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Gamma echo interpreted as a phase-shift-induced transparency
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In the gamma-echo technique a radioactive source is moved, with respect to a nuclear-resonant absorber,
during the lifetime of first-excited nuclear state. This introduces a phase shift between the source radiation and
the radiation from the absorber. If the source is moved abruptly, introducing a pi phase shift, the time-
dependent intensity shows a sharp increase in the intensity at that time, the ‘‘gamma echo.’’ Using the recently
developed one-dimensional quantum-mechanical model, based on the technique developed by Heitler and
Harris, the gamma-echo effect is seen to be a phase-shift-induced transparency. A closed-form solution for the
time-dependent transmitted intensity has been obtained. The solution has the form of a sum over coherent paths
that the radiation takes in going from the radioactive source through the absorber to the detector. The model
shows that the sharp increase in the intensity, the ‘‘gamma echo,’’ at the time when the source is moved
abruptly is due to constructive interference, starting at that time, between the source radiation and the radiation
from the absorber. The exact form of the gamma-echo spectrum depends on the movement of the source.
Shapes having multiple peaks are possible. All shapes can be found using the one-dimensional model.

DOI: 10.1103/PhysRevB.63.064301 PACS number~s!: 76.80.1y, 78.90.1t, 42.25.Bs
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I. INTRODUCTION

A relatively new field of research is emerging calle
quantum nucleonics. It deals with coherence and interfere
effects using resonant-gamma radiation. The plan of s
research is to approach the success achieved by qua
electronics in the atomic physics field. The ultimate go
would be the development of a gamma-ray laser. In orde
proceed, one needs to understand nuclear resonant gam
ray processes as completely as possible. This paper re
sents a small step in that direction by addressing the gam
echo phenomenon from a new point of view.

Mössbauer1 discovered the recoil-free emission and a
sorption of gamma radiation. Subsequently, the Mo¨ssbauer
effect has seen application2 to many branches of physics
Very soon, after Mo¨ssbauer’s discovery, time-differentia
transmission experiments3 were done. Interesting experimen
tal results4–7 were found using the time-differential Mo¨ss-
bauer spectroscopic~TDMS! method. With the advent o
synchrotron radiation facilities, time-differential nuclea
resonant forward-scattering measurements8 have also been
made using synchrotron radiation as the source.

Starting in the 1980s a number of more complica
experiments9–12 were performed based on modification
the TDMS technique. The ‘‘gamma-echo’’ effect11,12 was
observed in the early 1990s. All of the above-mentioned
periments were analyzed using the semiclassical op
model3,13–16 originally due to Hamermesh. More recently
generalization of the semiclassical optical model, us
space-time theory,17 has been developed to address
nuclear-resonant forward-scattering problem.

The semiclassical optical model has proven to be v
useful. However, the model does not usually provide a c
physical explanation of the phenomenon being studied. T
perhaps explains why Helisto¨ and co-workers11,12 coined the
term ‘‘gamma echo’’ although they were quite aware that
‘‘gamma echo’’ was an interference effect. It is not at
0163-1829/2001/63~6!/064301~8!/$15.00 63 0643
ce
h

um
l
to
ma-
re-
a-

-

d

-
al

g
e

y
r

is

e
l

clear that there is an ‘‘echo’’ involved in these experimen
The one-dimensional quantum-mechanical model provide
clear physical explanation of the ‘‘gamma-echo’’ pheno
enon as simply due to constructive interference between
herent amplitudes.

The outline of this paper is as follows. First we give
brief review of the TDMS experimental technique. Next t
one-dimensional quantum-mechanical model solution is
scribed. Third, the model is applied to the gamma-ec
effect. Finally we provide a discussion and conclusio
section.

II. REVIEW OF THE TDMS TECHNIQUE

Since the gamma-echo experiments use a modificatio
the TDMS experimental technique, we will discuss t
TDMS technique briefly in this section. In the TDMS tec
nique, the source emits recoil-free gamma radiation and
forward-scattered radiation is observed, in delayed coin
dence with respect to the formation of the first-excited st
in the source, after passing through a nuclear-resonant
sorber. In such experiments a precursor event signals
formation of the first-excited nuclear level that will subs
quently decay to the ground state by emission of a recoil-f
gamma ray. Thus a type of lifetime curve, as used in nuc
physics, is obtained. However, in this case, the reson
source radiation will interact with the resonant nuclei in t
absorber before reaching the detector. The resulting ti
dependent intensity curve does not have the usual expo
tial decay shape characterized by the lifetime of the fir
excited nuclear state.

