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Zeeman spin splittings in semiconductor nanostructures
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A systematic theoretical and experimental study of Zeeman spin splittings andg factors in semiconductor
nanostructures is given. Six-band effective-mass calculations of electron, hole, and exciton spin splittings are
made and are shown to account for experimental results presented here on In0.10Ga0.90As/GaAs systems for the
size dependences ofg factors in deep-etched quantum dots and wires and for the magnetic-field dependences
of the Zeeman splittings in quantum wells. These effects are traced to band mixing, and an analytic form of the
results is given that connects these two effects and describes their dependences on dimensionality.
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During the past decade there has been intense intere
understanding and exploiting the properties of the cha
degrees of freedom of carriers in semiconductor nanost
tures ~quantum wells, quantum wires, and quantum do!.
Recently, their spin degrees of freedom have begun to at
considerable interest both for their physical properties
also in connection with several issues involving applicatio
For example, in ‘‘spin electronics’’ one seeks to use the s
densities in place of charges in a range of systems suc
spin transistors and light-emitting diodes. Very recently
terest in spin effects has been spurred by the observatio
long spin-coherence times in semiconductors and in t
nanostructures,1 which make solid state implementations f
quantum information processing attractive. Examples
clude recent proposals for implementations for quant
computation using spins in quantum dots2,3 and spins in
heterostructures.4 In all of these issues the ability to enhan
and control spin splittings in semiconductors plays a k
role.

Recent advances in the understanding of spin effect
the optical properties of nanostructures includes work
their exciton Zeeman spin splittings,5 on the smaller
electron-hole exchange splittings, which have been stud
in some detail,6,7 on spin-dependent relaxation and on ex
ton ‘‘dark states,’’8 and even on the hyperfine interaction
electron spins with nuclear spins.6

The key quantity needed in understanding spin effect
optical properties is the Zeeman splitting in a magnetic fie
The splitting is determined by mixing of the spin with th
electronic states. Thus, the splitting not only controls
magnitude of spin effects, but also can give important insi
into relaxation and coherence through the coupling of
spin to electronic and lattice degrees of freedom. To d
however, results for the Zeeman splittings and the associ
g factors have been only fragmentary, and they rem
poorly understood in these systems. Some experime
results9–12 and some calculations11–13 have been given for
quantum wells. Experimental results5,14 have been given for
some quantum dots, and some calculations have been m
within approximations for conduction-band electrons
quantum wires and dots.13
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Experimental results have been reported for two featu
that give critical tests of our understanding of Zeeman sp
tings in nanostructures.~i! In quantum dots the Zeeman spli
tings of excitons are approximately linear inB, but the asso-
ciatedg factors depend strongly on the structure size.14 ~ii !
Exciton Zeeman splittings in quantum wells have stro
~well-width-dependent! nonlinear dependences on the ma
netic fieldB, even becoming negative in narrow wells.9,12 In
order to understand these effects, reliable theoretical res
are needed for realistic systems including the full band c
plings, and comparisons need to be made with accurate
perimental results for systems where the parameters~size,
shape, alloy concentration, potentials! are known sufficiently
well.15

Here a full six-band treatment of the electron and h
Zeeman splittings andg factors for realistic quantum wells
quantum wires, and quantum dots is given. These res
provide an explanation of the dependences on quantum
and quantum wire size and on magnetic field previously
ported. We also obtain an accurate perturbative form for s
splittings in nanostructures and use it to establish in a sim
and intuitive way the connections between the size a
magnetic-field dependences in zero, one, and two dimens
~wells, wires, and dots!. We give here experimental resul
for these features from photoluminescence studies
InGaAs/GaAs quantum wells and deep-etched InGaAs/G
quantum dots and quantum wires with widely varying siz
These systems have fairly well characterized structures
potentials, and more importantly their sizes and dimensi
ality vary widely and systematically. This permits a defin
tive comparison to be made here between theory and exp
ment.

A standard six-bandk•p effective-mass Kane-Luttinge
Hamiltonian of the band-edge carrier states in III-V semico
ductors is used,16 which includes the coupling of the light
hole and heavy-hole valence bands and also their coup
with the conduction band. The split-off spin-orbit band
removed in energy in these materials and is included per
batively in the parameters. For the quantum wells,
conduction- and valence-band offsets at the interface
tween GaAs and In0.10Ga0.90As are taken to be 79.9 and 69
©2001 The American Physical Society10-1
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meV, respectively.10 Theg factors of the electrons and hole
in the Hamiltonian are chosen by weighting the bulk valu
with the quantum well ground wave functionsz0

