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Structural properties of copper
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First-principles total-energy calculations on the tetragonal states of bulk elemental copper have been made
with a full-potential electronic structure program with both the local-density approximétioA) and the
generalized gradient approximatié8 GA). The unique path through tetragonal states produced by epitaxial
strain on equilibrium states has been found. This path, called the epitaxial Bain path, shows that body-centered
cubic Cu (at axial ratioc/a=1) is unstable, but a shallow energy minimum exists for a body-centered
tetragonal(bct) state with axial raticc/a=0.93. Structure parameters and elastic constants of both the face-
centered cubigfcc) ground state and the bct state are determined and the fcc values are compared to experi-
ment: the GGA results are better than the LDA results. The procedures for evaluating the three fcc elastic
constants and the six tetragonal elastic constants are described in detail. Tests of the stability of the bct phase
at c/a=0.93 show that this phase, although stable with respect to tetragonal deformations, is unstable with
respect td110] shear in th€002) plane. A lower-energy body-centered orthorhombic phase is found that may
be metastable.
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[. INTRODUCTION found to have a bct structure derived from strained*fc¢,
while Cu films grown on Fe and A§01***were judged to

The electronic and structural properties of elemental Cthave some small regions of a highly strained bcc structure,
have been studied extensively, both theoretically and experalthough the lattice parameters were tagged with an unusu-
mentally, in the past fifteen to twenty years. Fueling some otlly large experimental error. Thamnstablebcc Cu could
those studies was the controversy that was started by a claipossibly grow epitaxially on A@01} was explainetiby the
of Kang et al! about double minima in the energy-volume fact that while the shear consta@t =(c,;—c,)/2, which
curve of a body-centered cubibcc) structure of copper. would oppose sliding of110 planes, was found to be nega-
That claim was later disproven, but it generated several intive, the shear constamt,, which opposes sliding 001}
teresting reports of calculations of lattice parameters anglanes, is finite. Then it was suggested that the epitaxial con-
elastic constants of both the stable face-centered-dfdig  straint of the films by the substrate would prevemii0
and a hypothetical metastable bcc phase of Cfi. planes from sliding on each other.

The calculations were made with different theoretical The STM experiment involved ultrathin films of Cu on Pd
methods: mostly the full potential linearized augmented{001}'° and was interpreted as revealing the presence of a
plane wave(FLAPW), both semirelativistic and nonrelativ- high-coverage metastable bct phase and a low-coverage
istic, in the local-density approximatiofLDA) and in the  strained fcc phase. However, both these claims were found to
generalized gradient approximatig®GA), but also with  be incorrect by Jeongwho stated that the high-coverage
plane waves and pseudopotentials, Gaussian orbitals, efshase should be assigned to strained fcc, while the interpre-
The calculations found either the total energy versus volumeation of the low-coverage phase as strained fcc implies a
or the total energy at constant volume versus the axial ratiganishing Poisson ratio and is therefore unacceptable.

c/a of the body-centered-tetragon@ict) unit cell that char- Recently new experiments have been reported in the lit-
acterizes both the fcc structure/@=v2) and the bcc struc-  erature in which regions of “bcc Cu” were identifié¢f-*8In

ture (c/a=1). Almost all the older reports quote values for contrast to the experiments mentioned above, these experi-
the lattice constant of bcc Cu that range between 2.80 anchents were not done for the specific purpose of stabilizing
2.87 A, although some of them state that bcc Cu isthe metastable phase of Cu—but rather involved the growth
unstable’®®and two of them find shallow minima afa  of multilayers of Cu with Nb. Such multilayers are notable in
<1,i.e.,c/a=0.95 andc/a=0.921%in the curve of energy that they exhibit high mechanical strengths which increase
versusc/a at constant experimental volume. with decreasing thickness of the individual layers. The mul-