A schematic representation of the TDMS experimen
technique using57Co is given in Fig. 1. On the left-hand sid
of the figure, a sketch of the experimental configuration
shown. On the right-hand side, energy level diagrams of
source and absorber nuclear energy levels are shown fo
familiar case of57Fe. It is the 122-keV photon from the
©2001 The American Physical Society01-1
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source that signals the formation of the well-known 14
keV Mössbauer level. The resulting 14.4-keV photon is
corded in theg2 detector after passing through the reson
absorber. The time-dependent intensity curve is obtained
counting the number of 14.4-keV photons recorded a
function of the time delay after the 122-keV signal photon
is this curve that has the unusual form.

A ‘‘speed-up’’ effect is seen in the time-dependent inte
sity by observing that the initial time-dependent decay
faster than would be the case if the nuclear-resonant abso
were absent. Furthermore, at later times, for sufficiently th
absorbers, the time-dependent intensity may show lo
maxima, the ‘‘dynamical beat’’ effect. These effects are e
ily understood using the one-dimensional model as explai
below.

III. REVIEW OF THE ONE-DIMENSIONAL
QUANTUM-MECHANICAL MODEL

As noted above a one-dimensional quantum-mechan
model18,19 has been developed that gives a clear phys
picture of nuclear-resonant forward scattering. In this sec
we present a brief description of the model. The model
gins by using ordinary time-dependent quantum mechan
The states of the system at timet50 are taken to be the
eigenstates of the Hamiltonian not including the interact
causing transitions between the nuclear levels. The gen
state of the system at timet5t is then formed by taking a
linear combination of these states with time-dependent c
ficients as shown in Eq.~1!. The time-dependent coefficien
are due to the interaction that causes the transitions betw
the nuclear levels:

uC~ t !&5(
l

al~ t !e2 iEl t/\uw l~0!&. ~1!

Solving the Schro¨dinger equation leads to a set of couple
differential equations relating the expansion coefficie
al(t):

i\
dal

dt
5(

q
aq~ t !ei ~v l2vq!t^w l~0!uVuwq~0!&1 i\d lnd~ t !,

~2!

FIG. 1. A schematic summary of the TDMS technique us
57Co and57Fe. On the left-hand side there is a sketch of the exp
mental layout. The right-hand side shows energy level diagrams
the source and absorber.
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where v l2vq5(El2Eq)/\, d ln is a Kronecker delta tha
equals one whenl 5n and zero otherwise, andd(t) is a
Dirac delta function. The Kronecker delta is used to sati
the initial conditions, and the Dirac delta function is need
to take care of the discontinuity that occurs at timet50
when the time axis is extended to negative values. Next
Fourier transform is introduced,

al~ t !52
1

2p i E2`

`

dv Al~v!ei ~v l2v!t. ~3!

Equation~2! can now be rewritten in the frequency doma
using the technique due to Heitler,20,21

~v2v l1 i«!Al~v!5(
q

Aq~v!
Vlq

\
1d ln , ~4!

whereVlq is the matrix element inducing a transition fro
theqth nuclear level to thel th nuclear level state, and a po
is introduced into the lower half of the complex plane«
.0) to ensure that all amplitudesal(t) are zero fort,0.

In the model, we introduce a source nucleus and repre
the absorber as a linear chain of ‘‘effective’’ nuclei. Th
reason for saying ‘‘effective’’ nuclei is discussed in Ref. 1
and briefly below. With these assumptions the relevant a
plitudes areA(v) the amplitude for finding the sourc
nucleus, situated at the origin of the coordinate system,
cited at timet50 all absorber nuclei are in the ground sta
and no photons or conversion electrons present,Bk(v) the
amplitude for finding all nuclei in the ground state and on
a photon of wave numberk and energy\vk present,Cm(v)
the amplitude when only the absorber nucleus located ax
5xm is excited and no photons or conversion electro
present,Dp(v) the amplitude for finding a conversion ele
tron, of momentump, from the source nucleus present a
nuclei in their ground states and no photons are present,
Emp(v) the amplitude for finding a conversion electron,
momentump, from the absorber nucleus located atx5xm
present all nuclei in their ground states and no photons
present.