j :13 gj
well

5gj
GaAs* uzu. l z/2

uz0
j (z)u2dz1gj

InGaAs* uzu, l z/2
uz0

j (z)u2dz, where

gj
GaAsandgj

InGaAsare the bulkg factors for thej th electron or
hole band. A splitting of 40 meV between the light- an
heavy-hole bands is included to account for the strain du
lattice mismatch at the interface; it is in accord with expe
ment for quantum wells. The magnetic field is taken to be
the growth direction~z!. The electron and hole functions i
the quantum well with zero magnetic field are taken to ha
the form $Z1(z),Z2(z),Z3(z),Z4(z),Z5(z),Z6(z)%, where
the first two components refer to electrons with spin up a
spin down, and the last four are for the heavy holes and l
holes with total angular momentum3

2.
16 Zj (z), j

51, . . . ,6, areexpanded asZj (z)5( lal
jz l

j (z) in quantum
well subband functionsz l

j corresponding to the diagona
terms in the Hamiltonian, i.e., without band mixing. The
six functions in the quantum well atB50 are multiplied by
the corresponding radial functions from the Luttinge
Landau set of harmonic oscillator functions at nonzero fi
in the bulk case.17

For realistic quantum dots and quantum wires, direct
merical evaluations of theg factors generally require the ex
pansion of the wave functions in large basis sets and
diagonalization of very large Hamiltonian matrices. In ord
to overcome this, we have developed a perturbative appro
for these low-dimensional systems. The Hamiltonian is w
ten for the quantum well as a termH0(ki50) for zero par-
allel wave vector ki plus H15(\2/2m0)@Ô1k11Ô2k2

1Ô21k1
2 1Ô22k2

2 #, where the matricesÔi , i 51, 2, 21,
and 22, are read directly from the Hamiltonian, andk6

5kx6 iky . TreatingH1 perturbatively, we write the disper
sion of an electron or hole~i! in the quantum well plane up to
orderki

2 as

Ei~ki!5Ei~ki50!1
\2ki

2

2meff,i
i

1
m0B

2
@g0

i 1g20
i 1~g22

i 1g32
i 1g42

i !ki
2#, ~1!

where the first index of each of thegi j labels the order of
perturbation theory, and the second the power ofki .

From Eq.~1! contributions up to fourth order in perturba
tion theory are needed to describe theg factors. Equation~1!
gives the carrier dispersion in terms of an effective mass

~meff,i
i !215m0

21F K iUm0

mi*
U i L 1D2

~2!1D1
~2!G

and coefficients of magnetic fieldB given by

g0
i 5^ i uĝ0u i &, g20

i 52~D2
~2!2D1

~2!!,

g22
i 58~D22

~2!2D21
~2! !, g42

i 5g42,1
i 2g42,2

i ,

g32
i 58~D2211

~3! 1D2221
~3! 2D2122

~3! 2D1122
~3! !,
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g42,1
i 54~2D2211

~4,1! 1D2121
~4,1! 22D1122

~4,1! 2D1212
~4,1! !,

g42,2
i 54~2D2211

~4,2! 1D2121
~4,2! 22D1122

~4,2! 2D1212
~4,2! !,

g42,2
i 54~2D2211

~4,2! 1D2121
~4,2! 22D1122

~4,2! 2D1212
~4,2! !.

~2!

The D’s are expressed in perturbation theory by

Da
~2!5(

pÞ i

@\2/2m0#~Ôa! ip
2

~Ei
~0!2Ep

~0!!
,

Dabg
~3! 5 (

p8,pÞ i

@\2/2m0#2~Ôa! ip8~Ôb!p8p~Ôg!pi

~Ei
~0!2Ep8

~0!
!~Ei

~0!2Ep
~0!!

,

Dabgd
~4,1!

5 (
p9,p8,pÞ i

@\2/2m0#3~Ôa! ip9~Ôb!p9p8~Ôg!p8p~Ôd!pi

~Ei
~0!2Ep9

~0!
!~Ei

~0!2Ep8
~0!

!~Ei
~0!2Ep

~0!!
,

Dabgd
~4,2! 5 (

p8,pÞ i

@\2/2m0#3~Ôa! ip8~Ôb! ip~Ôg!pi~Ôd!p8 i

~Ei
~0!2Ep8

~0!
!2~Ei

~0!2Ep
~0!!

,

~3!

where i and p represent the edge states of the electron
hole subbands in the well with zero magnetic field. The p
turbative approach in Eq.~1! is applicable to all situations
with nondegenerate subbands due to vertical~quantum well!
confinement.

