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Nonlinear ac response of an unpinned two-dimensional Wigner crystal
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We analyze the macroscopic response of an unpinned two-dimensional Wigner @hjGiabr the case of
nonlinear losses with a nonuniform ac excitation in the Corbino geometry. For a WC above a liquid-helium
surface, the nonlinearity arises from the Bragg-Cherenkov resonance, which gives saturation of the drift
velocity with driving force. We present an analytical theory of the current distribution in the vicinity of the
resonance. The theory relates the measured magnetoconductivity of WC to the microscopic characteristics of
the resonance, in particular to the low-velocity tail of the frictional force.
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I. INTRODUCTION tov4, and the dissipative magnetoconductivity increases pro-
portionally to the driving forcé.

Low-density free electrons tend to form a periodic struc- A particular feature of these Bragg-Cherenkov resonances
ture, a phenomenon predicted by Wigner in 1934. The tranis their broadening even in an ideal two-dimensional wc.
sition to the Wigner crystalWC) phase was first discovered This broadening is a consequence of the lack of true long-
experimentally for two-dimensioné2D) electrons above the range positional order in a 2D crystal. To characterize the
surface of liquid heliunt.More recently, evidence was found résonance, it is convenient to_introduce the frictional fcﬁce
for 2D Wigner crystals in semiconductor heterostructdres, xperienced by an electron in the WC due to the ripplon
There are substantial differences in the physical properties GMission. It has been shoifithat the frictional force for a
the WC in semiconductor structures and on helium. In parperfect WC at low temperatures is described as a function of

ticular, WC’s observed in semiconductors are pinned to thdhe yvuga;dr|ﬁthveI(J<C|ltyl\:/ by power}sh?p\)ﬁ/(é ta'ISFOC'Ull
. . . o < -
interface defects, so that the electron system is then insulat- Ult | Wf'_ 'ta L. For ?r} lmpefr 'e(t:' | ,fe.g.,da poly ¢
ing. In contrast, electrons above the helium surface are no ?\}/l:raeoailta _|n| e-lstlszem(;r;/i?niﬁ VZIJ;(I":Ion&:/vh?gﬁecaﬁezeno
localized by defects. Static disorder comes from the heliunf "o 9¢ &V =01. S = m cal

. : . . estimated from scaling argumenisjefines the switching of
atoms in the vapor. Their concentration, however, is

- . the magnetoconductivity. The Bragg-Cherenkov scattering
negligible at temperatures below the WC melting temperag., ., yhq classical point of view was considered by Vifén,
ture T, (Tp<1 K for typical electron concentrations

o who, however, gave a Lorentzian shape for the resonance.
n<1C° cm?). The electron WC can thus move freely on  Tpe shape of the Bragg-Cherenkov resonance reflects the
the helium surface and exhibits a finite static conductivity. Ingtryctural properties of the WC and it is important to be able
the case of’He, the scattering at low temperatures arisesq extract theF(v) dependence from the experimental data.
from the losses due to the interaction of the WC with theThe dynamics of the WC above helium in an applied mag-
capillary waves on the helium surfa¢épplons.® netic field has been studi&d using the capacitative cou-

It was observeti®that the dissipative magnetoconductiv- pling technique of Sommer and Tanhein the circular
ity in the WC state is strongly nonlinear. The conductivity Corbino geometryFig. 1). A set of concentric Corbino disk
increases with driving force or drift velocfly and then, at electrodes is placed below the helium surface. The central
some threshold, the conductivity switches from a high to aelectrode is excited with an ac voltage, and the current flow
low conducting state. Below the threshold, the magnetoconto the surrounding electrod@lectrodey is measured. This
ductivity is closely proportional to the excitation voltage or method does not provide direct information about the dissi-
electron velocity. Hysteresis near the threshold fotéand  pative magnetoconductivity of the electron systess o, .
fluctuations(instabilitie9® above the threshold have been re- Nevertheless, in thénear conductivity case, it is possible to
ported. The nonlinearity is a consequence of strong coupling
to the ripplons with a wave vector close to a reciprocal-
lattice vector of the electron crystéthe Bragg ripplons*®
As in Bragg scattering, the interference between the wave:
emitted by different electrons allows only these ripplons to
take away the energy of the moving crystal. The energy con-
servation law for the ripplon emission implies the same con-
dition as for the Cherenkov effect, leading to the Bragg-
Cherenlg)zv scatterint. The ripplon dispersion relation is g1 1. showing schematically the electron Wigner crystal
»(q)q”* and the losses increase resonantly with the drivapove the liquid He surface and the Corbino electrodes below the
ing as the Hall velocity approaches the phase velogity surface in the typical experimental setup Refs. 5-8. The separation
=w(G,)/G; of the ripplons with the first reciprocal-lattice dis much smaller than the electrode radii, but much greater than the
vector G, = (8m2n//3)Y2 The Hall velocity then saturates interelectron distance.
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relate the phase shift of the observed ac current with respect e qu