Assuming that at timet50 the source nucleus is excited
and substituting these amplitudes into Eq.~5! gives the fol-
lowing set of coupled linear equations:

~v2v01 i e!A~v!511(
k

Bk~v!Hk

\
1(

p

Dp~v!Hp

\
,

~5!

~v2vk1 i«!Bk~v!5
A~v!Hk*

\
1(

m

Cm~v!Hk*

\
e2 ikxm,

~6!

~v2v081 i«!Cm~v!5(
k

Bk~v!Hk

\
eikxm

1(
p

Emp~v!Hp

\
ei ~p/\!xm, ~7!

i-
or
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GAMMA ECHO INTERPRETED AS A PHASE-SHIFT- . . . PHYSICAL REVIEW B 63 064301
~v2vp1 i«!Dp~v!5
A~v!Hp*

\
, ~8!

~v2vp1 i«!Emp~v!5
Cm~v!Hp*

\
ei ~p/\!xm, ~9!

whereHk andHk* are the matrix elements corresponding
absorption and emission of a photon, respectively. No
that, for those events that do not occur at the origin of co
dinates, one must insert the appropriate phase factors.
Hp andHp* are the matrix elements corresponding to abso
tion and emission of a conversion electron, respectiv
Again, the appropriate phase factors are needed.

The meaning of these equations can be made clea
considering, for example, Eqs.~5! and~6!. Equation~5! gov-
erns the amplitude for finding the source nucleus exc
A(v). Since this is the case att50, that accounts for the
‘‘1’’ on the right-hand side. The source can also get to t
excited state, when in the ground state, by absorbing a p
ton that is present. This is the meaning of the second term
the right-hand side. Similarly, when the source nucleus is
the ground state, it can be excited by absorbing its own c
version electron. Since the source nucleus is at the origi
our coordinates, no spatial phase factors are needed. O
other hand, consider Eq.~6!. This is the equation describin
the situation in which all nuclei are in the ground state a
there is only a photon present,Bk(v). How can this happen?
The source can emit a photon; that is the meaning of the
term on the right-hand side. Also one absorber nucleus,
cated atxm , can emit a photon. Now we must put in th
phase factor representing the fact that this photon appea
x5xm . One must allow any other absorber nucleus to do
same thing, so the summation over all absorber nucle
needed. The other three equations can be understood i
same way. The solution to the problem is obtained by so
ing this set of coupled linear equations.

First we consider a standard TDMS experiment. Assu
the source and absorber nuclear transitions have a single
quency and they are in exact resonance. Then, if the sca
ing is forward, the time-dependent amplitudeA(t) for recoil-
free radiation reaching the detector according to the o
dimensional model18 is

Arecoil-free~ t !5Af sG r /2\e2~G/2\!t

3e2 iv0tF11 (
n51

N S N
n D S 2 f aG r t

2\ D n 1

n! G .

~10!

In Eq. ~10!, t is the time measured from the formation of th
first-excited nuclear level in the source;f s is the recoil-free
fraction in the source;G r is the radiative width of the first-
excited nuclear level;G is the full width; v0 is the resonant
frequency;N is the ‘‘effective’’ number of resonant nuclei in
the one-dimensional chain representing the absorber; the
tor just to the right of the summation sign~N over n! is a
binomial coefficient; andf a is the recoil-free fraction in the
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absorber. The quantityN is the only unspecified parameter
the theory. It is related to the actual absorber thickness
described below.