Equation~1! is our main theoretical result, and it accoun
for the observed size dependences of theg factors in dots5,14

and for the observed nonlinearities of the spin splittings w
B in quantum wells.9,12 The spin splittings are given by th
last term in Eq.~1! where theki

2 terms arise from mixing
~throughH1! of the subband states of the quantum well p
tential. In quantum dots and wires the carrier functions
confined, and the dominant term in^ki

2& at smallB is ^ki
2&

;1/L2, whereL is the size. This gives a size dependence
theg factor in quantum dots and wires. In a quantum well
a magnetic field,̂ ki

2&;\vc;B, wherevc is the cyclotron
frequency. In this case in effect the carrier is ‘‘localized’’
a Landau state, and then these contributions to the third t
in Eq. ~1! give nonlinear dependences of the splitting onB.
Thus we see that the size dependences in quantum dots
quantum wires and theB dependences in quantum wells a
intimately connected through the last term in Eq.~1!.

To make quantitative comparisons with experiment,
have made photoluminescence studies of In0.10Ga0.90As/
GaAs quantum well structures grown by molecular be
epitaxy, and of quantum wire and quantum dot structu
obtained by deep wet chemical etching of single 5 nm qu
tum wells. The details of the experiments were giv
earlier.14,18 Typical spectra for arrays of quantum dots
differing diameters atB58 T are given in Fig. 1~b!. In Fig.
1~b! @1~a!#, to facilitate the comparison of splittings at diffe
ent dot diameters~well widths!, we have aligned the spectr
at the origin by subtracting the energy of the center of
spin-split emission lines. The diamagnetic shifts19 and the
0-2
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ZEEMAN SPIN SPLITTINGS IN SEMICONDUCTOR . . . PHYSICAL REVIEW B63 085310
effects of strain relief19,20 in these structures have been d
cussed previously. In Fig. 1~b! there is a dramatic increase
the exciton spin splitting for decreasing dot size. For the
and wire systems studied here the spin splittings were fo
to increase approximately linearly withB within the experi-
mental accuracy, and thus we obtain the excitong factor
from E(s1)2E(s2)5gexmBB. In Fig. 1~a!, typical spectra
for a 15 nm quantum well are shown as a function of m
netic field B. There the splitting between the two circul
polarizations has a strong nonlinear dependence onB: For
small B it increases withB and reaches a maximum at 5 T
and for higher fields it decreases again. TheB dependences
of the splittings for quantum wells of several widths are d
played in Fig. 2. For quantum wires and quantum dots,
resultinggex are given in Fig. 3 as functions of size.

Detailed theoretical results for the exciton spin splittin

FIG. 1. ~a! Photoluminescence spectra of 15 n
In0.10Ga0.90As/GaAs quantum wells for magnetic fieldsB indicated.
~b! Photoluminescence spectra of arrays of In0.10Ga0.90As/GaAs
deep-etched quantum dots with the sizes indicated atB58 T. Solid
lines give s1 polarized spectra and dotted liness2 spectra. For
ease of comparison the peaks of the lines have been shifted
common energy here. The absolute energy positions of the line
~b! are~in eV! 1.4592, 1.4571, 1.4558, 1.4536, 1.4534, and 1.45
for dots of size~in nm! 23, 28, 35, 41, 48, and for the unetche
structure.
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in In0.10Ga0.90As/GaAs quantum wells were obtained by d
agonalizing the full Hamiltonian directly for nonzeroB using
the expansion basis discussed above,21 and they are shown in
Fig. 2. In order to include the quantum well continuu
states, the quantum well system is placed in a large o
dimensional box of sizeLz with infinite potentials,22 where
Lz / l z;100– 200 withl z the width of the quantum well. Con
vergence was obtained for the spin splittings by using;100
quantum wellz l

j functions for eachZj (z), and the results
have been checked for convergence with respect to the
Lz .

The agreement between experiment and theory is good
both theB dependences and the well-width dependences
the quantum well splittings. The spin splittings have nonl
ear dependences onB, and for small wells they becom
negative. The nonlinearities inB arise from theB2 contribu-
tions in the term in Eq.~1! after the evaluation̂ki

2&;\vc

;B. The coefficients depend on well width and give t
width dependence of the splittings. All the perturbation c
rections~the terms ingj 2

hh andg20
hh! are negative for the heavy

hole exciton because the dominant contributions are from
light-hole heavy-hole coupling, and they increase in mag
tude with decreasing width. This leads to negative splittin
in narrow enough wells. Therefore the excitong factors,
which are obtained from the low-B limits of the curves in

a
in
3

FIG. 2. Experimental spin splittings and theoretical calculatio
~solid lines! as functions of the magnetic field along the grow
direction for varying In0.10Ga0.90As/GaAs quantum well sizes indi
cated in the legend.
0-3
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Fig. 2, become negative in narrow wells. These results
consistent with experiments which find negative excitong
factors in narrow wells.9,12 In particular, we find that the
heavy-hole excitong factorsgex are21.46, 0.31, 0.78, 1.31
2.57, and 4.76 for the quantum wells of 2, 5, 8, 15, and
nm shown in Fig. 2.

