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Atomistic simulation of SrF2 polymorphs
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Electron gas interionic potentials~EGIP! have been developed to determine the equation of state~EOS! of
the cubic~C1! and orthorhombic~C23! polymorphs of SrF2, including the thermal effects by means of a
quasiharmonic Debye model. The zero pressure cell parameter (a0), lattice energy (Elatt), and bulk modulus
(B0) of the C1 phase are computed with errors smaller than 1.2%, 1.2%, and 7.1%, respectively. The predicted
EOS is in good agreement with the observed data and satisfies theuniversalVinet EOS. For the C23 phase, the
optimized zero-p cell parametersa, b, andc and the six fractional coordinates are reported and the pressure
dependence ofa/a0 , b/b0, andc/c0 explored by fitting independent modified Vinet EOS’s to the computed
data. The analysis reveals a greater compressibility of the C23 phase along theb andc axes than along thea
direction. Our calculation predicts the C1
C23 equilibrium to occur atptr53.92 GPa, which is between the
observed values for the C1→C23 (ptr55.0 GPa! and C23→C1 (ptr51.7 GPa! phase transitions.

DOI: 10.1103/PhysRevB.63.094107 PACS number~s!: 62.50.1p, 61.50.Ks, 64.60.2i, 65.20.1w
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I. INTRODUCTION

Due in part to its high-temperature superionic charac
the SrF2 crystal has been the subject of seve
experimental1–10 and theoretical11–15studies in the past thre
decades. From the experimental side, phonon disper
curves,1,2 specific heat at high3 and low temperatures,8 phase
diagram,4,9 thermal expansion,5 and ionic conductivity6,7

have been investigated. From the theoretical viewpoint,
ometry, cohesive energy, and bulk modulus,11 equation of
state ~EOS!,12 electronic structure,13 ionic conductivity,14

and temperature dependence of the elastic parameters15 have
been analyzed. All these studies have been performed in
low–pressure cubic~fluorite type, C1! structure of SrF2. As
in other MX2 crystals, the C1 phase of SrF2 undergoes a
pressure induced transformation to an orthorhom
(a – PbCl2 type, C23! phase. In some compounds, the C
structure can be retained as metastable at zero-p when the
pressure is gradually released once the C1→C23 transition
has been completed. CaF2 is a representative example of th
type in which the three unit cell lengths of the C23 pha
have been measured in a wide range of pressures~0–50
GPa!16 and also computed through quantum–mechanical
atomistic simulations.17 In SrF2, however, the C23 phase ha
not been retained at zero-p, because the cubic structure
recovered whenp is released down to 1.4 GPa.9 The zero-p
non-existence of the C23 structure stresses the interest
theoretical study to determine the parameters that defin
equation of state. Moreover, a theoretical analysis of thp
2V data in terms of empirical EOS’s can be very useful
select the best set of structural parameters among a seri
zero–pressure values extrapolated from high-pressure da18

Our main objectives in this paper are three. First, we w
to characterize the zero-p structural and energetic paramete
of the C1 and C23 phases of SrF2. Second, we will determine
the EOS’s of both structures, with particular attention to
calculation of the bulk modulus (B0) and its first pressure
derivative (B08) by fitting the computedp2V data to the
Vinet et al. empirical EOS.19 We will also check the possi
0163-1829/2001/63~9!/094107~9!/$15.00 63 0941
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bility of using different linear Vinet EOS to quantitativel
analyze the different pressure variations of the individual c
parameters. The last objective of this work is to characte
some of the thermodynamic aspects of the C1→C23 struc-
tural transformation.

The rest of the paper has been divided in three parts
Sec. II, we briefly describe the simulation schemes used
this study. The most relevant results obtained for both the
and C23 phases of SrF2 are presented and discussed in S
III. Finally, in Sec. IV we summarize the main conclusion
of our work.

II. SIMULATION SCHEMES

The unit cell descriptions of the cubic~C1! and ortho-
rhombic~C23! structures of SrF2 are collected in Table I. C1
belongs to theFm3m ~225! space group with the cubic un
cell length ~a! being the only free geometrical paramete
C23 belongs to thePbnm~62! space group, characterized b
nine parameters: the three unit cell lengths (a, b, c) and the
x andy internal coordinates of the three nonequivalent io
one strontium~Sr! and two fluorines (F1 , F2). The develop-
ment of the interionic potentials and the static optimizati
of the geometry are described in the next two subsectio
The thermal model used to account for the lattice vibratio

TABLE I. Structural description of the unit cells of the C1 (b)
and C23 (a) phases of SrF2.

Phase Cubic, C1 Orthorhombic, C23
Space group Fm3m Pbnm

Cell parameters a5b5c aÞbÞc
a5b5g590° a5b5g590°

Atomic positions Sr~4a! (0,0,0) Sr~4c!@x(Sr),y(Sr),1
4 #

F ~8c! ( 1
4 , 1

4 , 1
4 ) F1 ~4c!@x(F1),y(F1),1

4 #

F2 ~4c!@x(F2),y(F2),1
4 #
©2001 The American Physical Society07-1
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is briefly discussed in the last subsection.