The first term in Eq.~10! is due to the source of the
radiation itself while the second term, involving the summ
tion, includes the absorber. Equation~10! represents a coher
ent sum of amplitudes corresponding to the various ‘‘ind
tinguishable paths’’ the recoil-free radiation can take go
to the detector. The first term represents the ‘‘path’’ cor
sponding to the source radiation going directly to the det
tor. The second term takes account of the paths that co
spond to multiple scattering in the absorber. Notice
single-scattering paths (n51) have ap phase shift relative
to the source radiation, while the double-scattering proces
(n52) are back in phase with the source radiation.@This is
due to the presence of the minus sign in Eq.~10!.# Each
multiple-scattering path has a corresponding phase shift
or p. We like to say, for simplicity, that the recoil-free ra
diation ‘‘hops’’ on and off the effective nuclei in the ab
sorber as the radiation makes its way to the detector.

It is this phase relationship between the various ‘‘ho
ping’’ paths that gives rise to the observed speed-up
dynamical beat effects. To find the intensity of the radiati
reaching the detector, as a function of time after the form
tion of the first-excited nuclear level in the source, one ne
to take the absolute value squared of the total amplitude

I recoil-free~ t !5
f sG r

2\
e2~G/h!tF11 (

n51

N S N
n D S 2 f aG r t

2\ D n 1

n! G2

.

~11!

In order to apply this result, we will consider the familia
57Fe case. We will assume that the source is ‘‘thin.’’~In
general the radiation coming from the source itself may sh
‘‘speed-up’’ effects i.e., line broadening. This can be eas
incorporated into the model.!

In this model, the absorber is represented as a o
dimensional chain ofN effective nuclei. In spite of this ap
proximation we find that the one-dimensional model giv
calculated results that are identical to those obtained u
the semiclassical optical model. In the semiclassical opt
model one uses the actual nuclear-resonant thicknessb of the
absorber. The thickness parameterb is equal toN0f s0d,
where N0 is the number of resonant nuclei/cm3, f is the
recoil-free fraction,s0 is the maximum cross-section evalu
ated on resonance, andd is the thickness of the sample.

In applying the model to experimental results, t
nuclear-resonant ‘‘thickness’’N can be considered as a p
rameter to be adjusted to fit the data. On the other hand,
natural to question the relationship betweenN and b. It is
possible to find this relationship because of the numer
agreement between the two theories. The result18 is

N5
bG

2 f G r
. ~12!

One simply uses the integerN that is closest to the value
given by the right-hand side of Eq.~12!.
1-3
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GILBERT R. HOY AND JOS ODEURS PHYSICAL REVIEW B63 064301
A very important feature of the one-dimensional mod
solution is that whenn51, the corresponding amplitude ha
a minus sign. In fact it is this minus sign in the ‘‘one-hop
amplitude that is primarily responsible for the speed-up
fect. The plus sign in the two-hop amplitude contributes
the dynamical beating effect.

Figure 2 shows TDMS theoretical results using the se
classical optical model16 and the more recent one
dimensional model described here. Notice that the calc
tions usingN550 in the one-dimensional model andb58,
the actual nuclear-resonant thickness parameter, in the s
classical optical model are in complete agreement. The
mal exponential lifetime curve for the 14.4-keV level is al
shown for comparison. Notice also the speed-up effect
the local maximum, at a time different from zero, which is
dynamical beat.

Figure 3 shows the first four contributing amplitudes
the one-dimensional model calculation according to Eq.~10!.
These four amplitudes are the ‘‘no-hop’’ amplitude~the solid
line!, the ‘‘one-hop’’ amplitude~the shorter dashed line!, the
‘‘two-hop’’ amplitude ~the longer dashed line!, and the
‘‘three-hop’’ amplitude~the dash-dot line!. Observe the cor-
responding sign for each amplitude.

IV. SOURCE MODULATION IN TDMS:
THE GAMMA ECHO

As indicated above the gamma echo is produced usin
TDMS technique in which the source is moved during t

