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Magnetically mediated superconductivity in quasi-two and three dimensions
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~Received 7 August 2000; published 17 January 2001!

We compare predictions of the mean-field theory of superconductivity for nearly antiferromagnetic and
nearly ferromagnetic metals in two and three dimensions. The calculations are based on a parametrization of
the effective interaction arising from the exchange of magnetic fluctuations. The results show that for compa-
rable parameters, magnetic pairing is more robust in quasi-two-dimensions than in three dimensions, for either
p-wave~spin triplet! pairing in nearly ferromagnetic metals ord-wave~spin singlet! pairing in nearly antifer-
romagnetic metals. Moreover we find higher mean-field transition temperatures ford-wave pairing than for
p-wave pairing~for comparable parameters!, regardless of dimensionality. We present intuitive arguments for
why quasi-two-dimensionald-wave pairing is a particularly favorable case.

DOI: 10.1103/PhysRevB.63.054529 PACS number~s!: 74.20.Mn
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I. INTRODUCTION

As a metal is driven to the border of long range ferroma
netic or antiferromagnetic order one would expect tha
magnetic or spin-spin interaction will become the domin
channel for interaction between fermion quasiparticles. It
been shown that such a magnetic interaction treated at
mean-field level can produce anomalous normal state p
erties and superconducting instabilities to anisotropic pair
states. In the simplest cases, the magnetic interaction i
tractive in thep-wave spin triplet channel for nearly ferro
magnetic metals and in thed-wave spin singlet channel fo
nearly antiferromagnetic metals.

There exists a wide range of compounds that are on or
be tuned to a metallic state on the border of long range m
netic order. If the predictions of the mean-field theory of t
magnetic interaction model are correct then one would
expect magnetically mediated superconductivity to be a
phenomenon. In an increasing number of experimental s
ies in carefully prepared specimens anisotropic supercon
tivity is indeed observed although in some cases only in v
narrow regions of the phase diagram close to long ra
magnetic order.

Superconducting transition temperatures ranging from
low millikelvin range to liquid nitrogen temperature and b
yond have been found in systems with strong short ra
magnetic correlations. It is interesting to consider whet
the magnetic interaction model can account for this beha
and also explain why superconductivity has not yet be
observed in a number of nearly magnetic metals.

A first step toward answering these questions is to c
sider which factors are favorable to magnetically media
superconductivity. In this paper we consider within a unifi
phenomenological framework the following factors. The ro
of dimensionality and whether one is close to a ferrom
netic or commensurate antiferromagnetic instability. This
tends our earlier analysis1 for quasi-two-dimensional metal
and confirms our speculations that such systems are m
likely to exhibit magnetic pairing than three-dimension
metals having otherwise similar properties.
0163-1829/2001/63~5!/054529~10!/$15.00 63 0545
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II. MODEL

We consider quasiparticles on a two-dimensional~2D!
square or three-dimensional~3D! cubic lattice. We assume
that the dominant scattering mechanism is of magnetic or
and postulate the following low-energy effective action f
the quasiparticles

Seff5(
p,a

E
0

b

dtcp,a
† ~t!~]t1ep2m!cp,a~t!

2
g2

6 (
q
E

0

b

dtE
0

b

dt8x~q,t2t8!s~q,t!•s~2q,t8!.

~1!

The spin densitys(q,t) is given by

s~q,t![ (
p,a,g

cp1q,a
† ~t!sa,gcp,g~t!, ~2!

wheres denotes the three Pauli matrices. The quasipart
dispersion relation is

ep522t@cos~pxa!1cos~pya!#24t8cos~pxa!cos~pya!
~3!

in quasi-2D and

ep522t@cos~pxa!1cos~pya!1cos~pza!#

24t8@cos~pxa!cos~pya!1cos~pxa!cos~pza!