These theoretical results stimulated a number of experitilayers were polycrystalline, but electron microscopy and
mental attempts at stabilizing bcc Cu at room temperature bglectron diffraction detected the presence in the thinner Cu
pseudomorphic epitaxy. Ultrathin films of Cu were grown onlayers of a crystalline phase that was labeled strained bcc Cu.
different substrates, and the structure of the films was studied The present work verifies that bcc Cu is tetragonally un-
by quantitative low-energy  electron  diffraction stable and finds a bct state eta<<1 that is tetragonally
(QLEED)*~**or by STM® The substrates were chosen in stable by calculation of the epitaxial Bain pafEBP) of Cu
such a way as to minimize the mismatch between the latticaith the wiENo7 computer program’ The EBB%?tis a path
constant of the substrate surface and the lattice constant tfirough tetragonal states which passes through all tetragonal
bcec Cu as predicted by the theoretical calculation mentione@quilibrium states, where the energy is a minimum, and
above. Copper films grown on 01 and P{00L were through tetragonal states produced by epitaxisibxial)
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strain of the equilibrium states. The EBP has been used pre- | . | | !

viously to locate equilibrium states of bct b?2V,%% and 76

fce Ti. 70-
In addition to locating the two equilibrium states of Cu at

the two minima of energy on the EBP, we calculate the three & 66 B
elastic constants of fcc Cu, which we compare with experi- 2 B
ment, and the six elastic constants of the bct state. The six ‘5 6.0
elastic constants are then used to check the four stability 5.5 -
conditions of a tetragonal structure. The interesting result is
that the bct state fails one stability condition, hence is not 60 .= B
truly metastable. A step toward locating a truly metastable
phase is taken by following a path through orthorhombic 45
states leading to an energy minimum, whose metastability is B
not yet established. 4.0

We describe in Sec. Il the procedure followed for the E 5
calculations, the results and their comparison with those pub- £ 3.0
lished in the literature; in Sec. Ill, a discussion of the con- 17 |

clusions; and in an Appendix the details of the procedures 20+
followed for the determination of elastic constants.

1.0 B
Il. CALCULATIONS AND RESULTS 0.0 T

The wieno7 progrant® uses the FLAPW method and can 103 / i
calculate total energies for a variety of crystal structures and 102+ e S T
space groups with a choice of nonrelativigtNREL) or rela- 101- ke L
tivistic (REL) calculations in either the LDA or the GGA °100 > X
approximation. The program was implemented and executed ; )
on a LINUX-based desktop PC. All calculations discussed in 099 i
this paper were done twice, once with the NREL-LDA and 0.98 3 B
once with the REL-GGA formulation. 097- =

The structures considered for the construction of the EBP

all had a bct cell with parameteas(the edge of the primitive 0.96 08 09 10 11 12 13 14 165 16

square bagseandc (the height of the cell The procedure was c/a
as follows: a value oh was chosen and several calculations
of the total energy were done for a series of values:of FIG. 1. Epitaxial Bain Path of Cu: solid curves were calculated
]EiI\Elge\l;g)l/u\glsll g;rcouw%zt?gtbrreleiﬂotzgne?frggcae;a\tﬁg;l:s!%the With.the .LDA approximf":ltion, dashed curves, with the QGA ap-
corresponding energies would straddle a minimum. A Ieastproxnpatnon. Top panel: tetragonal parametews. c/a. M_|c_:ldl_e
. . . . anel: Energy per atom vs/a referred to zero at the equilibrium

squares fit of a cgb_lc polynomial to the five calculated valuesl[fz:C phase ¢/a=v2). Lower panel: Normalized volumé/(Vy) vs.
then gave the mln_lmum energy and the value dhat cor- c/a, where the reference volumé&, is the theoretical volume per
respo'nds to the minimum energy. atom of the equilibrium fcc phase of Cu.

This procedure produces values afand c on the EBP
which can be plotted asvs. a, or c vs.c/a. The procedure mum is about 3 mRy/atom higher than that of the stable
is then repeated for values ef usually spaced about 2% phase, andnaybe a metastable phase of Cu.
apart. About 22 to 25 values afwould be chosen to cover It may be worth emphasizing that this curvenist a plot
the range ot/a values from 0.8 to 1.6. The resulting plot of of the energy vsc/a at constant volume, as commonly dis-
c vs.c/a is depicted in the top panel of Fig. 1 for both LDA played in many other publications, since here the volume
and GGA. changes along the curve, and at eadhas the value of the