Theoretical results for electron and holeg factors in deep-
etched cylindrical quantum dots and rectangular quan
wires are obtained from Eq.~1! by evaluatingki appropri-
ately using the quantum well subband edge states atB50.
The potentials at the lateral sides of the deep-etched s
tures are taken to be infinite. The perturbative approach
Eq. ~1! is valid if the lateral confinement energies are sma
than the quantum well confinement energies, as is the
here. For the sizes and fields in Fig. 3, the structure s
dependence of̂ki

2& is greater than theB dependence. Thu
the spin splitting in dots and wires is linear inB, which is in
agreement with our experimental results. For larger sizes
fields than those shown here, theB-dependent contribution

FIG. 3. Size dependences of excitong factors as functions of~a!
quantum wire width and~b! quantum dot diameter. Symbols giv
experimental results for deep-etched In0.10Ga0.90As/GaAs wires and
dots. Solid curves give calculations made with a 40 meV light-ho
heavy-hole strain splitting, and dashed curves those for zero s
splitting.
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2& in the last term in Eq.~1! would become more im-

portant, and for large enough size the nonlinearB behavior
seen in wells would be recovered.

Electron-hole exchange effects in similar nanostructu
typically are much smaller~,50 meV! than the spin split-
tings studied here.6 Thus theoretical values of the excitong
factor can be obtained from our calculations for the elect
and the heavy hole bygex5ge1ghh. The resulting theoreti-
cal excitong factors for quantum dots and quantum wires a
shown in Fig. 3. The agreement between experiment
theory both for magnitude and for size dependence is go
The absolute values ofgex increase dramatically for decrea
ing dot and wire sizes. The size dependence is stronge
dots than wires. This difference between dots and wi
arises from the stronger size dependences from the^ki

2&
terms in Eq.~1! in dots. The experimental results lie som
what lower than the calculations, more so for the dots.
also show in Fig. 3 calculations for zero strain splitting in t
quantum well. From comparison with experiment, we s
that there is some strain relief, which is consistent with e
lier photoluminescence studies on similar structures.20

We have also examined differing treatments of the ba
coupling to gain insight into their effects. The individualge
and ghh for quantum dots are given in Fig. 4. CurvesK
include only conduction–valence-band coupling but
valence-band mixing~‘‘the Kane model’’!, L include only
valence-band mixing~‘‘the Luttinger Hamiltonian’’!, and
those marked K-L include both these couplings. There
significant differences between the curves K-L with all co

/
in

FIG. 4. Calculations ofg factors for holes in the dots obtaine
using different treatments of the band coupling as described in
text: only conduction-hole band coupling~K!, only valence-band
coupling ~L!, and both of these couplings~K-L !. The inset gives
corresponding results for the electrons.
0-4
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ZEEMAN SPIN SPLITTINGS IN SEMICONDUCTOR . . . PHYSICAL REVIEW B63 085310
plings and the simplerK andL treatments. Thus we find tha
all couplings between the conduction and valence bands
within the valence bands must be included to obtain a qu
titative treatment of theg factors. We note that the size de
pendence ofghh is considerably greater than that ofge ,
which is due to the valence-band mixing.

In the present work we have given a full theoretical tre
ment of Zeeman spin splittings andg factors in semiconduc
tor nanostructures. The results are in good agreement
detailed experimental results for systems with widely va
ing parameters. They explain key size and magnetic-fi
dependences in these systems. In addition a perturbation
proach is developed for spin splittings in nanostructu
which shows in a simple and intuitive way that these size
magnetic-field dependences are intimately connected, a
gives the relationship between these effects in zero-, o
and two-dimensional systems~quantum dots, wires, an
wells!. From the analysis here, we see that the effects sh
be typical of a broad range of nanostructure systems, inc
ing quantum dots from self-organized growth for which t
he
re
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confinement typically is stronger in one direction than in t
other two.