A. Development of interionic potentials

The interionic potentials used in this work have been g
erated using the electron gas model~EGM! of Gordon and
Kim20 feeded with quantum-mechanical ionic electron de
sities ~IED! obtained through theab initio perturbed ion
method (aiPI).21,22 As the general strategy has been d
scribed and used in previous articles,23,24we only give here a
brief summary. First, the Hartree-FockaiPI equations for
each crystallographically nonequivalent ion~say ion i ) em-
bedded in the crystalline environment,21

@Hi
01Vcrystal#f5FHi

01 (
j (Þ i )

Veff
j Gf5«f, ~1!

are solved expressing each orbitalf in terms of a monocen
tric basis set. In Eq.~1!, Hi

0 is the free-ion Hamiltonian for
ion i andVeff

j represents the crystal potential created by ioj.
It contains nuclear attraction, Coulombic electronic rep
sion, exchange attraction contributions, and a projector
erator that enforces the orthogonality between the orbital
the ion i and the orbitals of the ionj.25 The relevant output
resulting from the solution of theaiPI equations are the self
consistent IED’s (r) for all the ions of the crystal and the
self-energies@Eself(r)#; i.e., the total atomic energies whe
the ions are described with the crystal-consistent elec
densities (r).

Once the IED’s are available, the electron gas interio
potential~EGIP! between ionsi and j, Vi j (R;r i ,r j ), is gen-
erated using the EGM.23,20Each EGIP is expressed as a su
of four contributions

Vi j ~R;r i ,r j !5VE~R;r i ,r j !1VK~R;r i ,r j !

1VX~R;r i ,r j !1VC~R;r i ,r j !, ~2!

whereR is the interionic separation between ionsi and j and
VE, VK, VX, andVC stand for Coulombic, kinetic, exchang
and correlation energy interactions, respective
VE(R;r i ,r j ) is computed exactly as discussed in Ref. 2
andVI (I 5K, X, or C) are given by

VI~R;r i ,r j !5E dr @re I~r!2r ie
I~r i !2r je

I~r j !#, ~3!

wherer5r i1r j ande I are electron density functionals th
can be chosen in several ways.

The reliability of the EGIP’s generated by means of th
two-step procedure is directly related to the fulfillment of t
basic hypotheses of the EGM and theaiPI method. In the
EGM used here it is assumed that the IED’s are spherical
additive. This means that the electron density for the pai
2 j is given simply byr5r i1r j . The spherical character o
the ions is also the main approximation of theaiPI method.
We want to stress, however, that, as presently implemen
it has successfully been used to date in crystals with rela
low ioniciy. Its main drawback is found when ions are plac
in very low symmetry positions.
09410
-

-

-

-
p-
of

n

c

.
,

nd

d,
e

Using the above scheme, we have derived the Sr-Sr, S
and F-F EGIP’s in the C1 phase at molecular volumes go
from V5100 bohr3 (a57.368 bohr! to V51000 bohr3 (a
515.874 bohr!. As basis sets in the generation of the IED
we have employed the high-quality multi-z Slater-type orbit-
als of by Clementi and Roetti.27 The Thomas-Fermi,
Lee-Lee-Parr,28 and Lee-Yang-Parr29 electron density func-
tionals have been used to compute the kinetic, exchange,
correlation energy interactions, respectively. The result
EGIP’s for the Sr-Sr, Sr-F, and F-F pairs~see Fig. 1! become
less and less repulsive as the molecular volume decrease
in the case of the NaCl23 and MgO24 crystals, this behavior
of the EGIP’s is due to the progressive shrinkage of
IED’s as the crystal is compressed, and reveals the impor
reaccommodation of the electron densities to different en
ronments. The use of the EGIP’s in atomistic simulatio
may be facilitated if they are fitted to analytical expressio
This step, however, has been avoided here since there is
a single analytical function that fits the EGIP’s at the diffe
ent crystal geometries with an acceptable root mean sq
deviation from the input numerical values. Consequently,
numerical interpolation procedure used in Ref. 24 has a
been employed in this work.