For each(a,c) pair we also plot the energy versasa, volume per atom {=a2c/2) that corresponds to the mini-
relative to the ground state, as shown in the middle panel ofnum energy. Constant-volume curves find approximate val-
Fig. 1. This plot gives three important pieces of information:ues of the equilibriunt/a values, but the EBP is needed to
(1) the curvedfor LDA and GGA) have a deep minimum at find the correctt/a and the equilibrium volume.
c/a=1.417, very close to the vall®@a=v2, corresponding A useful aspect of the EBP is produced by plotting the
to the fcc ground state of Cu. The energy minima aremagnitude ofV/V, as a function ofc/a, as done in the
—3310.060 442 Ry for the GGA and3275.878584 Ry for bottom panel of Fig. 1V, is the theoretical value of the
the LDA formulation.(2) There is a maximum at/a=1, volume of the unstrained stable pha&d c/a=v2). The
confirming the fact that the bcc phase is tetragonally unpoints corresponding to the unstrained stable phase and the
stable. (3) A shallow, higher minimum is found at/a bct phase at/a=0.93 are marked with solid circleg@nly
=0.936 for LDA and atc/a=0.927 for GGA. This mini- for the GGA calculation, to avoid complicating the plothe
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TABLE I. Lattice parameters and elastic constants of fcc Cu and bcagandc are the parameters of
the bet unit cell, in A unitsV is the volume per atom, in & the c;; are elastic constants, in MB=(cy;
+2c45)/3 is the bulk modulus, in MbC’ = (c4;— €1,)/2 is the shear modulus, in Mb. The valuesBo&ndC'’
given in the first two columns and in the Expt. column were calculated from the corresponding vatyes of
andc, in order to allow direct comparison with the data reported by others in the literature. For both fcc and
bct Cu the present calculations were done withwiheng7 (FLAPW) program(Ref. 19 both in the nonrel-
ativistic local-density approximatiofLDA) and in the relativistic generalized-gradient approximation
(GGA). The column headings of the literature data are the initials of the authors of the references cited in the
footnotes. The experimental data stem from Peal&ef. 29 for the lattice constant&oom-temperature
values, and from Simmons and War(&ef. 30 for the elastic constant® K values.

fcc Cu
Theory bet Cu
Theory
This work Literature data This work

LDA GGA CC LwZ KMMS J MP WS Expt. LDA GGA

a, 2514 2568 2.556 2.892 2.968
co=Co 3563 3.639 3.62 361 358 36F 35/ 358 3615 2708 2750
3.56° 361"
chlay 1417  1.417 1.414 0936 0.927
Y% 11.26  12.00 11.81 11.33 1211
¢y 2256 1.897 1.56 1.762
¢, 1537 1.282 1.06 1.249
Cu 1156 0.944 0.86 0.8d 082 0.818
B 1777 1.487 188 162 153 166 1.9¢ 1.420
1.8%F
c’ 0.360 0.308 0.272 0.27F 0.257
ci 1.609 1.245
Cio 1.752 1.631
Ci3 1.681 1.394
Ca3 1.937 1.580
Cas 1.212  0.975
Ces 1.365 1.314

®Reference 3, pseudopotential Gaussian orbitals, Hedin-Lundqvist parameterization.

bReference 4, nonrelativistic FLAPW, LDA, Wigner exchange-correlatian

‘Reference 4, semirelativistic FLAPW, LDA, Wigngc.

dReference 5, NR full-potential linear muffin-tin orbital, Ceperley-Alderand Vosko-Wilk-Nusair param-
etrization.

*Reference 8, plane wave, Ceperly-Ald@rand Perdew-Zunger parametrization.

Reference 9, LAPW, Hedin-Lundqviste.

9Reference 10, FLAPWWIENS5, LDA, Perdew-Wangkc.

"Reference 10, FLAPWyIENSS, GGA, Perdew-Wangc.

shaded area, covering the range of positive slope of the EBf the ¢ parameter. Related values taken from the literature
indicates a region in which the strain energy is not positiveare also listed for comparison.
definite, i.e., a region of states that are intrinsically unstable Table I also shows the values of elastic constants, both for
with respect to tetragonal deformatiofisThe portion of the  the stable fcc phas@vhich can be compared with the avail-
EBP on the right of the unstable region defines the strainedble experimental datand for the possibly metastable bct
states that can be obtained by pseudomorphic epitaxy of théhase. Determination of the elastic constants requires knowl-
stable phase on substrates that preserve the tetragonal strégige of the curvature of the energy curve as a function of
ture. The portion on the left of the unstable region serves thetrain for selected deformations of the unit cell. Some of
same purpose for strained states of the bct phase/at these deformations change the volume of the unit cell, but
=0.93. maintain the tetragonal symmetry, whereas others break the
The numerical results are summarized in Table |, wheraetragonality. The formulas and procedures for the calcula-
a, denotes the specific values @bf the bct cell for the two  tions of elastic constants are given and discussed in the Ap-
equilibrium states, and; denotes the corresponding values pendix.
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Ill. DISCUSSION