to the excitation voltage to the conductivit® The phase E= 5 Von=——Van, (3

shift can be written as/2— ¢), and, in particulargoc1/¢ s

for small ¢. The same relation for the phase shift of the firstwhere Cs=€,./(47d) is the capacitance of the electron-

harmonic of the measured current was used to obtain the W€lectrode system per unit area{ is the dielectric constant

magnetoconductivity in the nonlinear case. Obviously, itsof liquid He). In this “screened” limit, when there is a local

value should be referred to as effectiveCorbino conduc- relation betweerkt and én, the WC can be characterized by

tivity. The applied ac electric field is nonuniform over the the longitudinal sound velocitg, in zero magnetic field, as

electron system, and so are the drift velocities of differentintroduced in Eq(3): c|2=e2n/mCS.

parts of the WC. The effective magnetoconductivity depends When the voltageV,coswt) is applied to the central

on the geometry of the Corbino electrodes and only qualitaCorbino electrode with the radius, the WC is subject to an

tively reflects the nonlinear WC transport. electric field&, which is sharply peaked at the circumference
In this Brief Report, we present an analysis of the macror,. The width of the peak is abodt and it is consistent with

scopic nonlinear ac response of an unpir_med Wigner solid. lthe local approximation3) to replace this peak with a
the case of resonant behavior of the frictional force, the macs-function spike. Then, the radial, and azimuthalt,, com-

roscopic equations for the density of the WC electric currenponents of the applied field are

have, in general, bistable solutions, describing domains of

the WC moving with small {<v,) and high ¢ >v,) drift ¢, =Vocodwt)d(r—ry), €4=0. (4)
velocities. The analysis of these solutions is complicated ] ) ]

since the current can exhibit an azimuthal dependence even !N what follows, we will analyze the axisymmetric solu-
under axisymmetric excitation conditions, one has to allowtions for the radiaf, (r,t) and azimutha) ,(r,t) components
for the edge magnetoplasmons, etc. In the regiefore o_f the current in classmall_y strong magnetic f|el_ds, where
switching, however, the solution is unique. We develop herdi <[4l and F<F,~F(j,). Equations(1)—(4) in this

a simple analytical approach for the analysis of the curren¢@se are reduced to

distribution. This approach is particularly useful in the J e?n
Bragg-Cherenkov limit, when the azimuth@lall) velocity C|2©rjr=—( ®cj = _@r>, (5)
becomes saturated to the phase velocity of the Bragg rip- at m
plonsv;. en

= e P, (6)

Il. GENERAL EQUATIONS
where
At low excitation frequencies, one can neglect the induc-

tance in the WC response, and the electric current density . 10 1
j(r,t) can be found from the equations of motion along with ’Dr=ﬁ + ror 2 )

the continuity equation,
and w.,=eB/mc is the cyclotron frequency. Equatiors)
1 and(6) should be solved with the condition of the absence of
—e(E+ &)+ —(jXB)+F(j)=0, (1)  the current at the outer boundary of the WC at the radius
cn r2>r10 j(rp)=j4(r2)=0. As already mentioned, the fric-
tional forceF in Eq. (6) is a nonmonotonic function of the

aon current in the vicinity of the Bragg-Cherenkov resonance,
eT -V-j=0. (2 and this equation can have multiple solutions with respect to
J 4. If we restrict ourselves to the region below the threshold,

. _ . S i.e., assume
Here&(r,t) is the applied nonuniform ac electric field in the

WC plane,E(r,t) is the “internal” electric field due to the ligl<ii=envq, (8
change in the electron densiyn(r,t), and the magnetic

field B is applied perpendicular to the electron layer. TheIt 's possible to resolve Eq6) and express,, as

frictional force F is assumed to be a local function of the jo(r,)=®[j(r,0]. (9)
current density. We neglect the shear forces in the Wigner
solid (see the end of Sec. )l Equations(9) and (5) give a nonlinear diffusion-type