When EGIP’s are used in atomistic simulations, the latt
or cohesive energy of the crystal is given by

Elatt~xW !5(
i , j

Vi j ~Ri j ;r i ,r j !1(
i

Edef
i ~r i !, ~4!

whereRi j , r i , andr j are all functions ofxW , the set of pa-
rameters that define the crystal geometry.Edef

i (r i) is the total
energy of ion i described with the IEDr i relative to its
gas-phase value. It reflects the deformation suffered
IED’s upon crystal formation and collects many-body effe
produced by the crystal potential in which the ions are e

bedded.Edef
Sr21

andEdef
F2

are shown in the inset of Fig. 1.Edef
F2

decreases almost exponentially from 466.8 kJ/mol atV
5100 bohr3 down to 48.1 kJ/mol at the zero-p equilibrium

geometry of the crystal (a0). Edef
Sr21

, though three times

FIG. 1. Sr-Sr, F-F, and Sr-F electron gas interionic potentials
SrF2 ~C1 phase! at lattice parametersa57.368 bohr~n! and a
515.874 bohr~h!. The inset shows the deformation energy of Sr21

and F2 as a function ofa.
7-2
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ATOMISTIC SIMULATION OF SrF2 POLYMORPHS PHYSICAL REVIEW B 63 094107
smaller thanEdef
F-

at a0, increases noticeably for shorter la

tice parameters. This behavior contrasts with that ofEdef
Mg21

in
MgO24 ~negligible even at lattice parameters as small as
bohr!, and can be due to the more deformable characte
the outermost electron shells of Sr21. It should be empha-

sized thatEdef
Sr21

(a0) is negative~214.4 kJ/mol!, which is
possible because the correlation energy corrections, c
puted in theaiPI method through the Clementi and Chakr
vorty formalism,30 is a nonvariational addition toEdef

i .
We have fitted the analytical expression

Edef
i ~a!5Aie

2a i a1Bia
21e2b i a ~5!

to the numerical values ofEdef
Sr21

andEdef
F-

. The fitted param-

eters (Ai ,a i ,Bi ,b i) for Edef
Sr21

andEdef
F-

are ~3397.47, 0.967,
27438.45, 0.815! and ~10.455, 0.543, 0.153, 0.0353!, re-
spectively. The units forA, B, and (a,b) are Hartree,
Hartree3bohr, and bohr21, respectively.

The last computational aspect concerning the EGIP’s
related to the transferability of the C1 EGIP’s to the C
structure. As the physical meaning of the crystal geome
changes with the crystal structure, it is clear that any tra
ferability scheme is necessarily approximate. In two previo
works,23,24 we have transferred the EGIP’s generated in
rock-salt~B1! phase to the cesium-chloride~B2! phase tak-
ing the molecular volume as the key variable to convey
crystal dependence of the EGIP’s and deformation ener
from one structure to the other. This scheme worked sa
factorily, probably due to the cubic symmetry of both stru
tures. In the present case, however, the C1 EGIP’s tra
ferred to the C23 structure yielded too low values
V0(C23). Consequently, we derived the C23 EGIP’s in
different form. First,Elatt(xW )(C23) has been fully optimized
with respect to all the parameters contained inxW using the
aiPI method. Since this optimization is a difficult and ve
expensive task, not always concluding satisfactorily, the
timum xW is determined using an iterative procedure:~i!
Elatt(C23) is minimized with respect toa, b, andc, fixing the
internal parameters to those found in a previous work
CaF2;17 ~ii ! the internal parameters are optimized fixinga, b,
and c to the values found in~i!. Steps~i! and ~ii ! are itera-
tively carried out until convergence. Second, the equilibri
C23 IED’s for Sr21 and F2 are used to derive rigid EGIP’
in this phase using the same electron density functionals
were previously employed in the C1 phase.

B. Static optimization of the geometry

At any temperature~T! and pressure (p), the thermody-
namic potential necessary to determine the optimal geom
cal parameters of a crystalline system is the nonequilibr
Gibbs energy,G!(xW ;p,T), defined as

G!~xW ;p,T!5Elatt~xW !1pV~xW !1Fvib~xW ;T!, ~6!

whereFvib is the vibrational Helmholtz free energy,
09410
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Fvib~xW ;T!5(
i

F1

2
\v i1kT ln~12e2\v i /kT!G , ~7!

andv i are the phonon frequencies.Fvib depends onxW due to
the change of thev i with the geometry of the crystal. Th
equilibrium values ofxW at differentp and T, xWopt(p,T), de-
termine the EOS and the Gibbs free energy; i.e.,G(p,T)
5G!(xWopt;p,T). The difficult problem of minimizing
G!(xW ;p,T) with respect toxW has been simplified in this work
by optimizing the geometry in the static approximation31

i.e., atT50 and neglecting the zero-point contributions.
these conditions,G! transforms to

Gstatic
! ~xW ;p!5Elatt~xW !1pV~xW !. ~8!

Given thatV5V(xW ), the equilibrium values ofxW at different
pressures,xWopt(p), determine the static EOS. For the C
structure, this can be easily obtained through the rela
pstatic52(dElatt /dV), since in this casexW5$a% and V
5a3/4. For the C23 phase,V andElatt are multivariable func-
tions and we must minimizeGstatic

! (xW ;p) with respect toxW in
order to obtain the static EOS. Some preliminaryaiPI calcu-
lations on SrF2 at pÞ0 have shown that the equilibrium
internal parameters are fairly insensitive to pressure, at l
in the interval used in this work. Based on these results,
have minimizedElatt(xW )5Gstatic

! (xW ;p50) with respect to all

the geometrical parameters contained inxW , but Gstatic
! (xW ;p

Þ0) has been minimized only with respect toa, b, andc.
To apply the thermal model developed in the next subs

tion, the values ofElatt(V) for V’s greater than the static
zero-p equilibrium volume (V0) are required. These hav
been computed in this work by minimizingGstatic

! with re-
spect toa, b, andc for negative pressures.

