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Pinning force and peak effect in superconductorÕnormal-metal multilayers
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We analyzed the temperature, the magnetic field, and the normal layer thickness dependencies of the pinning
forceFp in superconductor/normal metal multilayers in the framework of the Ginzburg-Landau~GL! theory. In
particular, we studied the temperature dependence of the magnetic fieldHp at which are observed both the
peak of the critical current densityJc curves versus the external magnetic fieldH0 and the maximum pinning
forceFp max in theFp(H0) dependencies. We show that, well below the critical temperatureTc , the magnetic
field Hp corresponds to the magnetic fieldHD of the periodic solution of the GL equations and theHD versus
temperature dependence well describes the experimental data.
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Superconducting multilayered structures have been in
sively studied during the last years.1 In particular,
superconductor/normal-metal~S/N! multilayers have at-
tracted great attention because they allow to investigate
influence of the reduced dimensionality on different physi
properties and to obtain more information on analogous
fects observed in high-temperature superconductors.
properties of S/N multilayers in the region of the superco
ducting transition temperatureTc were firstly described by
de Gennes.2 Later an exhaustive interpretation of the tem
perature dependence of the upper critical field was given
Takahashi and Tachiki using a microscopic theory.3–5 In
spite of the classical work of Eilenberger6 the application of
a microscopic theory far away the critical region is still
open question, and many experimental evidences are wa
for a better understanding. For example, one of the m
interesting effects observed far away from the critical reg
in S/N layered samples—the appearance of a peak in
external parallel magnetic fieldH0 dependence of the critica
current densityJc—did not receive a full theoretical descrip
tion.

The properties of S/N multilayers could also be studied
using the Ginzburg-Landau~GL! theory. In this case due to
the conditions of applicability of the GL theory~see, e.g.,
Ref. 7!, only systems, in which the normal layer plays a ro
of a perturbation of the superconducting state, can
analyzed.8–11

Ami and Maki8 directly solved the problem of the wea
action of the layered structure on the vortex lattice, calcu
ing the Jc(H0) dependencies by using the perturbati
theory12 in conjunction with the variation principle. The ide
of commensurability~originally contributed by Pippard fo
explaining the peak effect in type II superconductors13! be-
tween the period of the multilayer structure and the vor
lattice spacing was put forward to account for the peak ef
in the Jc(H0) dependencies experimentally observed at
beginning of the seventies by Raffyet al.14,15 However the
Ami-Maki solution is valid close to the upper critical mag
netic field Hc2 and does not explain the observed tempe
ture dependence of the magnetic fieldHp at which the peak
effect occurs.15,16
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Kulić and Rys9 calculated theJc(H0) dependence in the
case of twinning planes considered as perturbations in
range of the magnetic fieldsHc1!H0!Hc2 , whereHc1 is
the lower critical magnetic field. Again, their model did n
describe the temperature dependence of theHp field.

Kugel et al.11 calculatedHp considering the elementar
pinning force maximum on the S/N boundary for samples
which the thickness of the superconducting layers are es
tially larger than the correlation length in the superconduc
and the thickness of theN layer are finite. The total pinning
force was obtained by multiplying the elementary pinni
forces. From this and from the boundary conditions for t
GL wave function follows theD-periodic nature of the solu
tion ~D is the period of the multilayered structure!. This
model is valid for magnetic fields well belowHc2 and gives
a temperature dependence ofHp related to that of the super
conducting parameters in the normal zones. However,
above physical picture is indeed more appropriate for hi
temperature superconductors rather than for artificially l
ered structures.