For fcc Cu both the NREL-LDA and the REL-GGA pro-
duce lattice parametera), c;, and atomic volumeV in
good agreement with the experimental values: 1.6, 1.4, and
4.7% low, respectively, for the LDA, and 0.5, 0.7, and 1.6%
high, respectively, for the GGA. The theoretical values found
in the literature forc are also in good agreement with the
experimental counterpaf® to about 3% low.

For the elastic constants the agreement with the experi-
mental values is less good: 20 to 40% high for the LDA and
3 to 15% high for the GGA. Thus the agreement with experi- -15 46 48 80 B2 54 ' B8
ment for the GGA is better in the present case than for the ’ ' a (bol;r) ’ ’
LDA. This conclusion, however, does not have general va-

lidity, e.g., in the case of Pd we find that the LDA is better, FIG. 2. Energy referred to the minimum of the bct phase of Cu

overall, than the GGA. atc/a=0.93 vs. thea parameter of body-centered orthorhombic Cu
Comparison of elastic constants with the theoretical literaas described in the text. The full circle and square mark the bct

ture values is fairly limited, as most of the published data doninima for LDA and GGA, respectively.

not include individuak;; values. A more extensive compari- )

son can be made for the bulk modulBs which is often  Which a fourth(Sc4 is added:

reported in the literature and which we can calculate from

Energy (mRy)

our values ofcy; andc,,: with respect to the experimental C11> 1] (Sed)
value our numbers foB are 25%(LDA) and 5% (GGA) (C11+C1p)Ca35>2C3; (Sc2
high, while the theoretical values in the literature range from >0 (563 (1)
8% to 34% high. 44
The overall reasonable agreement for fcc Cu of both the Ce6~ 0 (Sq)

structural and the elastic calculated data with their experi- . . .

mental counterparts gives some confidence in the program The elastlc_ constgpts Ilstepl_ln Table | for the bct phase at
and the procedures followed for the calculations. Thus, th&/@=0-93 fulfill stability cond|t|§)ns(502, (Sc3, a;nd(ScA),
present work confirms the fact that bce Cu is tetragonallyPut not (Scd), which fails by 9%(LDA) and 30%(GGA).
unstable. This result states that there are deformations of the bct cell

Nevertheless, the bce phase may possibly be stabilized, 488t would decrease the energy, indicating that the corre-

mentioned in Sec. I, by pseudomorphic epitaxy. Thus, théPonding bct phase is unstable.
QLEED and photoemission experiments ofdtial 14 on ul- We can test whether in fact the energy of the bct phase

trathin films of Cu on Ag00L may have produced small €&n be decreased by appropriate deformations. The stability
regions of strained bce Cu. Also, Heinrieh al?® claimed to condition(Sc) stems from the requirement for positive defi-
have grown C{00L films as ’thick as ten layers on niteness of the part of the strain energy expression that re-

Fel001/Ag{001 in a “nearly perfect bce structure.” These Mains when onlye, ande, vary

films were grown by molecular-beam epitaxyIBE) and E 1

were found to have an in-plane lattice constant 1.2% larger —==Cy(€2+€3)+Cpoeres. 2
than that of the R®0L layers (hence the Cu films were Vo2

epitaxial, but not pseudomorphicThe bulk interlayer spac-  Ths formula can be obtained from the general expression for
ing was found to be close to that of @1 or Ag{00L}, but  he strain energy of a tetragonal crystal, given in Bl7)

no quantitative measurements were made, hence the valugsine Appendix, by choosing straing#0 ande,#0, and
of the axial ratioc/a and of the volume/atom cannot be other €= 0. Equation(2) has a minimum for