C. Thermal effects

We have used the quasiharmonic Debye model discus
in Ref. 32 to take into account the vibrational effects of t
crystal lattice. Given a molecular volume, the Debye te
perature,QD , is assumed to be given by32

QD5
\

kB
@6p2V1/2r #1/3ABS

M
f ~s!, ~9!

wherekB is the Boltzmann constant,M the molecular mass
of the crystal,r the number of atoms per molecular unit,BS
the adiabatic bulk modulus of the crystal,s is the Poisson
ratio,33 and f (s) is given by33,32

@ f ~s!#353F2S 2

3

11s

122s D 3/2

1S 1

3

11s

12s D 3/2G21

. ~10!

We have used in this works50.306731, obtained from
the experimental zero-p elastic constants atT54.2 K re-
ported by Gerlich34 ~the Poisson ratio hardly changes in th
whole range of temperatures measured by this author, a
value atT5300 K is 0.305214!. Although BS depends on
both V andT, we have approximated it by the expression
7-3
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BS.Bstatic.VS d2Elatt~V!

dV2 D , ~11!

whereBstatic is the static bulk modulus. This reducesQD to a
function ofV. The thermal EOS, i.e., the equilibrium volum
at anyT andp values,Vopt(p,T), is obtained by minimizing
with respect toV the thermal nonequilibrium Gibbs function
given by

G!~V;p,T!5Elatt~V!1pV1Fvib„T,Q~V!…. ~12!

It should be again emphasized at this point that the ther
dynamic Gibbs free energy is only given by the subset
points in the hypersurface ofG!(V;p,T) characterized by
V5Vopt(p,T). In Eq. ~12!, Fvib is the Helmholtz free energy
for lattice vibrations as given by the quasiharmonic Deb
model

Fvib„T,Q~V!…5
9

8
rRQ~V!1rRT

3F3 ln~12e2Q(V)/T!2DS Q~V!

T D G ,
~13!

D~y!5
3

y3E0

y x3

ex21
dx. ~14!

The isothermal bulk modulus is32

BT~p,T!5V~p,T!S d2G!~V;p,T!

dV2 D . ~15!

The experimentalp-V data at anyT generally obey some
empirical EOS. Here, we have considered the Vinet EO19

~VEOS! to represent our static or isothermalp2V results.
This EOS connects the (p,V) data through the pseudolinea
relation

lnF px2

3~12x!G5 ln H5 ln B01A~12x!, ~16!

wherex5(V/V0)1/3, A5 3
2 (B0821), andV0 , B0 andB08 are

the zero-p equilibrium volume, bulk modulus, and its firs
derivative with respect top, respectively.

III. RESULTS AND DISCUSSION

In the next subsection, we present, discuss, and com
with available experimental data the results of our atomi
simulation for SrF2 in the C1 ~low-pressure! phase. In the
second subsection, we perform a similar analysis of the C
~high-pressure! phase. Finally, in the third subsection w
present and discuss our results for the pressure induced
→C23 phase transition.
09410
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C1

A. The cubic „C1… phase

1. Zero-p structural and thermodynamic properties

The results for the zero-p equilibrium cell parameter (a0),
lattice energy (Elatt), isothermal and adiabatic bulk modu
(BT andBS), and pressure derivative ofBT (BT8) of C1SrF2

are given along with experimental data in Table II. For co
parison reasons, we have also included in the table theBT

andBT8 values that we have obtained by fitting the theoreti
atomistic p2V/V0 data of Goyalet al.12 to the empirical
Vinet EOS. Our predictions fora0 and Elatt are very good.
Both properties differ from the observed values at 295 K
less than 1.1%. The agreement of the computeda0 with the

TABLE II. Zero-p equilibrium properties of SrF2 ~C1 phase!.
Units for a0 , Elatt , (BS ,BT), andQD , are bohr, kJ/mol, GPa, an
K, respectively.