FIG. 2. The normal exponential decay of the 14.4-keV first e
cited state level of57Fe is shown as a dotted line. The solid cur
shows the result for the time-dependent intensity of recoil-free
diation reaching the detector, after passing through a nuclear r
nant absorber, according to the one-dimensional quantum mec
cal model assumingN550. The solid-circle curve shows the sam
result using the semi-classical optical model withb58. Notice the
excellent agreement using the two different theories.
06430
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lifetime of the first-excited nuclear state. This movement
modulation must be identical in shape and time with resp
to each ‘‘signal’’ gamma ray, i.e., the 122-keV photon in t
57Fe case. In the pioneering work of Helisto¨ and
co-workers,11,12a number of different cases of source mod
lation were presented. Of course there are an infinite num
of possibilities. We will focus on two types. First we wi
consider the somewhat idealized case when the sourc
moved instantaneously to a new position. The gamma-e
result, according to the one-dimensional theory, is very e
to predict and understand for this case. This type of sou
modulation, using the one-dimensional-model approa
brings out the essential features of the effect. Second, we
consider a more realistic case in which the source acce
ates, rather quickly, from rest up to some velocity. T
source remains moving at this velocity for some period
time and then is decelerated quickly back to rest.

A. Instantaneous source displacement

Assume that the instantaneous source displacement m
the source a distance equal to one-half of the wavelengt
the source radiation.~It will be seen below that this cause
the gamma echo to be a maximum. This case has b
briefly treated22,23 recently.! The wavelength of the radiation
from the 14.4-keV transition is 0.086 nm. So, now we a
sume that at some instant of time, after timet50 during the
decay of the source, the phase of the source radiatio

-

-
o-
ni-

FIG. 3. The amplitudes corresponding to four of the indist
guishable paths, the source radiation takes in reaching the dete
according to Eq.~11!. The solid curve shows the result for th
‘‘no-hop’’ case; i.e., the source radiation does not interact with
absorber. The shorter dashed curve gives the ‘‘one-hop’’ re
where the source radiation interacts with one ‘‘effective’’ absorb
nucleus before reaching the detector. The longer dashed c
shows the ‘‘two-hop’’ result, and the dashed-dot curve gives
‘‘three-hop’’ result. Notice that each amplitude alternates in s
from positive to negative. This fact leads to the physical expla
tion of the ‘‘speed-up’’ and ‘‘dynamical-beat’’ effects.
1-4
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GAMMA ECHO INTERPRETED AS A PHASE-SHIFT- . . . PHYSICAL REVIEW B 63 064301
changed byp. This corresponds to a change in the optic
path length, from the source to the detector, by one-half
wavelength. To include this source modulation, we need
incorporate the new situation into our one-dimensio
model.

The condition, that the phase of the source radiation
instantaneously changed byp at a time t5tswitch, can be
treated by introducing two amplitudes. The first amplitu
corresponds to the source radiating up to timetswitch and then
changing phase. So we can write

A1~ t !5Af sG r /2\e2~G/2\!te2 iv0tF12F~ t2tswitch!

1 (
n51

N S N
n D S 2 f aG r t

2\ D n 1

n! G . ~13!

HereF(t2tswitch) is the Heaviside step function that is 0 fo
t,tswitch and 1 fort.tswitch. ThusA1(t) corresponds to the
usual TDMS situation up to timetswitch when the source
changes phase. The absorber continues to radiate due
excitation by the source from timet50.

The second amplitude corresponds to the situation w
the source continues radiating at timetswitch but now the
radiation has ap-phase-shift. The second amplitude is giv
by

A2~ t !5Af sG r /2\e2~G/2\!te2 iv0tF~ t2tswitch!e
ip

3F11 (
n51

N S N
n D S 2 f aG r~ t2tswitch!

2\ D n 1

n! G . ~14!

For this second amplitude, the source has decayed to
value at timetswitch and continues radiating. However, th
source radiation amplitude has now acquired a nega
value at that time. Also the absorber continues to be exc
starting from timetswitch. It is the interference between thes
two amplitudes that gives rise to the ‘‘gamma-echo’’ effe
In order to calculate the final time-dependent intensity, o
adds the two amplitudes and then takes the absolute v
squared,

I p-phase-shift~ t !5uA1~ t !1A2~ t !u2. ~15!