determined and plotted on the EBP. Similarly, the experi-
ments involving MBE-grown nanolayer composites of Cu € C1o
and NB®-8with Cu films thinner than 12 A were claimed to —=—
have a “slightly distorted bcc structure'® But, again, no
quantitative data for the lattice parameters were reported. whence the strain ratio that decreagesiost rapidly can be
Another possible candidate for the stabilized phase in thealculated from the data in Table I. We find, for the LDA
above experiments is of course the bct phase found in thiesults: €;/e,=—1.089, and for the GGA resultz,/e,
work atc/a=0.93. A question that needs to be considered is= —1.310. Since:; = da/a ande,= db/b, these strain ratios
whether this phase is truly metastable. require for LDA: da=—1.08%b, and for GGA: da
The stability of a crystalline phase requires that the strain= —1.3105b.
energy be positive definite with respect to all strains, which, We calculated the strain energy for a series of deforma-
in turn, imposes restrictions on the elastic constants. For #dons fulfilling the above conditions, and found that in fact
tetragonal crystal these restrictions include the three listed bthe energy decreases below the value of the bct minimum
Nye?® for hexagonal crystal@iabeled Sc1,Sc2,Sc3 belpwo  found in Fig. 1. Figure 2 shows that new minima are found

3

- y
€2 Cn
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about 1 and 0.6 mRy below the corresponding bct minima
for LDA and GGA, respectively. The unit cells at the new
minima are body-centered orthorhomileco) with param-
eters(in A): a=2.563,b=3.195,c=2.708 for LDA, anda
=2.658,b=3.204,c=2.750 for GGA. Thus, the edges of
the bct cells are changed by about 10% and the volumes are
decreased in order to reach the new minima.

Whether this bco state is metastable is not yet known. An
analysis similar to that given above for the bct state, but
more complicated by the lower symmetry, is required, which
might find structural paths that further decrease the energy.
However, eventually this downward sequence must end ei-
ther in at least one metastable structure in which the energy
is a minimum with respect to all small deformations or in the
fcc ground state.
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APPENDIX

E
. 2, 12
1. Elastic constants of the fcc phase v Ciy(€1°+ €;°) +Cirer€,+ Cla( €163+ €5€3)

N| =

Along the EBP we consider bct states. Hence the proce-
dure to find elastic constants at the equilibrium states is natu- i Ec’ €24 lc’ (e’2+ €l?)+ Ec’ 2 (A2)
rally formulated in the tetragonal axes. However, to deter- 273373 pmaama DTS 1T me6T6
mine elastic constants of the fcc phase we must keep in mind
that the elastic constants are defined with respect tauhe
axes, while the deformations that we impose in order to Caléﬁantsci’j in the tetragonal axes to the straiasand elastic

culate the elastic constants are described in the tetragongonstants:ij in the cubic axes are given by the tensor trans-
2?:;.3 Tne?ﬁs’b\::v(irntz ??aﬂ:)enaﬂiﬁn;n%ettr\:v;seeni;hﬁglzg:rc “OfSrmation rules. These rules must be applied to the second-
9 rank-tensor components of strain and fourth-rank-tensor elas-

cubig axes, tic constants, i.e
The fcc unit cell has sideag=by=cy and elastic con- S

stantsc;; . The bct unit cell has sides;=a,/v2; by=ay;
Co=Co; and elastic constants; . Figure 3 shows the rela-

The relations between the straies and the elastic con-

3

r '
tion between the fcc axes and the bct axes in the basal plane: €ij _szzl XikXil €kl » (A3)
the axes; andx, of the fcc surface mesh are the cubic axes,
the axesx; andx; are the tetragonal axes; andx; are the 3
same. r_ [ ’
In the cubic system there are three elastic constanis: Cijki _|,m%:1 Xit XjmXknXioClmno: (Ad)

C12, @andcy,. The strain energy in the cubic axes around the

equilibrium state is wherey;, is the cosine of the angle between axésindx,,
i.e., the tensor transformation matrix is

E 1 2, 2, 2
Vo 5011( €11+ €3+ €3) +Cro €263+ €361+ €1€))

