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Comment on ‘‘Hofstadter butterfly for the hexagonal lattice’’

Gi-Yeong Oh
Department of Basic Science, Hankyong National University, Kyonggi-do 456-749, Korea

~Received 29 June 1999; revised manuscript received 20 August 1999; published 5 February 2001!

The magnetic subband structure of a hexagonal lattice is reexamined and the flaws made in the formalism of
an existing literature@Phys. Rev. B56, 3787~1997!# are corrected. Dependence of the energy spectrum on the
strength of the hopping integral is also illustrated.
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In a recent paper, Gumbs and Fekete1 studied the energy
spectrum of a two-dimensional hexagonal lattice under a
form perpendicular magnetic fieldBW 5Bẑ. By applying the
Peierls substitutionkW→(pW 1eAW )/\ for the energy dispersion
«(kW ) given by Eq.~1! of Ref. 1, the authors constructed a
effective Hamiltonian and calculated the energy eigenval
by diagonalizing the Hamiltonian matrix. From this, the a
thors illustrated the dependence of the magnetic subb
structure on the strength of the hopping integral. Howev
unfortunately, the authors made a simple but serious mis
in formulating the problem, and thus presented totally wro
results. In this comment, we reexamine the problem to p
correct formalism. Dependence of the subband structure
the strength of the hopping integral is also illustrated.

To our end, let us consider the tight-binding Hamiltoni
given by

H5(
i j

t i j e
iu i j u i &^ j u, ~1!

wheret i j is the hopping integral between the nearest sitei
andj, u i & is a state of an atomiclike orbital centered at the s
i, andu i j 5(2p/f0)* i

jAW •d lW is the magnetic phase factor i
units of the magnetic flux quantumf05h/e. Under the Lan-
dau gauge,AW 5(0,Bx,0). Let us denote the lattice point a
(m,n), i.e., (x,y)5(mb,nc), whereb5a/2 andc5A3a/2,
a being the lattice constant. Thenu i j can be written as

u i j 5H 0, j 5~m62,n!,

6pf~m11/2!, j 5~m11,n61!

6pf~m21/2!, j 5~m21,n61!,

, ~2!
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where i 5(m,n) and f52A3Bb2/f0 is the magnetic flux
through the unit cell. By means of Eq.~2!, the tight-binding
equationHCm,n5ECm,n , can be written as

ECm,n5ta~Cm22,n1Cm12,n!1tb$exp@ ipf~m21/2!#

3Cm21,n211exp@2 ipf~m11/2!#Cm11,n11%

1tc$exp@ ipf~m11/2!#Cm11,n21

1exp@2 ipf~m21/2!#Cm21,n11%, ~3!

where ta is the hopping integral along thex direction and
tb(c) is the hopping integral along the direction, which mak
p/3 (2p/3) with thex direction. Sincey is cyclic under the
Landau gauge,Cm,n can be written asCm,n5eikyycm , and
thus Eq.~3! can be simplified as

Ecm5tacm221jm21* cm211jmcm111tacm12 , ~4!

where

jm5tc exp$ i @pf~m11/2!2kyc#%

1tb exp$2 i @pf~m11/2!2kyc#%. ~5!

Denoting f5p/q with relative primesp and q, it can be
easily checked thatjm1M5jm , where M5q (2q) for an
even ~odd! p. Thus, m in Eq. ~4! satisfies the condition 1
<m<q (1<m<2q) for an even~odd! p, and the Bloch
condition along thex direction can be written as

cm1M5exp~ ikxMb!cm . ~6!

By means of Eqs.~4! and ~6!, the characteristic matrix tha
yields the energy eigenvalues can be written as
S 0 j1 ta 0 ••• 0 tae2 id jM* e2 id

j1* 0 j2 ta ••• 0 0 tae2 id

ta j2* 0 j3 ••• 0 0 0

A A A A � A A A

0 0 0 0 ••• 0 jM22 ta

taeid 0 0 0 ••• jM22* 0 jM21

jMeid taeid 0 0 ••• ta jM21* 0

D , ~7!
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whered5kxqa/2 (kxqa) for an even~odd! p.
Now let us point out the mistake made in Ref. 1: T

fundamental mistake in deriving the effective Hamiltoni
@i.e., Eq. ~2! of Ref. 1# lies in operating exp@6i(px

6A3eBx)a/2\# to Cm,n . According to Ref. 1, the results o
the operations are given by

exp@6 i ~px1A3eBx!b/\#Cm,n5exp62~ ipfm!Cm71,n ,
~8!

exp@6 i ~px2A3eBx!b/\#Cm,n5exp~72ipfm!Cm71,n .