Usually theJc(H0) peak effect is observed in samples
which the influence of the normal layers cannot be cons
ered as a perturbation~the thickness of theN layer dN is of
the same order of magnitude of the thickness of theS layer
dS and dS is of the order of the perpendicular coheren
lengthj'!. Moreover, analysis show that in the region of t
Jc(H0) peak effect the fields of the maximum values of t
Jc and theFp max coincide within the accuracy of a few pe
cents and their temperature dependencies are the same16

In this article we apply to theJc(H0) peak effect problem
a rather simple interpolation procedure based on the
theory for S/N multilayers in the case ofdN'dS . Dediu
et al.17 proposed a version of such a model restoring
temperature dependencies of the upper critical fields, wh
were obtained in microscopic theories and were in agreem
with the experimental results. In the present work we p
pose another version of the GL model. We explain t
Hp(T) dependence in the limit of high values of the G
parameterk. We argue that theHp values correspond to on
of the D-periodic solutions of the GL equations at least f
Hp sufficiently lower than the parallel critical magnetic fie
©2001 The American Physical Society03-1
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BRIEF REPORTS PHYSICAL REVIEW B 63 092503
Hc2i . In our analysis the surface superconductivity18 is ig-
nored as well as the possibility of kinks in the vorte
structure.1,19 The agreement of our theoretical results w
theHp(T) behavior observed in Nb/Pd multilayers16 is quite
good.

We use the coordinate system sketched in Fig. 1.
XOYplane is parallel to the layers and corresponds to on
the symmetry surface of the system. The planeXOZ is per-
pendicular to the layers and corresponds to the other sym
try surface of the sample. The parallel external magnetic fi
H0 is oriented along theOYaxis and the vortices move alon
the OZ axis.

The GL free energyG for a layered superconductor, ne
glecting a possible Josephson coupling between the su
conducting planes, can be written20 according to standard
scaling procedure7 as

G5E d3r H US 1

kS
¹2 iADC~r !U2

2h~z!uC~r !u2

1
1

2
uC~r !u41B2~r !J . ~1!

Here B is the induction,A is the vector potential,r is
the coordinate,h(z)51 inside the superconductor,h(z)
52jS

2(T)/jN
2 (T) inside the normal layers,jS is the coher-

ence length in the superconducting layers,jN is the coher-
ence length in the normal layers, andkS5lS(T)/jS(T) is the
GL parameter, wherelS is the superconducting penetratio
depth.

The pinning forceFp(Z) on the vortex lattice due to th
inhomogeneities of the sample can be determined from
GL free energyG taking into account that the functionh(z)
from Eq. ~1! depends on the translation variableZ, the gen-
eralized coordinate of the vortex lattice, ash(z)→h(z
2Z). Finding the collective variableZ isn’t a trivial task, as
it depends on the variablesc(r ), c* (r ) andB(r ), but in the
static case such complexity does not appear. Then

Fp~Z!52
dG

dZ
5S 11

jS
2~T!

jN
2 ~T!

D(
n

NL E dxH UCS x,Z2
dS

2

1nDD U2

2UCS x,Z1
dS

2
1nDD U2J , ~2!

whereNL is the number of bilayers.
If NL goes to infinity the functionFp(Z) is periodic, i.e.,

Fp(Z)5Fp(Z1D). Due to the symmetry of the system w

FIG. 1. The coordinate system of the proposed model.
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also have that the function is odd and that the function zer
are given by Fp( lD )5Fp( lD 1D/2)50 with l 50,61,
62, . . . .

Equation~2! allows us to give some remarks about t
dependence of the pinning force onH0 , dN , andT. For NL
→` the main contribution to the sum in Eq.~2! will give
only the function modes with the wave numbers (2p/D)
3m wherem is integer. Then forH0 values, at which the
solution of the GL equation represents aD-periodic function,
the expression for the pinning force is written as

Fp5NL•S 11
jS

2

jN
2 D •E dxH UCS x,Z2

dS

2 D U2

2UCS x,Z1
dS

2 D U2J
[NL•S 11

jS
2

jN
2 D •S f 2S Z2

dS

2 D2 f 2S Z1
dS

2 D D , ~3!

where the pinning force depends directly on the large va
NL and*dxuC(x,z)u2[uCu2[ f 2(z).