22,
+ EC44( €2+ €2+ €2) (A1) ? ?
2 47T E5T €g), xX'=|v2 2 (A5)
2 2 °
whereV is the volume per atom and tleg’s ande;’s are the 0 0 1

elastic constants and strains in matrix notafigef. 26, pp.
133,134

In the tetragonal system there are six elastic constants: Summing the 9 terms in EA3) and the 81 terms in
C11, C1o, Ci3, Ci3, Cay, @ndcgg, and the strain energy in the (A4), and converting back to matrix notation we find the
bct axes is relations
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1 o1 3 Five energies at five values af arounda; (the theoret-
e =5 (et et €6); =5 (et €2 €p); ical value of the unit-mesh edge at the energy minimum in
> the EBB fitted to a cubic polynomial i’ yield the second
€l=€3; el =(es—€s) ?; \(A6) derivative needed in EqA10).
b. Determination of ¢
€5= (€4t €s5) o> €= €1t €, ) Take eg=(c’—cg)/cy finite and ¢/ =0, i=1,2,4,5,6, in
the energy in Eq(A2), so that only the term imé2 survives.
and Then as in Eq(A9)
, 1 , 1 1/ 9°E
(71125((31@L C12) +Cya; C12=5 (Cat C12) —Cya; Cl==|—7
3 Vg€l ,
, . , . other €/ =0
C13=Ca2; C33=C11;
) 1 062 9°E
C44= Cas} Co6=> (11~ C12)- =V | 302
a(’),bé
(A7)
. 2¢ [ 9°E
From Eqg.(A7) we select the repeated-index constarits, =—|-—% , (A11)
C43,Cg6, Which are easier to evaluate than the mixed-index A"\ 9C) 1

constantg;,,cy3. Then thec;; are found from S . o
which, like Eq.(A10), applies to all tetragonal equilibrium

states. For the fcc structure equati@ill) becomes

C11=Cs3,
C1,="Ca2— 2C¢,
1_2 Cas™ Cesr (- (A8) . 2va| PE
C44=C17— C4gt Cgg- Ca=— | 502 , (fcc structure. (A12)
0 a' b’

We must therefore determine the three constetscss,
andcgg. We consider the three determinations separately.  Again the derivative in Eq(A12) is evaluated by fitting a

cubic to five values oE at values ofc’ aroundcy .
a. Determination of ¢,

Take e} =(a’' —a})/a, finite, bute/ =0,i=2 to 6 in the ¢. Determination of G

energy in Eq.(A2) by changinga’, but keepingb} andc; Putting alle/ =0 excepteg we find
fixed. Then only the term ir’? survives and

, , 1/ 5E AL3
o :i JE Ces—y _ﬁeéz o (A13)
11 Vi 86'2 €=0,i=11 5
1/¢=0i=21w6
2, o To evaluatecg from Eq.(A13), observe thatg, a shear
_% TE strain in the[110] direction, is given by the change ify,,,
V \ga’? 0 ot the angle between sidesandb,”’ with a,b,c held constant,
2 [ E ™
=— (== —=—0ap, Al4
ol (A9) €4= =5 ba (AL4)

roar
0’70

sinceV=(aj2c})/2. Then Eq.(A9) applies to a general bet and to first-order inp all other strains vanish. Then from Eq.

equilibrium state, stable or metastable. In the special case é’fb‘lg)

the fcc structurecy=agv2 and Eq.(A9) becomes 1(9E
[
V2 [ 9%E cee V(a¢2)a’ bl ,cl .0
011:; a2 , (fcc structure. (A10) 0707070
0 bg ¢ 1( &E
, , , , - V(W) D
Note that after this deformation the unit cell is no longer aj.bg.ch .69
tetragonal, as the original square base is now rectangular. )
The strained cell can be considered either as body-centered — _2 E) (A15)
orthorhombic(sidesa’, by ,cg) or as primitive triclinic(sides Codo 1 90'%) L o
a’,by, and the line joining the origin to the body-center °
atom. and for the fcc structure
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V2 [ 9’E
cé6=aﬁ W) , (fcc structure. (Al6)
0 a’ b/ ,c(’) ,0(’)

0'"0

Thus, the original bct cell is strained to become body-

centered monoclinidnot a Bravais lattice which is best
described as primitive triclinic with sides, b, (angle ¢'),

PHYSICAL REVIEWGB 094113

Having so far determined,;,C»,C33 We now proceed to
determinec,3. We can do this in three ways, two ways re-
quiring and one way not requiring the EBP.