In Fig. 4, we show the two calculated amplitudes for t
57Fe case when the size of the phase shift isp. The lifetime
of the nuclear first-excited state of57Fe is 141 ns. The
nuclear-resonant absorber is characterized by the thick
parameterb516 that corresponds toN598 in the one-
dimensional model. The time of the phase shift is fixed
100 ns. Notice that, in Fig. 4,A1(t) shows the usual initia
speed-up and then att5tswitch, the amplitude jumps to a
large negative value. This is because the source amplitud
no longer canceling the amplitude of the absorber radiat
As the source continues to radiate from timetswitch, the am-
plitude has a negative value and the absorber continues
excited. Thus A2(t) has the form of a normal TDMS shap
06430
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starting at timetswitch but now with a negative value. It is
clear that, when one sums the two amplitudes and takes
absolute value squared to obtain the intensity, there is a la
peak at timetswitch. This is shown in Fig. 5. In Fig. 5 we
show the gamma-echo spectrum and the ordinary TD
spectrum for comparison.

B. More realistic source modulation

In this section we will consider a less idealized modu
tion of the source. In fact, any type of source modulation c
be treated using the techniques developed here. Howeve
outlined below, the calculation becomes cumbersome for
most general case and may tend to obscure the physics
here we will treat the somewhat unrealistic case, where
source is at rest up to a certain time, moves at a cons
velocity during some time interval, and then is again at re

There are several factors that need to be conside
When the source is moving at constant velocity the phas
the source radiation is changing because the optical-p
length from the source to the detector is changing. Furth
more, when the source is moving at constant velocity,
source radiation is Doppler shifted in frequency relative
the resonant radiation coming from the stationary absor
Thus we have quantum beats due to the relative ph
change coming from the frequency difference between ra
tion coming from the moving source and the radiation co
ing from the stationary absorber excited by the station
source at an earlier time.

FIG. 4. The two amplitudes are shown corresponding to the c
when the source is moved instantaneously a distance of one-ha
the radiation wavelength. The solid curve isA1(t) and the dashed
curve showsA2(t). Notice how the phase ofA1(t), just after the
source is moved, is the same as that of A2(t). These two ampli-
tudes must be added to obtain the final result.
1-5
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GILBERT R. HOY AND JOS ODEURS PHYSICAL REVIEW B63 064301
Of course, when the source is moving at constant ve
ity, the source radiation is no longer in exact resonance w
the absorber. This off-resonance effect18 has been worked
out previously. However, to keep the analysis as simple
possible, we will assume that the velocity is large enough
that the source radiation is not at all in resonance with
absorber.

We assume that at some instant of time (tstart), after time
t50 during the decay of the source, the source is move
constant velocity until a timetstopwhen the source is brough
back to rest. During this time interval, betweentstartandtstop,
the source’s phase will be changing up to some maxim
value depending on the source velocity and the duration
the time interval. Including this type of source modulati
requires that Eq.~10! be modified. This particular sourc
modulation can be divided into three components. For
first amplitude, the source radiates, as usual, up to timetstart
then it starts moving. The absorber radiates due to its e
tation. During the second time interval, i.e., timeststart to
tstop, the absorber continues to radiate due to its previ
excitation while the source now is moving at constant vel
ity. The source radiation, while the source is moving, is Do
pler shifted off-resonance with respect to the absorber,
radiates at the Doppler shifted frequency. During the l
time interval, i.e., times greater thantstop the source is at res
with a new phase determined by its final position and c
tinues to radiate exciting the absorber again. We now h
three amplitudes that contribute to the final result.

The first amplitude can be written by modifying Eq.~10!
as follows:

FIG. 5. The solid curve shows the ‘‘gamma-echo’’ spectru
The dashed curve shows the result in the absence of the inst
neousp phase shift of the source. The two curves agree up to
time of the phase shift. Notice the increased area under the gam
echo spectrum compared with the spectrum without the phase s
The p phase shift causes the absorber to appear to be some
transparent.
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A1~ t !5Af sG r /2\e2G/2\te2 iv0tF12F~ t2tstart!1 (
n51

N S N
n D

3S 2 f aG r t

2\ D n 1

n! G . ~16!

HereF(t2tstart) is the Heaviside step function that is 0 fo
t,tstart and 1 for t.tstart. Thus A1(t) corresponds to the
usual TDMS situation up to timetstart when the source start
moving. The absorber continues to radiate due to its exc
tion by the source starting at timet50.

The second amplitude is given by

A2~ t !5Af aG r /2\e2~G/2\!tF~ t2tstart!

