. The column headings of the literature data are the initials of the authors of the references cited
footnotes. The experimental data stem from Pearson~Ref. 29! for the lattice constants~room-temperature
values!, and from Simmons and Wang~Ref. 30! for the elastic constants~0 K values!.

fcc Cu

bct Cu
Theory

This work

Theory

Expt.

This work Literature data

LDA GGA CC LWZ KMMS J MP WS LDA GGA

a08 2.514 2.568 2.556 2.892 2.968
c085c0 3.563 3.639 3.62a 3.61b 3.58d 3.61e 3.52f 3.52g 3.615 2.708 2.750

3.56c 3.61 h

c08/a08 1.417 1.417 1.414 0.936 0.927
V 11.26 12.00 11.81 11.33 12.11
c11 2.256 1.897 1.56f 1.762
c12 1.537 1.282 1.06f 1.249
c44 1.156 0.944 0.86d 0.80f 0.82g 0.818
B 1.777 1.487 1.88a 1.62b 1.53d 1.66e 1.90g 1.420

1.83c

C8 0.360 0.308 0.272d 0.271g 0.257
c11 1.609 1.245
c12 1.752 1.631
c13 1.681 1.394
c33 1.937 1.580
c44 1.212 0.975
c66 1.365 1.314

aReference 3, pseudopotential Gaussian orbitals, Hedin-Lundqvist parameterization.
bReference 4, nonrelativistic FLAPW, LDA, Wigner exchange-correlation~xc!.
cReference 4, semirelativistic FLAPW, LDA, Wignerxc.
dReference 5, NR full-potential linear muffin-tin orbital, Ceperley-Alderxc, and Vosko-Wilk-Nusair param-
etrization.

eReference 8, plane wave, Ceperly-Alderxc and Perdew-Zunger parametrization.
fReference 9, LAPW, Hedin-Lundqvist,xc.
gReference 10, FLAPW,WIEN95, LDA, Perdew-Wangxc.
hReference 10, FLAPW,WIEN95, GGA, Perdew-Wangxc.
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shaded area, covering the range of positive slope of the E
indicates a region in which the strain energy is not posit
definite, i.e., a region of states that are intrinsically unsta
with respect to tetragonal deformations.20 The portion of the
EBP on the right of the unstable region defines the strai
states that can be obtained by pseudomorphic epitaxy o
stable phase on substrates that preserve the tetragonal
ture. The portion on the left of the unstable region serves
same purpose for strained states of the bct phase atc/a
50.93.

The numerical results are summarized in Table I, wh
a08 denotes the specific values ofa of the bct cell for the two
equilibrium states, andc08 denotes the corresponding valu
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of the c parameter. Related values taken from the literat
are also listed for comparison.

Table I also shows the values of elastic constants, both
the stable fcc phase~which can be compared with the avai
able experimental data! and for the possibly metastable b
phase. Determination of the elastic constants requires kno
edge of the curvature of the energy curve as a function
strain for selected deformations of the unit cell. Some
these deformations change the volume of the unit cell,
maintain the tetragonal symmetry, whereas others break
tetragonality. The formulas and procedures for the calcu
tions of elastic constants are given and discussed in the
pendix.
3-3
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III. DISCUSSION

For fcc Cu both the NREL-LDA and the REL-GGA pro
duce lattice parametersa08 , c08 , and atomic volumeV in
good agreement with the experimental values: 1.6, 1.4,
4.7% low, respectively, for the LDA, and 0.5, 0.7, and 1.6
high, respectively, for the GGA. The theoretical values fou
in the literature forc08 are also in good agreement with th
experimental counterpart~0 to about 3% low!.

For the elastic constants the agreement with the exp
mental values is less good: 20 to 40% high for the LDA a
3 to 15% high for the GGA. Thus the agreement with expe
ment for the GGA is better in the present case than for
LDA. This conclusion, however, does not have general
lidity, e.g., in the case of Pd we find that the LDA is bette
overall, than the GGA.