The electron-electron interaction for the electrons on Hesquation for the radial curreijt . We write this current as
is effectively screened over distances of the electron- )
electrode separatiod. This separation is made usually Jr(r,="f(r,t)+g(r.v), (10
much smaller than the radii of the Corbino electrodes below,\,heref(r,t) is chosen to cancel the excitation term with

the helium surface. For an excitation with the typical scalgp gq. (5). Introducing the dimensionless variables
about the size of the W(ow excitation frequencie&), én

is a smooth function of on the screening length, and one X=rIty, X1=r1/T5, 7=0t, y=0odr/c)?
can writg?®

073401-2



BRIEF REPORTS

we define the Green functio®(x,x’) for the operatorbX
(7), so thatd,G(x,x") = — 8(x—x') with the boundary con-
ditions G(0x')=G(1x"')=0:
X2
’ <
G(X,x )=§(1—x2>), (12
wherex.=min{x,x'} andx-=maxxx’}. Then, for the ap-
plied electric field given by Eq4),

f(X,T):_f()G(X,Xl)Sir(T) f0=wr2C5V0, (13)

and
~ Jd
’ng(x,f)=X&—T®[f(x,r)+g(x,7)]- (14

The two parts of the radial currerif0) have different
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FIG. 2. The oscillations of the currents in the vicinity of the
Bragg-Cherenkov resonang¢gualitatively). The azimuthal current
j 4 and two components of the radial currgpt=f+g are shown.

meanings. The first ternf(x,t), describes the pure capaci- proaches, at a large values of the argument. In classically
tative current in the electron layer. This current is phasestrong magnetic fieldse;7o>1), the azimuthal curren®)
shifted by 7/2 with respect to the applied ac voltage. Thereaches the resonant valug; at small values fj
second termg(x,t), contains both an in-phase with voltage ~j1/(w¢7o) of the radial current injected in the syste&fr8),
component and higher harmonics, providing informationand j, changes betweepy and —j; during one cycle. The
about the losses in the electron system. The parameter subsequent increase of the driving only sharpens the switch-

*w entering Eq(14) is typically small>’ y<1, andg(x, 7)
can be calculated by iterating E(.4). When the excitation
frequency is small enough atid||<||f||, the solution of Eq.

(14) is given by the first iteration

1 d
g(x,r)=Xf0 G(x,x’)ﬁ—T(I)[foG(x’,xl)sin(r)]dx’.
(15

ing between these limiting values. As a result, the dissipative
component of the radial curreg(x,7), which is defined by
the time derivative ofj,, has a form of the sequence of
peaks(Fig. 2.

The typical height of the peaks ig(x,7) is aboutg,
=(wc7o) xTo- In the case of 7o) x<<1 (which, in particu-
lar, can be achieved at low excitation frequengid¢ise dis-
sipative radial current can be calculated using 8&) and
written as a Fourier series,

Before considering the nonlinear response of the WC, we

note that for linear conductivity one haB(j)=(w.7)],
where 751 is the relaxation rate. Then E@l5) gives the
in-phase component of radial curreg{x, 7)o cos{). Using
Egs. (12), (13), (15), and representing the curre(i0) as
jr(x,7)=]"¥cog r+(m/2) — ¢], we obtain for the phase shift

2 1 Co3
In(l/x)—Z(x§+x2) 2

— (16
Hereo= e2n/mw§ro andx=r/r, corresponds to the circum-
ference where the current is measured experimentally,
=<x<1. Under the assumptions used, the expres&iéhis
valid for ¢<1. In the case of nonlinear losses, E@6)
defines the effective Corbino magnetoconductivityfrom
the observed phase shift.

Ill. THE BRAGG-CHERENKOV RESONANCE

17

where only the odd harmonics are present. When the driving
forcef, increases, the azimuthal current approaches the satu-
rated oscillation shown in Fig. 2 in practically the whole
region ofx, except forx~0 andx~1. This also produces a
decrease in the widt\t=j,/ww 7of, Of the peaks in
g(x,7). The asymptotic form for the low harmonics in Eq.
(17), with numbersi<(wAt)~ !, can be easily calculated
from Eq. (15),

g(x,7)=a,(x)cog 1) +asz(x)cog37)+ - - -,

4
ai(X)~af(X)=§X(1—X)X11- (18

Using Egs.(13), (18), and(11), we obtain the phase shift of
the first harmonic of the radial current,

37?2 r

! 1+—).