(1) From the epitaxial condition, which holds along the
EBP, we have

and ¢’ =distance between the origin and the body-centekyheree;=¢,, hencel

atom.
For the determination ofg; we choose five values af’

(aroundép); for each such value we find the parameters of
the corresponding triclinic cell, and with these parameters we
calculate the energy/atom. Fitting the five values of the en-
ergy to a cubic polynomial ird” we determine the second

derivative needed in EqA15).
Finally, having foundc,, ¢33, andcgg we can calculate
C11, C12, andcy, with Eq. (A8).

2. Elastic constants of the bct phase

The strain energy of a tetragonal crystal was written i
Eqg. (A2) with primed quantities because they were referre
to tetragonal axes obtained by in-plane rotation of the cubic
axes. We rewrite it here for convenience with unprimed

guantities referred to the bct axes:

E
_ 2, 2
Vo 5011( €11 €3) +Cio€1€, 1 Cr3( €163+ €7€3)

l 2 E 2 2 l 2
+ C3363+ 2 C44( E4+ 65) + 2 C6666‘ (Al?)

2

Start from a bct unit cell in equilibrium with edges and

b,=a; along the axex; and x,, andc; along x5. Apply

equal strains along, andx,, so thate;=e,=(a—a,)/a,,
all other strains being kept at zero. Then, as in &®),

1 (9E
Cll+012—ﬁ<&_ei) €=0,i=3 10 6
B a? [ ’E
"oVl
1(6°E
=z l7 " (A18)
sinceV=(a’c,)/2.
If only €,#0, as in Eq.(A9)
1(6°E 2 [&°E

Then Egs(A18) and(A19) together determine,,.
If only e3=(c—cy)/c#0, €=0,i1=1,2,4,5,6, then, as in
Eq. (Al1)

o 1 9°E _2¢ 9°E (A20)
|52 Z\ac?]
t

=0, i=1,2456 by

O'3=C1361+C13€2+C3363=O, (A21)
€3 adC C]_3
But e;=dc/c; ande;=da/a; are related as follows
~dc & dc A23
= ¢ lda) (A23)
so that
_ Cgzay[dc
€=~ ¢ | da _ (A24)
%

(2) Another expression foc,3 can be found as follows.
Utilizing again the fact that for an epitaxial strain the out-of-

rc‘flane stress vanishéghe condition along the EBPwe can

ewrite the energy expression as folldfs
r 2
EFBP=VY' €]

2
C . (A25)

Y =cytem2—,
Cas

Now from Eq.(A25) we can calculate a value fof from
the second derivative of the energy along the EBP at the
equilibrium state

1 (d’EER
'= G TZF’) \ (A26)
and so from the second part of H@\25)
Ci3= \/(011+ C1—Y') %33 (A27)

(3) A third way of determiningc,5, which does not re-
quire knowledge of the EBP, is through an equation similar
to Eq. (A18), viz.,

Ci3=59| ==

2 1372V gé?
€1= €3, 52:54255266:0

1/(%E
¢\ da? ’

€1=€3, €x=€,=€5=¢€5=0
(A28)

where €, = dal/a,= e3= &c/c; and all othere;’s=0, i.e., a
andc change by different amounts, abd-a; .

Finally, cgg is found as in Eq(A15) by varying 6,;,, the
angle between sidesandb. Similarly, c44=Css5 is found by
varying 6., the angle between sidésandc, by

€4=2¢€3, (A29)
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1/ 3%E 1/ 6%E 2 J2E Special case of bcc phases
Caa=y E) o B V( WEC) - céa{f(ﬁ@ﬁc)' For a bee phase, EGA18) determinesC=cy;+¢y,, and
€=0,1=12356 Eq. (A20) determinescss=c,;. Hence, we can calculate
(A30) ¢ ,=C—cy,. Sincec,s=Cy,, Egs.(A24), (A27), and(A28)
are three other ways to determiog,. Thus, for a bcc phase
we can calculate, in four different ways.
The structure is again treated as triclinic wid=b,, ¢ For c,, we note thatc,,=cgg, hence we can follow the
=c;, angled,. varying around 90°, and the distance to thesame procedure based on E415) for the determination of
center atom as the third side. Cee-
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