Comparison of elastic constants with the theoretical lite
ture values is fairly limited, as most of the published data
not include individualci j values. A more extensive compar
son can be made for the bulk modulusB, which is often
reported in the literature and which we can calculate fr
our values ofc11 and c12: with respect to the experimenta
value our numbers forB are 25%~LDA ! and 5% ~GGA!
high, while the theoretical values in the literature range fr
8% to 34% high.

The overall reasonable agreement for fcc Cu of both
structural and the elastic calculated data with their exp
mental counterparts gives some confidence in the prog
and the procedures followed for the calculations. Thus,
present work confirms the fact that bcc Cu is tetragona
unstable.

Nevertheless, the bcc phase may possibly be stabilize
mentioned in Sec. I, by pseudomorphic epitaxy. Thus,
QLEED and photoemission experiments of Liet al.14 on ul-
trathin films of Cu on Ag$001% may have produced sma
regions of strained bcc Cu. Also, Heinrichet al.25 claimed to
have grown Cu$001% films as thick as ten layers o
Fe$001%/Ag$001% in a ‘‘nearly perfect bcc structure.’’ Thes
films were grown by molecular-beam epitaxy~MBE! and
were found to have an in-plane lattice constant 1.2% lar
than that of the Fe$001% layers ~hence the Cu films were
epitaxial, but not pseudomorphic!. The bulk interlayer spac
ing was found to be close to that of Fe$001% or Ag$001%, but
no quantitative measurements were made, hence the va
of the axial ratioc/a and of the volume/atom cannot b
determined and plotted on the EBP. Similarly, the expe
ments involving MBE-grown nanolayer composites of C
and Nb16–18with Cu films thinner than 12 Å were claimed t
have a ‘‘slightly distorted bcc structure.’’16 But, again, no
quantitative data for the lattice parameters were reported

Another possible candidate for the stabilized phase in
above experiments is of course the bct phase found in
work atc/a50.93. A question that needs to be considered
whether this phase is truly metastable.

The stability of a crystalline phase requires that the str
energy be positive definite with respect to all strains, whi
in turn, imposes restrictions on the elastic constants. Fo
tetragonal crystal these restrictions include the three listed
Nye26 for hexagonal crystals~labeled Sc1,Sc2,Sc3 below! to
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which a fourth~Sc4! is added:

c11.uc12u ~Sc1!

~c111c12!c33.2c13
2 ~Sc2!

c44.0 ~Sc3!

c66.0 ~Sc4!
6 ~1!

The elastic constants listed in Table I for the bct phase
c/a50.93 fulfill stability conditions~Sc2!, ~Sc3!, and~Sc4!,
but not ~Sc1!, which fails by 9%~LDA ! and 30%~GGA!.
This result states that there are deformations of the bct
that would decrease the energy, indicating that the co
sponding bct phase is unstable.

We can test whether in fact the energy of the bct ph
can be decreased by appropriate deformations. The stab
condition~Sc1! stems from the requirement for positive de
niteness of the part of the strain energy expression that
mains when onlye1 ande2 vary

E

V
5

1

2
c11~e1

21e2
2!1c12e1e2 . ~2!

This formula can be obtained from the general expression
the strain energy of a tetragonal crystal, given in Eq.~A17!
in the Appendix, by choosing strainse1Þ0 ande2Þ0, and
all othere i50. Equation~2! has a minimum for

e1

e2
52

c12

c11
, ~3!

whence the strain ratio that decreasesE most rapidly can be
calculated from the data in Table I. We find, for the LD
results: e1 /e2521.089, and for the GGA results:e1 /e2
521.310. Sincee15da/a ande25db/b, these strain ratios
require for LDA: da521.089db, and for GGA: da
521.310db.

We calculated the strain energy for a series of deform
tions fulfilling the above conditions, and found that in fa
the energy decreases below the value of the bct minim
found in Fig. 1. Figure 2 shows that new minima are fou

FIG. 2. Energy referred to the minimum of the bct phase of
at c/a50.93 vs. thea parameter of body-centered orthorhombic C
as described in the text. The full circle and square mark the
minima for LDA and GGA, respectively.
3-4
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STRUCTURAL PROPERTIES OF COPPER PHYSICAL REVIEW B63 094113
about 1 and 0.6 mRy below the corresponding bct mini
for LDA and GGA, respectively. The unit cells at the ne
minima are body-centered orthorhombic~bco! with param-
eters~in Å!: a52.563,b53.195,c52.708 for LDA, anda
52.658,b53.204,c52.750 for GGA. Thus, the edges o
the bct cells are changed by about 10% and the volumes
decreased in order to reach the new minima.