1cos~pya!cos~pza!# ~4!

in 3D, with hopping matrix elementst and t8 and lattice
spacinga. m denotes the chemical potential,b the inverse
temperature,g2 the coupling constant, andcp,s

† andcp,s are
Grassmann variables. In the following we shall measure te
peratures, frequencies and energies in the same units. I
der to reduce the number of independent parameters we
take the nearest neighbor hoppingt850.45t and an electron
filling factor n'1.1 as in our earlier work for 2D alone.1 The
effects ofe8/t andn will be discussed in Sec. III B.

The retarded generalized magnetic susceptibilityx(q,v)
that defines the effective interaction, Eq.~1!, is assumed to
take the phenomenological form
©2001 The American Physical Society29-1
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P. MONTHOUX AND G. G. LONZARICH PHYSICAL REVIEW B63 054529
x~q,v!5
x0k0

2

k21q̂22 i
v

h~ q̂!

, ~5!

wherek andk0 are the inverse correlation lengths~in units
of a21) with and without strong magnetic correlations, r
spectively. Let

q̂6
2 5462@cos~qxa!1cos~qya!#, ~6!

q̂6
2 5662@cos~qxa!1cos~qya!1cos~qza!# ~7!

in quasi-2D and in 3D, respectively. In the case of a nea
ferromagnetic metal, the parametersq̂2 andh(q̂) in Eq. ~5!
are defined as

q̂25q̂2
2 , ~8!

h~ q̂!5TSFq̂2 , ~9!

where TSF is a characteristic spin-fluctuation temperatu
We shall also investigate nearly antiferromagnetic me
with commensurate incipient ordering wave vectorsQ2D
5(p/a,p/a) in quasi-2D andQ3D5(p/a,p/a,p/a) in 3D.
In this case we have

q̂25q̂1
2 , ~10!

h~ q̂!5TSFq̂2 . ~11!

As in our previous work,1 the band structure and genera
ized magnetic susceptibility are modeled independently. T
choice may be inconsistent when all of the contributions
x(q,v) come from the chosen band. However, it allows
in principle, to deal with the case where there are other
portant contributions to the generalized magnetic suscept
ity. It has been argued that the latter case is of relevanc
the ruthenates.5

The spin-fluctuation propagator on the imaginary a
x(q,inn) is related to the imaginary part of the respon
function Imx(q,v), Eq. ~5!, via the spectral representation

x~q,inn!52E
2`

1`dv

p

Im x~q,v!

inn2v
. ~12!

To getx(q,inn) to decay as 1/nn
2 asnn→`, as it should, we

introduce a cutoffv0 and take Imx(q,v)50 for v>v0. A
natural choice for the cutoff isv05h(q̂)k0

2. We have
checked that our results for the critical temperature are
sensitive to the particular choice ofv0 used.

The two- or three-dimensional Eliashberg equations
the critical temperatureTc in the Matsubara representatio
reduce, for the effective action Eq.~1!, to

S~p,ivn!5g2
T

N
(
Vn

(
k

x~p2k,ivn2 iVn!G~k,iVn!,

~13!
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y
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G~p,ivn!5
1

ivn2~ep2m!2S~p,ivn!
, ~14!

L~T!F~p,ivn!5F g2

3
2g2

G T

N
(
Vn

(
k

x~p2k,ivn2 iVn!

3uG~k,iVn!u2F~k,iVn!,

L~T!51→T5Tc , ~15!

whereS(p,ivn) is the quasiparticle self-energy,G(p,ivn)
the one-particle Green’s function, andF(p,ivn) the anoma-
lous self-energy.ep is the bare quasiparticle spectrum, E
~3,4!, m the chemical potential that is adjusted to give
electron density ofn51.1, andN the total number of allowed
wavevectors in the Brillouin zone. In Eq.~15!, the prefactor
g2/3 is for triplet pairing while the prefactor2g2 is appro-
priate for singlet pairing. Only the longitudinal spin
fluctuation mode contributes to the pairing amplitude in t
triplet channel and gives rise to an attractive interacti
Both transverse and longitudinal spin-fluctuation modes c
tribute to the pairing amplitude in the singlet channel a
give an interaction which is repulsive in reciprocal spa
with a peak atQ2D or Q3D . When Fourier transformed, suc
a potential is repulsive on one sublattice~even sites! and
attractive on the other~odd sites!. All three modes contribute
to the quasiparticle self-energy.