Static 4.2 K 295 K

a0 10.984 11.022 11.080
Expt. ~Ref. 34! 10.923 10.960
Expt. ~Ref. 5! 10.926 10.951

Elatt 22475 22465 22477
Ref. 3 22505
Expt. ~Ref. 41! 22492
Expt. ~Ref. 42! 22583

BS 74.12 71.74 67.83
Expt. ~Ref. 5! 74.5 70

BT 74.12 71.74 64.22
Ref. 12a 98.84
Expt. ~Ref. 34! 74.55 69.87
Expt. ~Ref. 3! 69.67
Expt. ~Ref. 43! 71.28
Expt. ~Ref. 4! b 69.1

BT8 4.76 4.78 5.09
Ref. 12a 4.68
Expt. ~Ref. 4! b 5.2
Expt. ~Ref. 35! 5.00

QD 356.32 343.82
Expt. ~Ref. 34! c 379.06 372.29
Expt. ~Ref. 8! d 385

aResult obtained by fitting the theoretical data of Ref. 12 to
empirical Vinet EOS.

bValues obtained by fitting the room-T p2V/V0 experimental data
to the Murnaghan EOS.

cValues computed exactly from the experimental data of the ela
constants reported by Gerlich~Ref. 34!, using a spherical averag
of the three components of the sound velocity. These, in turn, m
be obtained by solving the Christoffel equations of the crystal~Ref.
36!.

dExperimental value at 0 K from heat-capacity data.
7-4
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experiment worsens slightly withT, being the errors 0.9%
and 1.1% at 4.2 and 295 K, respectively. These differen
are enhanced up to 2.8%~4.2 K! and 3.4%~295 K! in the
case ofV0 owing to the cubic dependence of the equilibriu
volume witha0. The worsening of the predicted geometry
T increases is due to our computed value of the ther
expansion coefficient, which is to high, as we discuss bel

Our prediction for the heat capacity at constant press
(Cp) at 20 K and 295 K is 1.031 J/~K mol! and 73.920 J/~K
mol!, respectively. Experimental values forCp are available
as a polynomial function in the range 2–22 K.8 At 20 K this
functions givesCp(20 K!51.068 J/~K mol!. Our computed
Cp at 20 K agrees well with this value, though this result
not surprising, provided that the Debye model is specia
appropriate in the low temperature range.

Our computed value forBT at 295 K is 7% lower than the
value derived by fitting the experimentalp2V/V0 data of
Ref. 4 to the Vinet EOS. The predictedBT8 is, however, prac-
tically coincident with that obtained from this fitting an
with the experimentalBT8 number reported in Ref. 35. Ou
prediction forBT is considerably smaller than the value com
puted from the atomistic EOS reported by Goyalet al.12 by
fitting their p2V/V0 data to the Vinet form. We obtainBT
599 GPa at 295 K from their data, which is.32 GPa higher
than the experiment and ourBT value. Hence, Ref. 12 pre
dicts a SrF2 crystal much less compressible than the exp
ment and our calculations~see Fig. 2!. RegardingBS , our
computed values at 4, 300, and 600 K are 71.74, 67.74,
61.64 GPa. These numbers are about 2–3 GPa lower tha

FIG. 2. Equation of state~EOS! of SrF2 at 300 K. Solid lines
stand for our C1 and C23 calculations, while dashed lines stand
the calculations of Goyalet al. ~Ref. 12!. Circles represent the ex
perimental results of Mirwald and Kennedy~Ref. 4!. Thick lines
represent the experimental hysteresis cycle over ourV/V0 data.
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experimentally observed values~74.5, 70, and 64 GPa at 4
300, and 600 K, respectively!.5

From our thermal Debye model, we have foundQD
5356 K andQD5344 K at 0 and 300 K, respectively. Thes
numbers are 6.0% and 7.6% lower than the exact va
computed in this work from the experimental data of t
elastic constants reported by Gerlich34 through a spherica
average of the three components of the sound velocity.
latter have been obtained by solving the Christoffel eq
tions of the crystal.36

We conclude that the computedQD decreases withT
faster than the experimentalQD does. As a consequence, th
Grüneisen constant (g) derived in this work~2.30! is con-
siderably higher than the experimental result~1.60!5 and the
thermal expansion coefficient (a), obtained in the Debye
model asa5(gCv /BTV), is also predicted too high: atT
5295 K, our computed value fora is 8.3231025 K21,
whereas the experimental value5 at this temperature isaexp
55.4331025 K21.

2. The equation of state

We have chosen the usualV/V02p curve to represent the
crystal response to pressure~Fig. 2!. Our theoretical predic-
tions up to 4.5 GPa are in excellent agreement with the
perimental EOS of Mirwald and Kennedy4 and are consider-
ably more accurate than those reported by Goyalet al.12 For
example, the experimentalV/V0 ratio at 4.0 GPa is 0.951
GPa,4 that can be compared with our value~0.947 GPa! and
that reported by Goyalet al. ~0.964 GPa!.12 The pressure
induced C23→C1 phase transition, experimentally observ
at about 5.0 GPa at 300 K,9 prevents the analysis of th
quality of our results for pressures higher than this value

The consistency of our simulation can be analyzed
comparing the computed EOS with theuniversalVinet EOS,
that is satisfied by theV/V02p data of many real solids. The
results of this comparison are illustrated in Fig. 3. The int
val of pressures associated to the 12x values displayed in
the figure is 0<p<200 GPa. As we can see, the Vinet EO
is very well satisfied by our numericalV/V02p data. The
correlation coefficient is always better than 0.9997 and
proves slightly withT. The values derived forB0 and B08
differ from those found numerically by less than 2% and 6
respectively. These errors are small considering the w
range of pressures used in the fitting.