Whether this bco state is metastable is not yet known.
analysis similar to that given above for the bct state,
more complicated by the lower symmetry, is required, wh
might find structural paths that further decrease the ene
However, eventually this downward sequence must end
ther in at least one metastable structure in which the ene
is a minimum with respect to all small deformations or in t
fcc ground state.
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APPENDIX

1. Elastic constants of the fcc phase

Along the EBP we consider bct states. Hence the pro
dure to find elastic constants at the equilibrium states is n
rally formulated in the tetragonal axes. However, to det
mine elastic constants of the fcc phase we must keep in m
that the elastic constants are defined with respect to thecubic
axes, while the deformations that we impose in order to c
culate the elastic constants are described in the tetrag
axes. Hence, we need the relations between the elastic
stants in the bct~or tetragonal! axes and those in the fcc~or
cubic! axes.

The fcc unit cell has sidesa05b05c0 and elastic con-
stantsci j . The bct unit cell has sidesa085a0 /&; b085a08 ;
c085c0 ; and elastic constantsci j8 . Figure 3 shows the rela
tion between the fcc axes and the bct axes in the basal p
the axesx1 andx2 of the fcc surface mesh are the cubic ax
the axesx18 andx28 are the tetragonal axes;x3 andx38 are the
same.

In the cubic system there are three elastic constants:c11,
c12, andc44. The strain energy in the cubic axes around
equilibrium state is

E

V
5

1

2
c11~e1

21e2
21e3

2!1c12~e2e31e3e11e1e2!

1
1

2
c44~e4

21e5
21e6

2!, ~A1!

whereV is the volume per atom and theci j ’s ande i ’s are the
elastic constants and strains in matrix notation@Ref. 26, pp.
133,134#.

In the tetragonal system there are six elastic consta
c118 , c128 , c138 , c338 , c448 , andc668 , and the strain energy in th
bct axes is
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E

V
5

1

2
c118 ~e18

21e28
2!1c128 e18e281c138 ~e18e381e28e38!

1
1

2
c338 e38

21
1

2
c448 ~e48

21e58
2!1

1

2
c668 e68

2. ~A2!

The relations between the strainse i8 and the elastic con-
stantsci j8 in the tetragonal axes to the strainse i and elastic
constantsci j in the cubic axes are given by the tensor tran
formation rules. These rules must be applied to the seco
rank-tensor components of strain and fourth-rank-tensor e
tic constants, i.e.,

e i j8 5 (
k,l 51

3

x ik8 x j l8 ekl , ~A3!

ci jkl8 5 (
l ,m,n,o51

3

x i l8x jm8 xkn8 x loclmno , ~A4!

wherex ik8 is the cosine of the angle between axesxi8 andxk ,
i.e., the tensor transformation matrix is

x85S &2 2
&

2
0

&

2

&

2
0

0 0 1

D . ~A5!

Summing the 9 terms in Eq.~A3! and the 81 terms in
~A4!, and converting back to matrix notation we find th
relations

FIG. 3. Relation between the centered unit mesh~sidesa0! in
the cubic axesx1 ,x2 , and the primitive unit mesh~sidesa08 ,b08
5a08! in the bct axesx18 ,x28 .
3-5
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e185
1

2
~e11e21e6!; e285

1

2
~e11e22e6!;

e385e3 ; e485~e42e5!
&

2
;

e585~e41e5!
&

2
; e6852e11e2 ,

6 ~A6!

and

c118 5
1

2
~c111c12!1c44; c128 5

1

2
~c111c12!2c44;

c138 5c12; c338 5c11;

c448 5c44; c668 5
1

2
~c112c12!.

6 .

~A7!

From Eq.~A7! we select the repeated-index constantsc118 ,
c338 ,c668 , which are easier to evaluate than the mixed-ind
constantsc128 ,c138 . Then theci j are found from

c115c338 ,

c125c338 22c668 ,

c445c118 2c338 1c668 .
J . ~A8!