)

eVo
{p=
P ogr2

bt (19

B é,p Mawlovq '

In this section, we study the current oscillations in the
vicinity of the Bragg-Cherenkov saturation, when the azi-This asymptotic decrease of the phase shift with the driving
muthal drift velocity reaches the phase velocity of the resoforce depends only on the ripplon velocity;, and is not
nant ripplonsv,. The frictional force experienced by the sensitive to the details of the electron-ripplon interaction.
electrons in the Wigner crystal resonantly increase (;;t Note also that the resu(il9) is not changed by any renor-
—ji=env,. This behavior corresponds to the following malization of the electron mass.
properties of the function® in Eq. (14): (i) ®(—j) More precisely, the amplitude of the first harmonic can be
=—®(j); (i) P(j)=~(w.7o)j at smallj; and(iii) ®(j) ap- written asa,(x)=a;j(x)—Aa;(x), which gives the phase
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shift ¢ 1= 1+ A ¢, whereA p=(Aa,/a7) .. The first  density and substantially complicates the analysis of the WC
correction comes from the deviation gfx,7) from the ap-  response. The effect of the shear modulus, however, can be
proximate solutior(15) and a small shift of the peakto the  qualitatively understood by considering the rigid limit, when
right in Fig. 2. It can be shown that this giveﬁsalocvgz and the azimuthal current,(x,7)=X. In the Bragg-Cherenkov
A¢o<V51. However, the more important contribution to rigid limit, the azimuthal current reaches the resonant value
Aay(x) for large Vo is due to the incomplete saturation of 11 at the outer boundary of the WG£1). The asymptotic
the azimuthal current tp;. This correction is determined by behavior of¢ " differs from Eq.(19) by a numerical factor
the tail of the Bragg-Cherenkov resonance, and its deperNly: £, should be replaced bfiq=m(r1/r)°> £, . We con-
dence on the driving voltag¥, reflects a decrease of the Sidered the plastic response in this Brief Report because the
frictional force with the detuningj¢—j,). We consider a experimental increase of the effective magnetoconductivity

: . . 16
general power-shaped tail of the frictional forEéj)=(j, ¢ IS closer to the dependence given by Ed$) and(16).™
—§)~Y*. This corresponds tab(j)=j,[1—(y/j)"] (for Comparison of tk71e theory with the experimental data will be
largej >0), wherey is a constant depending on the electron-9'ven elsewhere!
ripplon interaction. Then, for @v<2,

IV. CONCLUSIONS

2 2X] 1l“(l— g) 1 G(xX') In conclusion, we presented an analytical theory of the
Aal(x)=<l) f ’ ', (20) nonlinear oscillations of the current in an unpinned two-
fo \/;F<§ _ 3) 0 G(x',xq)" dimensional Wigner crystal under the nonuniform ac excita-

2 2 tion in the Corbino geometry. The experimentally measured

phase shift of the current, related to the magnetoconductivity

: P . of WC, is analyzed in the vicinity of the Bragg-Cherenkov
results 'nAal}z(X)OCVO , S0 that the correction to the phase ro5onance. The asymptotic increase of the magnetoconduc-
shift A ¢V~ In contrast, the tail due to the lack of long- ity with the driving is sensitive to the tail of the resonance,
range order in the Wigner crystab ¢ 1+« with a<1, Ref.  3nd we showed how different microscopic shapes of the
iO) givesAay(x)V, " and approximately constant shift resonance can be distinguished experimentally.

LAV

In the above analysis, we did not allow for the rigidity of

the WC, i.e., we assumed the plastic deformation of the crys-
tal. Shear forces can be incorporated into E&$.and (6) | am grateful to M. I. Dykman and M. J. Lea for useful
along the lines of Ref. 15, where the linear conductivity caseliscussions. This work was supported in part by the projects
was considered. This, in particular, removes the local relabGAPA-UNAM No. IN104598 and CONACyT No.
tionship (5) and (9) between the components of the current34278-E.

It is seen that the Lorentziarv§E 1/2) tail of the resonance
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