Thakur and Dwary37 have shown that theV/V0(T)2p
experimental data of NaCl~rocksalt phase! at different tem-
peratures can be reduced to almost a single curve by plo
V/V0(T) vs p/B0(T). This behavior was also showed b
previous theoretical results in alkali halides38 and MgF2,32

and also satisfied by our calculations of the C1 phase of S2
~see inset of Fig. 3!. The experimental and compute
V/V0(T) values for a givenp/B0(T) ratio are practically
independent ofT. This is also true in the case of the atomis
results of Goyalet al.,12 despite their very high value forB0.
These facts can be rationalized in terms of the empir
Vinet EOS. From Eq.~16!, one can see that, provided th
A5(3/2)(B0821) is fixed,x5(V/V0)1/3 is an universal func-
tion of p/B0(T). Two are then the conditions for thisuniver-

or
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sal (T independent! behavior:~i! the empirical Vinet EOS is
well satisfied, and~ii ! B08 does not change withT. Experi-
mental data, Goyalet al EOS,12 and our computed
V/V0(T)2p/B0(T) curves practically coincide due to th
fulfillment of the above two conditions and the fact thatB08 is
very similar in the three cases.

B. The orthorhombic „C23… phase

1. Equilibrium structure and EOS

This structure is not the most stable at zero-p. In contrast
to CaF2, that has been retained as a metastable phase
GPa after releasing pressure in the experiments performe
Gerward et al.,16 the smallest pressure at which SrF2 has
been detected in the C23 phase is 1.4 GPa.9 Consequently
there are no measurements of the zero-p structural param-
eters. Our computed values in Table III are, therefore,
first full structural characterization of the orthorhomb
phase of SrF2. The zero-p lattice parameters (a0 , b0 , c0)
computed with the EGIP’s are;4%, ;7%, and ;7%
higher than ouraiPI results in C23 SrF2. The latter, in turn,
are very close to those found for CaF2 in Ref. 17. After
including thermal effects, the equilibrium volumes of C2
SrF2 at 0 and 300 K are 3.4 and 4.1 cm3mol21 smaller than
those obtained in the C1 phase.

Regarding the EOS parameters,V0 , B0, and B08 , it is
again important to emphasize that they are unaccessib

FIG. 3. Vinet EOS of SrF2 ~C1 phase!. The 12x data corre-
spond to the pressure range 0–200 GPa. The inset shows th
duced equation of state of SrF2 ~C1 phase! at 0, 100, 200, 300, 400
and 500 K~solid lines!, the calculation of Goyalet al. ~Ref. 12!
~dashed line!, and the experimental results of Mirwald and Kenne
~Ref. 4! ~circles!.
09410
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the experiment. Thus, our calculation is the only existi
guide for a future experimental determination of the hig
pressure phase EOS. Our predicted static values for
SrF2 areV0526.15 cm3/mol, B0599.4 GPa, andB0854.84
in the EGIP’s calculation, being the regression coefficient
the fit to the Vinet EOS of 0.99993. For comparison reaso
aiPI results for the same EOS areV0521.71 cm3/mol, B0

555.4 GPa, andB0852.76. In absence of experimental dat
the exceedingly low value ofB08 makes us suspicious abou
the aiPI EOS for this phase. In fact, the value ofB0, almost
half that of the EGIP calculation, issmaller than that of the
less dense C1 phase, contrary to what intuition tell us.

We can get more insight into the behavior ofB0 in the
C23 phase by exploring the fulfillment of the universal bin
ing energy relation~UBER! discussed in Ref. 39. Accordin
to the UBER, the functionElatt /E0 vs V/V0, whereE0 is the
absolute value ofElatt at its minimum (V0), should be uni-
versal. In particular, it should be the same for two differe
phases. Our atomistic simulations reveal that the UBER
only approximately satisfied, since the C23 curve is p
dicted to be slightly stiffer that the C1 one. This result
probably due to the use of rigid~crystal volume independent!
EGIP’s in the case of the orthorhombic phase.24 Assuming,
however, that an unique UBER exists for both phases,
relation

B0~C23!

B0~C1!
5

Elatt~C23!

Elatt~C1!

V0~C1!

V0~C23!
~17!

should be satisfied. From the computed static values
Elatt(C1), Elatt(C23), V0(C1), andV0(C23) we have found
B0(C23)/B0(C1)51.126, and soB0(C23)583.45 GPa.
Even though this number must be taken with caution, due
the nonexact fulfillment of the UBER, the above argume
seem to indicate thatB0(C23) should indeed be greater tha
B0(C1), in agreement with our EGIP value, but contrary
the aiPI result.

re-

TABLE III. Static zero-p equilibrium properties of SrF2 ~C23
phase!.