We must therefore determine the three constantsc118 , c338 ,
andc668 . We consider the three determinations separatel

a. Determination of c118

Takee185(a82a08)/a08 finite, but e i850, i 52 to 6 in the
energy in Eq.~A2! by changinga8, but keepingb08 and c08
fixed. Then only the term ine82 survives and

c118 5
1

V S ]2E

]e18
2D

e
1850, i 52 to 6

5
a08

2

V S ]2E

]a82D
b

08 ,c
08

5
2

c08
S ]2E

]a82D
b

08 ,c
08
, ~A9!

sinceV5(a08
2c08)/2. Then Eq.~A9! applies to a general bc

equilibrium state, stable or metastable. In the special cas
the fcc structure,c085a08& and Eq.~A9! becomes

c118 5
&

a08
S ]2E

]a82D
b

08 ,c
08
, ~ fcc structure!. ~A10!

Note that after this deformation the unit cell is no long
tetragonal, as the original square base is now rectang
The strained cell can be considered either as body-cent
orthorhombic~sidesa8,b08 ,c08! or as primitive triclinic~sides
a8,b08 , and the line joining the origin to the body-cent
atom!.
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Five energies at five values ofa8 arounda08 ~the theoret-
ical value of the unit-mesh edge at the energy minimum
the EBP! fitted to a cubic polynomial ina8 yield the second
derivative needed in Eq.~A10!.

b. Determination of c338

Take e385(c82c08)/c08 finite and e i850, i 51,2,4,5,6, in
the energy in Eq.~A2!, so that only the term ine38

2 survives.
Then as in Eq.~A9!

c338 5
1

V S ]2E

]e38
2D

other e
i850

5
c08

2

V S ]2E

]c82D
a

08 ,b
08

5
2c08

a08
2 S ]2E

]c82D
a

08 ,b
08
, ~A11!

which, like Eq. ~A10!, applies to all tetragonal equilibrium
states. For the fcc structure equation~A11! becomes

c338 5
2&

a08
S ]2E

]c82D
a

08 ,b
08
, ~ fcc structure!. ~A12!

Again the derivative in Eq.~A12! is evaluated by fitting a
cubic to five values ofE at values ofc8 aroundc08 .

c. Determination of c668

Putting alle i850 excepte68 we find

c668 5
1

V S ]2E

]e68
2D

e
i850, i 51 to 5

. ~A13!

To evaluatec668 from Eq. ~A13!, observe thate68 , a shear
strain in the@110# direction, is given by the change inuab ,
the angle between sidesa andb,27 with a,b,c held constant,

e685f[
p

2
2uab , ~A14!

and to first-order inf all other strains vanish. Then from Eq
~A13!

c668 5
1

V S ]2E

]f2D
a

08 ,b
08 ,c

08 ,u
08

5
1

V S ]2E

]u82D
a

08 ,b
08 ,c

08 ,u
08

5
2

c08a08
2 S ]2E

]u82D
a

08 ,b
08 ,c

08 ,u
08

~A15!

and for the fcc structure
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c668 5
&

a08
3 S ]2E

]u82D
a

08 ,b
08 ,c

08 ,u
08
, ~ fcc structure!. ~A16!

Thus, the original bct cell is strained to become bod
centered monoclinic~not a Bravais lattice!, which is best
described as primitive triclinic with sidesa08 ,b08 ~angleu8!,
and c85distance between the origin and the body-cen
atom.

For the determination ofc668 we choose five values ofu8
~aroundu08!; for each such value we find the parameters
the corresponding triclinic cell, and with these parameters
calculate the energy/atom. Fitting the five values of the
ergy to a cubic polynomial inu8 we determine the secon
derivative needed in Eq.~A15!.

Finally, having foundc118 , c338 , andc668 we can calculate
c11, c12, andc44 with Eq. ~A8!.

2. Elastic constants of the bct phase

The strain energy of a tetragonal crystal was written
Eq. ~A2! with primed quantities because they were refer
to tetragonal axes obtained by in-plane rotation of the cu
axes. We rewrite it here for convenience with unprim
quantities referred to the bct axes:

E

V
5

1

2
c11~e1

21e2
2!1c12e1e21c13~e1e31e2e3!