However, these are erroneous ones that result from igno
the commutation relation@x,px#5 i\. The correct expres
sions should be as follows:2

exp@6 i ~px1A3eBx!b/\#Cm,n

5exp@6 ipf~m71/2!#Cm71,n ,
~9!

exp@6 i ~px2A3eBx!b/\#Cm,n

5exp@7 ipf~m71/2!#Cm71,n .

One can easily check that the same equation as Eq.~3! can
be obtained by the method of the Peierls substitution if
~9! instead of Eq.~8! is adopted. Indeed, one can check th
Eq. ~6! of Ref. 1, the key equation of the paper, is no
Hermitian, which indicates that the results of Ref. 1 a
wrong, since the energy eigenvalues should be ‘‘real’’ nu
bers.

We now present our results for the magnetic subb
structure obtained by diagonalizing Eq.~7!. Figure 1 shows
the E2f diagram for (ta ,tb ,tc)5(1,1,1), kW50, and f
5p/199 with 1<p<198; it clearly shows that the energ
spectrum isnot ‘‘symmetric aboutf51/2’’ and there isno
‘‘distinct array of energy eigenvalues parallel to the ene
axis in the two largest energy gaps,’’ contrary to the resul
Ref. 1@see Fig. 1 of Ref. 1#. Note that Fig. 1 of this commen
is exactly the same as Fig. 3 of Ref. 3 presented by Claro
Wannier if E is replaced by2(E2e0)/2e1, which is quite
natural since both works deal with exactly the same probl

Figure 2 is the plot for (ta ,tb ,tc)5(2,1,1). The increase

FIG. 1. Energy eigenvalues vsf for (ta ,tb ,tc)5(1,1,1). Cal-
culations are performed forf5p/199 with 1<p<198, and the

central value ofkW in the MBZ is taken into account.
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of total bandwidths and the occurrence of gap closing exc
for a few large ones are clearly seen. We argue that th
phenomena may be the generic effects of the hopping an
ropy, since the same phenomena were also observed in
square lattice.4 Note that, from Fig. 3 of Ref. 1, which is
plotted for the same parameters as in Fig. 2 of this comm
Gumbs and Fekete argued that ‘‘the bottom of the ene
band is very flat nearE524’’ and that ‘‘the spectrum is
symmetric aboutf51/2.’’ However, Fig. 2 of this commen
clearly shows that these arguments are incorrect. Beside
regard to Figs. 2–4 of Ref. 1, we would like to point out th
the E2f diagrams for the parameters (ta ,tb ,tc)5(1,2,1),
(2,1,1), and (1,1,2) should be identical when all the valu
of kW in the magnetic Brillouin zone~MBZ; ukxu<2p/Ma
and ukyu<p/A3a) are taken into account, since there is
preferable direction in the lattice plane under a uniform p
pendicular magnetic field.

Figure 3 shows theta dependence of the band structu
for f51/5, wheretb5tc51 and all the values ofkW in the
MBZ are taken into account. Note that we introduce the r
caled energy defined byEre53E/(ta1tb1tc), which is al-
ways in the range of@26,6# regardless of the strength of th
hopping anisotropy, as in the isotropic case. The fig

FIG. 2. Energy eigenvalues vsf for (ta ,tb ,tc)5(2,1,1). Other
parameters are the same as Fig. 1.

FIG. 3. Rescaled energy eigenvalues as a function ofta for f

51/5 with tb5tc51. All the values ofkW in the MBZ are taken into
account.
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shows that introducing the hopping anisotropy changes
band structure considerably. Particularly, forta.1, one can
see that widths of the subgaps~subbands! decrease~increase!
with increasingta such that the subgaps will close in th
limit of ta→`. Meanwhile, forta,1, one can see the clos
ing and reopening of some subgaps with decreasingta , re-
sulting in a symmetric band structure aboutE50 in the limit
08730
eof ta→0, which is quite a natural result since the lattice w
(ta ,tb ,tc)5(0,1,1) is topologically equivalent to the squa
lattice with isotropic hopping integrals.

In summary, the mistakes made in Ref. 1 were prope
corrected, and the dependence of the magnetic subb
structure on the strength of the hopping integral w
illustrated.
ux,
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