Parameters aiPI (CaF2)a aiPI (SrF2) EGIP’s

a0 ~bohr! 13.255 13.304 13.853
b0 ~bohr! 11.142 11.064 11.873
c0 ~bohr! 6.690 6.611 7.126
V0 ~cm3/mol! 22.04 21.71 26.15
x(Sr) 0.116 0.123 0.112
y(Sr) 0.249 0.247 0.245
x(F1) 0.428 0.432 0.426
y(F1) 0.356 0.354 0.356
x(F2) 0.673 0.674 0.665
y(F2) 0.973 0.968 0.980
Elatt ~kJ/mol! 22630 22543 22465
B0 ~GPa! 86 55.35 99.44

aReference 17.
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2. Pressure anisotropy

The lattice parametersa, b, andc change withp as shown
in Fig. 4. It is clear from this figure that SrF2 ~C23! can be
more easily compressed along theb and c axes than along
the a direction. For example, atp55 GPa,a, b, andc are
1.31%, 1.62%, and 1.57% smaller than their respective z
p values. Atp520 GPa the reductions with respect to t
zero-p values are 4.07%, 5.03%, and 4.85%, fora, b, andc,
respectively. As a consequence of the greater compressib
of b andc, the (b/a, c/a) ratios decrease from~0.857, 0.514!
at 0 GPa down to~0.854, 0.513! at 5 GPa, and~0.848, 0.510!
at 20 GPa.

To establish in a more quantitative way the pressure
pendence ofa, b, and c, the numerical values of these p
rameters have been fitted by means of a modified Vinet E
given by

ln Hi5 lnF ph i
2

~12h i !
G5 ln a i1b i~12h i !, ~18!

whereh15a/a0 , h25b/b0, and h35c/c0, and a i and b i
are fitting parameters~see Table IV!. If Eq. ~18! is satisfied,
the lnHi versush i plot should be linear. This is in fact th
observed behavior, as one can see in Fig. 4. Thea i andb i
parameters are related to the linear compressibilities of
crystal, (dh i /dp), as follows. From Eq.~18!, we have

S dh i

dp D5
h i

3

a ie
b i (12h i ) f ~h i !

, ~19!

FIG. 4. Pressure dependence of the reduced lattice parameta,
b, andc of SrF2 ~C23 phase!. The Vinet EOS fitting for the lattice
parameters are shown by the curves labeled a, b, and c, and s
be read in the upper and right scales.

TABLE IV. Vinet EOS parameters for the lattice constantsa, b,
andc of SrF2 ~C23 phase!.

h i a i~GPa! b i

a/a0 342.05 6.80
b/b0 270.07 5.65
c/c0 283.37 5.70
09410
o-

ity

e-

S

e

where f (h i)5h i222b ih i(12h i). At p50, h i51, and
f (1)521, which implies that (dh i /dp)052a i

21 and

B0
2152S d~V/V0!

dp D
0

52(
i

~dh i /dp!05(
i

a i
21 .

~20!

This indicates that thea i parameters are nothing more tha
the inverse of the zero–p linear compressibilities. Further
more, it is clear from Table IV that the fitting of theh i
versus pcurves to the Vinet EOS offers a very useful qua
titative measure of the~different! responses to pressure ofa,
b, andc in an arbitrary crystal. Using thea i values of Table
IV and applying Eq. ~20!, we have obtainedB0(C23)
598.5 GPa. This value is consistent with that of Table I
obtained numerically by using Eq.~11!.

The ease of compression along different axes can be
quantitatively analyzed in terms of some of the elastic c
stants of the crystal,Ci j ( i , j <3), where only derivatives
with respect to cell lengths are involved

Ci j 5
1

V0
S ]2Elatt

]h i]h j
D . ~21!

For the C23 crystalline system, the six independentCi j ( i , j
<3) are C11, C22, C33, C12, C13, and C23. Using the
Richardson-iterated, finite-difference formula discussed
Ref. 17 to compute the derivatives involved in Eq.~21!, we
have obtained theCi j values reported in Table V. Thes
numbers support the conclusions emerging from Fig. 4: S2
~C23! is slightly more compressible along thea axis than
along theb and c axes. B0 is related to theCi j by B0
5 1

9 @C111C221C3312C1212C1312C23#. From this equa-
tion, we obtainB0599.33 GPa, again consistent with th
value obtained from Eq.~11! ~see Table III!.

C. The C1\C23 transition

The pressure induced phase transition among the C1
C23 structures~commonly known as theb
a transition! is
experimentally observed at 5.0 GPa when increasing p
sure at room temperature,9 i.e., in the b→a direction. It
shows a measurable hysteresis, as thea→b transition is
observed when decreasing pressure, at;1.4 GPa.9 The b
→a transformation has also been observed byin situ x-ray
diffraction experiments by Jamieson and Dandekar.40 They
suggest a reduction of volume of 8.460.4%.40 Extrapolating
at 5 GPa the experimental compression data of Mirwald
Kennedy4 for the C1 phase~after fitting theirp2V/V0 data
to the Vinet EOS! and using the zero-p value for V0 ~C1!
reported by Gerlich,34 we have computed anexperimental
extrapolatedV ~C1! value at 5.0 GPa equal to 27.5

s

uld

TABLE V. Elastic constants~GPa! of SrF2 ~C23 phase!.