3@12F~ t2tstop!#e
2 if~ t !e2 iv0~11 n/c!t . ~17!

For this second amplitude the source radiates during the
interval betweentstart and tstop. There are now two phase
that enter. We assume that the source is moved toward
absorber. There is a time-dependent phasef(t) that is due to
the shorter path length to the detector,

f~ t !5
2p

lg
n~ t2tstart!, ~18!

wherel0 is the wavelength of the resonant radiation~0.086
nm for 57Fe) andn is the source velocity.fmax is the value
when t5tstop, see below. The second time-dependent ph
arises because the moving~velocity n) source radiation is
not at the same frequency as the radiation coming from
absorber. Since we assume the source radiation is Dop
shifted off resonance, the absorber is not excited further d
ing this period.

Finally the third amplitude is given by

A3~ t !5Af sG r /2\e2~G/2\!te2 iv0tF~ t2tstop!e
ifmax

3F11 (
n51

N S N
n D S 2 f aG r~ t2tstop!

2\ D n 1

n! G . ~19!

For this third amplitude, the source is again at rest radiat
with its phase determined by the source’s new final posit
relative to the detector. The source is now able to reexcite
absorber at timetstop since the source radiation is now bac
on resonance with respect to the absorber.

It is the interference between these three amplitudes
gives rise to the ‘‘gamma-echo’’ effect. In order to calcula
the final time-dependent intensity, one adds the three am
tudes and then takes the absolute value squared. The ex
form of the time-dependent intensity is given in Eq.~21!,

I gamma echo~ t !5uA1~ t !1A2~ t !1A3~ t !u2, ~20!

.
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I gamma echo~ t !5
f sG r

2\
e2~G/\!tUF12F~ t2tstart!1 (

n51

N S N
n D S 2 f aG r t

2\ D n 1

n! G
1F~ t2tstart!@12F~ t2tstop!#e

2 if~ t !e2 iv0~n/c!t

1F~ t2tstop!e
ifmaxF11 (

n51

N S N
n D S 2 f aG r~ t2tstop!

2\ D n 1

n! GU2

. ~21!
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In Fig. 6 we show the result for the57Fe case assuming a
absorber thicknessb of about 7.5 (N545) and a time inter-
val of 50 ns starting at 200 ns after the signal event. In t
time interval it is assumed that the source is moving at 0
cm/s. The maximum phase due to position is 4.4 rad. Ho
ever, notice that for A2(t) the time-dependent phase diffe
ence has two contributions, the path-length change and
quantum beat. The gamma-echo signal does not reac
maximum peak value until the phase reachesp. This makes
the constructive interference, between the source radiatio
that time and the absorber radiation at that time, a maxim
It is only when the source phase reaches some odd mul
of p that a maximum-sized gamma echo appears in the s
trum. In Fig. 6 the total effective phase of the source g
beyond p, but never quite reaches 3p. Thus the second
‘‘echo’’ does not attain its largest possible value. In Fig.
the contribution to the spectrum, from the radiation emit
from the source with recoil, is included in order to make
rough comparison with the experimental result shown in F
3~c! of Ref. 11.

FIG. 6. The solid curve shows the result for the second type
source modulation including the background spectrum represe
by the dashed curve. In this case, the phase of the source rad
has gone from zero throughp up to about 2.8p. The dashed curve
is the result due to the recoil radiation going through the absor
unaffected, and reaching the detector. Compare the solid curve
an experimental result in Ref. 11.
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V. DISCUSSION AND CONCLUSIONS

It is perhaps remarkable that the one-dimensional mo
gives results that are in such good agreement with exp
ment and previous theory. There are several reasons for
In the first place, the model is not really a one-dimensio
theory. One can see this in the following way. Notice that
resonant gamma radiation is treated as a plane wave, an
phase shift of the forward-scattered radiation due to a sin
effective nucleus isp. It is well known in x-ray diffraction24

that a single resonant scattering gives ap/2 phase shift and a
further p/2 phase shift arises when a summation is ma
over the whole plane of resonant scatterers. This resu
also presented in a more appropriate context in Ref. 25. N
the model gives thep phase shift as seen by the minus si
in Eqs. ~10! and ~11!. Thus the theory more appropriate
corresponds to a nuclear-resonant sample representedN
effective parallel planes or slices.