The meaning of theD-periodic solution is the following:
one of the vortex lattice constants is oriented parallel to
layers, and thez component of the other vortex lattice vect
is equal toD. From Eqs.~2! and ~3! formally follows that
only D-periodic solution can exist in an infinite S/N layere
structure because all other solutions will be unstable w
respect to small perturbations if one neglects pinning bes
that due toN layers. Consequently, the peak effect inFp(H0)
curve will be associated to the most stable of the perio
solutions. The possibility of the existence of this peak f
lows from Eq.~3!. In fact, while the magnetic field increase
the modulus of the wave function obviously decreases. B
on the other hand, the convergence of the maxima
minima of the wave function at constant distance (;D/2),
see Fig. 2, ~vortices slip, increasing their density inN
layers with increasingH0! can lead to the increasing of th
differenceuCu2max2uCu2min}Fp in some region of the mag
netic field.

When the temperature increases, the pinning force
creases both due to the decreasing of the modulus of
wave function and to the decreasing of the difference
tween moduli in Eq.~2!. The last fact is related to the highe
inhomogeneity of the wave function due to the increasing
the coherence length with temperature. WhendN decreases
and becomes much smaller thanjS ,Fp has to decrease too
In this case, supposing the continuity of the GL wave fun
tions on the S/N boundary, one gets

Fp'dn•S 11
jS

2~T!

jN
2 ~T!

D(
n

NL E dx
d

dZUCS x,Z1
D

2
1nDD U2

.

To perform a quantitative analysis we take into acco
that from Eq.~3! it follows that Fp max}f2(0)2f2(D/2), that
the measured values of theHp field are of the order of
F0/2pD2@Hc1i(T) and thatl'@D.21 The change of mag-
netic field inside theS layer is then
3-2
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DH̄~z!

H0
5

H̄~dS/2!2H̄min

H0
,

dS

2H0
•]zH0S dS

2 D
}

1

kS
2 •

dS
2

4jS
2 • f 2S dS

2 D!1,

and insideN layer is

DH̄~z!

H0
5

H̄max2H̄~dS/2!

H0
,

dN

2H0
•]zH0S dN

2 D
}

1

kS
2 •

dNdS

4jS
2 • f 2S dS

2 D!1.

For these reasons, to estimate theFp value on one period, we
can assume the case of the homogeneous magnetic
H(x,z)[H̄(z)'H0 .

Consequently, considering the GL equations on the in
val zP@2dS/2,dS/21dN# and taking into consideration th
symmetry properties forf and H̄

f S 2
dS

2 D5 f S dS

2 D5 f S dS

2
1dND , ]zH̄~0!5]zH̄~D/2!50,

we may assume (Ax2]xx)2}H0
2z2 inside S layer and (Ax

2]xx)2}H0
2(dS /dN)2(z2D/2)2 inside N layer ~x is the

phase of the wave function!. By expanding onz around the
point z50 and on (z2D/2) around pointz5D/2 and taking
account the symmetry of the solution22 it is possible to show
that we may neglect the componentAz in the GL equations.
So we may also assume@Az(x,z)2]zx#2}H0

2z0
2, wherez0 is

an unknown parameter.
Let us now consider the nonlinear quartic term in Eq.~1!.

As we showed in Ref. 21, it is relatively small for zero ma
netic fields for the casedN<dS . The external magnetic field

FIG. 2. Example of a possible stableD-periodic solution for a
GL wave function in a SNS multilayer.
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suppresses even more the wave function amplitude. In
limit of very small uC(x,z)u4 term value it is possible to
substitute it with the amplitude additive termb•uCu2.23

So for the casedN'dS we find the following model equa
tions

f 9(z)1[12«(H0)2H0
2z2] f (z)50, zPF2

dS

2
,
dS

2 G
f 9(z)2F jS

2(T)

jN
2 (T)

1«(H0)1H0
2
•

dS
2

dN
2 S z2

D

2 D 2G f (z)50,

zPFdS

2
,
dS

2
1dNG , ~4!

where«(H0)5H0
2z0

21H0z1 with the unknown parametersz0
andz1 . Using the S/N boundary condition

f 8S dS

2
20D

f S dS

2
20D 5P•

f 8S dS

2
10D

f S dS

2
10D ~5!