C11 188.97 C12 61.19
C22 175.71 C13 64.28
C33 178.79 C23 50.02
B0 99.33
7-7
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cm3/mol. From this value and the reduction of volume su
gested by Jamieson and Dandekar, we finally obtain that
experimentalchange of the molar volume at the transition
2.3260.2 cm3mol21 ~8.4%!, that coincides with the value
suggested by Jamieson and Dandekar.40

From a theoretical viewpoint, the thermodynamic tran
tion pressure (ptr) is reached when the Gibbs energies
both phases are the same. Due to hysteresis, this situati
achieved before theb→a ~upon compression! and after the
a→b ~upon decompression! transitions are observed in th
laboratory, that is, for an intermediate pressure. Theref
the computedptr must lie in the range 1.4–5.0 GPa. O
results are shown in Fig. 1. Fitting theDG5G(C23)
2G(C1) data to a parabolic expression inp we obtainptr
53.92 GPa andDV53.04 cm3mol21 ~10.6 %!. At the ex-
perimentally observedb→a transition~5.0 GPa!, our com-
puted value forDV is 2.96 cm3mol21 ~10.4 %!. ThoughDV
slightly overestimated in both cases, these results can be
sidered very satisfactory.

Making again the hypothesis that the UBER is exac
satisfied, a first-order approximation toptr can be easily de-
rived as39

ptr
(1)5

DE0

DV0
, ~22!

whereD represents differences between the C23 and the
values. The treatment through a second-order form
gives39

ptr
(2)52

DV01A~DV0!212~r/B0!D~V0
2/E0!DE0

~r/B0!D~V0
2/E0!

,

~23!

where r5E0(C1)/V0(C1) and B05B0(C1). By applying
Eqs. ~22! and ~23! we have obtainedptr

(1)52.82 andptr
(2)

52.72 GPa, respectively. Higher order values forptr could
be obtained by truncating the series expansion ofE!

5Elatt /E0 in terms ofp* 5p/r at the third, fourth, etc., pow
ers of p* .39 Given the experimental transition pressure~5
GPa[p* 50.060) and the small difference betweenptr

(1) and
ptr

(2) , we believe, however, that the second-order expans
of G* is probably accurate enough. The difference ofptr

(1)

andptr
(2) with respect to the value computed forptr by solv-

ing DG50 can be attributed to the limitations of the UBE
model and also to the fixing of the internal parameters of
C23 phase atpÞ0. As the UBER model only involves zero
nd
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p properties, the UBERptr values will not change if the
crystalline geometry atpÞ0 is fully optimized. On the other
hand, though theptr value obtained by solvingDG50 is
only approximate, a full optimization of the geometry atp
Þ0 will necessarily decrease its value and will probab
bring it closer to the UBERptr value.

IV. CONCLUSIONS

An atomistic model using EGIP’s has been applied
study the crystal response to pressure and temperatur
SrF2 in the cubic~C1! and orthorhombic~C23! crystalline
phases. The results have been used to determine the zp
equilibrium geometry, lattice energy, bulk moduli, static a
thermal EOS, and the C1→C23 phase transition data.

The zero-p cell parameter and lattice energy of the C
phase are computed with errors smaller than 1.2% with
spect to the experimental data, while the error in the b
modulus is lower than 7.2%. Our simulation scheme pred
the orthorhombic structure 10 kJ/mol higher in energy th
the cubic one. This result is in qualitative agreement with
experiment and explains the absence of experimental da
zero-p for the C23 phase.

The predicted EOS for SrF2 in the C1 and C23 phases fi
very well theuniversalVinet EOS, and is in good agreeme
with the observed data in the case of the C1 structure.
relevant to mention that the reduced unit cell lengths (a/a0 ,
b/b0, andc/c0) versus pdata of the orthorhombic phase als
satisfy modified Vinet EOS, and we can therefore use th
to analyze the different response to pressure of these pa
eters. This analysis reveals a SrF2 crystal in the C23 phase
more compressible along theb andc axes than along thea
direction.

Finally, we predict the thermodynamic transition pressu
(ptr) for the pressure induced C1
C23 transformation to be
3.92 GPa. This result lies between the experimental va
for the C1→C23 (ptr55.0 GPa! and C23→C1 (ptr51.7
GPa! phase transitions, as it should be due to the press
hysteresis of this type of structural changes. Moreover,
ptr value is very close to apseudoexperimental ptr value that
can be derived assuming a similar hysteresis for the di
and reverse phase transformations (pt,exp53.35 GPa!.
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