Furthermore, it is only in the forward direction~and also
in Bragg directions for single crystals! that constructive in-
terference between the scattered waves occurs. In othe
rections, due to the random phases of the waves, ther
destructive interference. Therefore it is only in the forward
Bragg directions that coherence needs to be considered
thus the forward-scattered radiation exhibits special featu

The one-dimensional quantum-mechanical model p
vides a mechanism for understanding the interaction
recoil-free gamma radiation with nuclear resonant mat
The model is physically so transparent that it is easy to
derstand the main features of nuclear-resonant scattering
to apply the theory to new situations, as done here for
‘‘gamma echo.’’ It is seen that the well-known features, t
‘‘speed-up’’ and ‘‘dynamical-beat’’ effects, are due to th
destructive and constructive interference between cohe
amplitudes. The amplitudes that must be summed over
respond to all the indistinguishable paths the recoil-free
diation takes in going from the source through the absor
to the detector. In the theory, each path is labeled by
number of effective absorber nuclei encountered in
forward-scattering path. The number of ways each path
occur, is given by the appropriate binomial coefficie
which then weighs each path. To simplify the language,
describe the multiple recoil-free scattering processes
‘‘hopping’’ processes. So, for example, the ‘‘no-hop’’ pro
cess corresponds to the path when the radiation goes dir
from the source nucleus to the detector. For the ‘‘one-ho
path, the source radiation interacts with only one effect
nucleus etc. The single most important result of the theor
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the fact that the odd-numbered-hop amplitudes are 180°
of phase with respect to the source radiation, while the ev
numbered-hop amplitudes are in phase with the source ra
tion. It is interesting to note that, according to the model, i
the one-hop amplitude that is responsible for most of
absorption of radiation by an absorber.

The one-dimensional model can also explain
‘‘gamma-echo’’ effect in terms that are physically unde
standable. The phenomenon is simply due to the construc
interference of coherent amplitudes. With this new interp
tation, we see that there is no ‘‘echo.’’

We have considered two types of source modulation
the source displacement is applied instantaneously, we
draw the following conclusions. The closer tot50 the dis-
placement occurs, the larger the size of the gamma-e
peak. The size of the gamma-echo peak is greatest f
source displacement that corresponds to ap phase shift in
the emitted radiation. This is because the phase of
source-radiation amplitude, after the phase shift, is in ph
with the amplitude of the radiation coming from the absorb
that was excited previously att50.

The second type of source modulation we treat is one
which the source is initially at rest, then is moved at const
velocity and finally is brought back to rest again. In this ca
the source-radiation amplitude, when the source is mov
has a time-dependent phase that arises from two factors.
first factor is due to the changing path length of the sou
radiation to the detector. The second factor is due to
quantum beat between the radiation coming from the
sorber and the Doppler-shifted radiation coming from
moving source. The resulting phase of the source-radia
amplitude, relative to the radiation from the absorber, swe
g

,

v.
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through a range of values. Every time the source-radia
amplitude acquires a phase that is any odd integer mult
of p, a maximum-peaked gamma echo appears in the ti
dependent spectrum. In general the size, the shape, an
number of gamma-echo peaks will depend critically on
exact form of the source modulation.

A most important observation is that by applying ap
phase shift to the source radiation, early in the decay of
source, one can recover a large portion of the radiation th
incident on the absorber. Thus the absorber appears t
almost transparent. So instead of speaking of a gamma e
we prefer to say that the phenomenon is due to ap phase-
shift-induced transparency. Using the new interpretati
which amounts to a sum over indistinguishable paths, it
pears that certain recoil-free gamma-ray scattering paths
rise to absorption while others do not. In fact, in the us
transmission experiments, it is the ‘‘one-hop’’ paths th
contribute most to absorption, while the ‘‘two-hop’’ paths d
not. In the more complicated gamma-echo experiments
can say that, after thep phase shift of the source radiation
the source radiation stimulates the absorber to radiate
ward. This is a type of self-stimulated emission. Without t
p phase shift of the source radiation, absorption clearly ta
place and the radiation reaching the detector is greatly
duced.
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