~P is the transparent coefficient of the S/N boundary! for the
solution of Eq.~4! we obtain the following expression for th
external magnetic field corresponding to theD-periodic so-
lution of the GL equation

11P54•P•ān

F~ān11,3/2;H0dSdN/4!

F~ān,1,2;H0dSdN/4!

14•ās

F~ās11,3/2;H0dS
2/4!

F~ās,1/2;H0dS
2/4!

, ~6!

where F(a,g;z) is the confluent hypergeometric functio
and

ās5
1

4
2

1

4H0
1

H0z0
21z1

4

ān5
1

4
1

jS
2

4jN
2 H0

•

dN

dS
1

H0z0
21z1

4
•

dS

dN
.

FIG. 3. The temperature dependence of the field of
D-periodic solution for Nb/Pd multilayers~solid curves! together
with the Hp values ~symbols!. ~a! dN5170 Å, dS5187 Å, NL

510, andTc53.6 K; ~b! dN5132 Å, dS5187 Å, NL510, andTc

54.0 K.
3-3
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The calculated according to Eq.~6! HD(T) dependencies
for two Nb/Pd samples withdN5170 Å anddN5132 Å ~the
dS value was always equal to 187 Å! are shown in Fig. 3
together with the experimentalHp(T) dependencies.16 Dur-
ing the numerical procedure it was assumed that

jS~T!5js0S 12
T

TcS
D 21/2

and jN~T!5jNc~T/Tc!
21/2

~Ref. 7!, wherejS0 is the coherence length in the superco
ducting layer at zero temperature,jNc , is the coherence
length in the normal layer at the critical temperatureTc of
the multilayer andTcS is the transition temperature for th
superconducting material, which was obtained from the
Gennes-Werthammer fit for S/N multilayers (TcS57.8 K).
For the sample withdN5170 Å we tookjS05111 Å, jNc
5126 Å, and for the sample withdN5132 Å we tookjS0
5112 Å, jNc5120 Å as it was obtained in Ref. 21. The
retical curves were calculated for the strong proximity eff
(P51) with the only two fit parameters, namely,z0 andz1 .
The good agreement between theory and experiment for
the absoluteHp values and their temperature dependencie
quite clear in Fig. 3. Note that the same result could
obtained using a simpler relation extracted from Eq.~6!. In-
deed, expanding the hypergeometric functions of Eq.~6! into
a Bessel series in the first-order approximation we get

H05
P

11P

2jS

dS•jN
•

n2

n1
1/2

ShS jSdN

2jN
n1

1/2D
ChS jSdN

2jN
n3

1/2D

2
1

11P

2

dS
•

s2

s1
1/2

SinS dS

2
s1

1/2D
CosS dS

2
s3

1/2D , ~7!
-

09250
-

e

t

th
is
e

where

s1512«~H0!22H0 , s2512«~H0!2H0 ,

s3512«~H0!,

and

n1511
jN

2 dS
2

jS
2dN

2 S «~H0!12H0

dN

dS
D ,

n2511
jN

2 dS
2

jS
2dN

2 S «~H0!1H0

dN

dS
D , n3511

jN
2 dS

2

jS
2dN

2 «~H0!.

Calculations reveal that the fitting procedures according
Eqs. ~6! and ~7! give the same values for the fitting param
etersz0 andz1 for both the samples within the accuracy
5%.

In summary, the GL theory has been used to analyze
pinning forces of S/N multilayers withdN'dS . It was
shown that the position of the maximum values of the p
ning force in theFp(H0) dependence can be explained in t
framework of the periodic solution of the GL equations. I
troducing a temperature dependent parameter, the field o
periodic solutionHD , we were able to fit the experimenta
data for S/N multilayers. The model is valid for large valu
of the GL parameterk and has an interpolation character.
spite of this, the success in describing the experimental d
in the case of Nb/Pd multilayers is very promising for furth
developments.
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