We have shown that the Zeeman splitting is given
band coupling in nanostructures. This coupling of spin
electronic and lattice degrees of freedom can play an imp
tant role in understanding spin relaxation and spin cohere
in nanostructures, which are issues of vital current inter
We have also shown that spin effects can be modified
greatly enhanced in nanostructures. For quantum dots
give the largest enhancements in spin splittings reporte
our knowledge, some 20 times greater than the correspo
ing quantum well values. Such modified and enhanced s
splittings are of considerable interest in connection with
currently active search for implementations for quantu
computation, such as those proposed recently for spin
quantum dots2,3 and in heterostructures.4

This work was supported in part by the U.S. Office
Naval Research, by the Defense Advanced Research Pro
Agency, and by the State of Bavaria.
.

et-

ilar

ken

-

and

and

aAs
and
1J. M. Kikkawa et al., Science277, 1284 ~1997!; J. A. Gupta
et al., Phys. Rev. B59, R10 421~1999!.

2A. Imamogluet al., Phys. Rev. Lett.83, 4204~1999!.
3D. Loss and D. P. DiVincenzo, Phys. Rev. A57, 120 ~1998!; G.

Burkardet al., Phys. Rev. B59, 2070~1999!.
4R. Vrijen et al., Phys. Rev. A62, 012306~2000!.
5U. Bockelmannet al., Phys. Rev. B55, 4469 ~1997!; W. Heller

and U. Bockelmann,ibid. 55, 4871~1997!.
6D. Gammonet al., Phys. Rev. Lett.76, 3005~1996!; Science277,

85 ~1997!.
7U. Woggonet al., Phys. Status Solidi A164, 505 ~1997!; E. L.

Ivchenko, ibid. 164, 487 ~1997!; S. V. Goupalov and E. L.
Ivchenko, J. Cryst. Growth184Õ185, 393 ~1998!.

8M. Nirmal et al., Phys. Rev. Lett.75, 3728 ~1995!; M. Bayer
et al., ibid. 82, 1748~1999!.

9M. J. Snellinget al., Phys. Rev. B45, 3922~1992!.
10R. J. Warburtonet al., Phys. Rev. B43, 14 124~1991!.
11Th. Wimbaueret al., Phys. Rev. B50, 889 ~1994!; D. M. Hof-

mannet al., ibid. 55, 9924~1997!.
12N. J. Traynoret al., Phys. Rev. B51, 7361~1995!; N. J. Traynor

et al., ibid. 55, 15 701~1995!.
13E. L. Ivchenko and A. A. Kiselev, Fiz. Tekh. Poluprovodn.26,

1471 ~1992! @Sov. Phys. Semicond.26, 827 ~1992!#; E. L.
Ivchenkoet al., Solid State Commun.102, 375 ~1997!; A. A.
Kiselev et al., Phys. Rev. B58, 16 353~1998!.

14M. Bayeret al., Phys. Rev. B52, R11 623~1995!.
15Even in high-quality dots grown by self-organized growth t

shapes, sizes, and space-dependent alloy concentrations a
 not

yet well known @see N. Liu, J. Tersoff, O. Baklenov, A. L
Holmes, Jr., and C. K. Shih~unpublished!#.

16Gerald Bastard,Wave Mechanics Applied to Semiconductor H
erostructures~Wiley, New York, 1988!, p. 52.

17C. Pidgeon and R. N. Brown, Phys. Rev.146, 575 ~1966!.
18The InGaAs/GaAs quantum dot samples used here were sim

to those in Ref. 14.
19M. Bayeret al., Europhys. Lett.39, 453~1997!; Phys. Rev. B57,

6584 ~1998!; S. N. Walck and T. L. Reinecke,ibid. 57, 9088
~1998!.

20R. Steffenet al., Phys. Rev. B54, 1510~1996!.
21We have used the following bulk band structure parameters ta

from Refs. 10, 12, and 13 and from P. Lawaetz, Phys. Rev. B4,
3460~1971! for GaAs and InAs, respectively: the band gapEg is
1.519 and 0.42 eV, the Kane energyEp is 2P2/m0525.7 and
22.2 eV withP5\^su]/]xuxi&, where (s,xi) are band-edge ba
sis functions withi 5x,y,z; the spin-orbit coupling parameterD

is 0.34 and 0.391 eV; the conduction-band effective mass
effective g factor mc* and gc* are 0.0665m0 , 20.44, and
0.023m0 , 214.99; the Luttinger parametersg1 , g2 , g3 , andk
are 7.65, 2.41, 3.28, 1.2 and 19.67, 8.37, 9.29, 7.68. The b
gap and the Luttinger parameterk for In0.10Ga0.90As are 1.370
eV and 1.4, respectively. All other parameters for In0.10Ga0.90As
are obtained by averaging the corresponding values for G
and InAs. Formulas for the parameters in the present six-b
model are given in Ref. 17.

22T. Ando, J. Phys. Soc. Jpn.54, 1528~1985!.
0-5