1
1

2
c33e3

21
1

2
c44~e4

21e5
2!1

1

2
c66e6

2. ~A17!

Start from a bct unit cell in equilibrium with edgesat and
bt5at along the axesx1 and x2 , and ct along x3 . Apply
equal strains alongx1 and x2 , so thate15e25(a2at)/at ,
all other strains being kept at zero. Then, as in Eq.~A9!,

c111c125
1

2V S ]2E

]e1
2 D

e i50, i 53 to 6

5
at

2

2V S ]2E

]a2 D
c5ct

5
1

ct
S ]2E

]a2 D
c5ct

, ~A18!

sinceV5(at
2ct)/2.

If only e1Þ0, as in Eq.~A9!

c115
1

V S ]2E

]e1
2 D

e i50, i 52 to 6

5
2

ct
S ]2E

]a2 D
bt ,ct

. ~A19!

Then Eqs.~A18! and ~A19! together determinec12.
If only e35(c2ct)/ctÞ0, e i50, i 51,2,4,5,6, then, as in

Eq. ~A11!

c335
1

V S ]2E

]e3
2 D

e i50, i 51,2,4,5,6

5
2ct

at
2 S ]2E

]c2 D
at ,bt

. ~A20!
09411
-

r

f
e
-

d
ic

Having so far determinedc11,c12,c33 we now proceed to
determinec13. We can do this in three ways, two ways r
quiring and one way not requiring the EBP.

~1! From the epitaxial condition, which holds along th
EBP, we have

s35c13e11c13e21c33e350, ~A21!

wheree15e2 , hencel
e3

e1
5

a

c

dc

da
522

c13

c33
. ~A22!

But e35dc/ct ande15da/at are related as follows

e35
dc

ct
5

at

ct
Sdc

daDe1 ~A23!

so that

c1352
c33

2

at

ct
S dc

daD
a5at

. ~A24!

~2! Another expression forc13 can be found as follows
Utilizing again the fact that for an epitaxial strain the out-o
plane stress vanishes~the condition along the EBP!, we can
rewrite the energy expression as follows28

EEBP5VY8e1
2

Y8 [c111c1222
c13

2

c33
, J . ~A25!

Now from Eq.~A25! we can calculate a value forY8 from
the second derivative of the energy along the EBP at
equilibrium state

Y85
1

ct
Sd2EEBP

da2 D
at

~A26!

and so from the second part of Eq.~A25!

c135A~c111c122Y8!
c33

2
. ~A27!

~3! A third way of determiningc13, which does not re-
quire knowledge of the EBP, is through an equation sim
to Eq. ~A18!, viz.,

c111c33

2
1c135

1

2V S ]2E

]e1
2 D

e15e3 , e25e45e55e650

5
1

ct
S ]2E

]a2 D
e15e3 , e25e45e55e650

,

~A28!

where e15da/at5e35dc/ct and all othere i ’s50, i.e., a
andc change by different amounts, andb5at .

Finally, c66 is found as in Eq.~A15! by varyinguab , the
angle between sidesa andb. Similarly, c445c55 is found by
varying ubc , the angle between sidesb andc, by

e452e23, ~A29!
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c445
1

V S ]2E

]e4
2 D

e i50, i 51,2,3,5,6

5
1

V S ]2E

]ubc
2 D 5

2

c08a08
2 S ]2E

]ubc
2 D .

~A30!

The structure is again treated as triclinic withb5bt , c
5ct , angleubc varying around 90°, and the distance to t
center atom as the third side.
.
,

a,
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-

s
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.

s,

s,

09411
Special case of bcc phases

For a bcc phase, Eq.~A18! determinesC5c111c12, and
Eq. ~A20! determinesc335c11. Hence, we can calculat
c125C2c11. Sincec135c12, Eqs.~A24!, ~A27!, and~A28!
are three other ways to determinec12. Thus, for a bcc phase
we can calculatec12 in four different ways.

For c44 we note thatc445c66, hence we can follow the
same procedure based on Eq.~A15! for the determination of
c668 .
,
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