The momentum convolutions in Eqs.~13!, ~15! are carried
out with a fast Fourier transform algorithm on a 1283128
lattice in two dimensions and 48348348 lattice in three
dimensions. The frequency sums in both the self-energy
linearized gap equations are treated with the renormaliza
group technique of Pao and Bickers.2 We have kept between
8 and 16 Matsubara frequencies at each stage of the re
malization procedure, starting with an initial temperatu
T050.4t and cutoff Vc'20t in two dimensions while the
corresponding values for three dimensions wereT050.6t
and Vc'30t. The renormalization group acceleration tec
nique restricts one to a discrete set of temperaturesT0.T1
.T2•••. The critical temperature at whichL(T)51 in Eq.
~15! is determined by linear interpolation. The savings
computer time and memory requirements afforded by t
technique allowed us to study a wide range of temperatu
and spin-fluctuation spectrum parameters in two and th
dimensions on a desktop workstation.

III. RESULTS

A. Solution of the Eliashberg equations

The dimensionless parameters at our disposal areg2x0 /t,
TSF/t, k0, and k. For comparison with the results of ou
earlier work,1 we takeTSF5

2
3 t andk0

2512. In 2D, thisTSF

corresponds to about 1000 K for a bandwidth of 1 eV wh
our choice of ofk0

2 is a representative value.
The parameters of the model can in principle be infer

from the electronic structure, the dynamical magnetic s
ceptibility, and the resistivity in the normal state. The res
9-2
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MAGNETICALLY MEDIATED SUPERCONDUCTIVITY IN . . . PHYSICAL REVIEW B 63 054529
tivity in particular may be used to estimate the dimensionl
coupling parameterg2x0 /t, the value of which is between 1
and 20 for the simplest RPA approximation for the magne
interaction potential.

The results of our numerical calculations of the mea
field critical temperatureTc in the case of a nearly ferromag
netic metal are shown in Figs. 1 and 2 for 2D and 3D,
spectively. We find an instability for ap-wave gap function
F(p,ivn) transforming as sin(pxa) ~or a symmetry related
function!.

Figures 1~a! and 2~a! show Tc versus the dimensionles
coupling parameterg2x0 /t for several values of the squar
of the inverse correlation length parameterk2 while Figs.
1~b!, and 2~b! show Tc versusk2 for several values of the
coupling parameterg2x0 /t. The parameterk2 can be varied
experimentally, for example, by applying pressure to
sample. TheTc versusk2 graphs can be interpreted asTc
versus pressure plots, with the critical pressure correspo
ing to the quantum critical point atk250. The critical tem-
perature saturates, in the strong coupling limit, to a value

FIG. 1. The mean-field critical temperatureTc to the p-wave
superconducting state in quasi-2D versusg2x0 /t for k250.25,
0.50, 1.0, 2.0, 3.0, 4.0~a! and versusk2 for g2x0 /t560, 30, 20, 10,
5 ~b!. The characteristic spin-fluctuation temperature isTSF50.67t
with k0

2512.
05452
s
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-

-

e
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aboutTSF/30 for values ofk2 of 0.5 to 1.0 in both 2D and
3D. However, for realistic coupling constants (g2x0 /t of the
order of 10! Tc is higher in 2D than in 3D except for sma
k2 of the order of 0.2 or lower. In particular the decrease
Tc with increasingk2 for k2>0.2 is much weaker in 2D than
in 3D.

The calculations of the Eliashberg renormalization fac
Z(p,ivn)512Im S(p,ivn)/vn in the case of a nearly fer
romagnetic metal are presented in Figs. 3 and 4 for 2D
3D, respectively. The main point to note is thatZ(p,ipT) is
consistently higher in 2D than in 3D.

Our results for the mean-field transition temperatureTc in
the case of a nearly antiferromagnetic metal are shown
Figs. 5 and 6 for 2D and 3D, respectively. We find an ins
bility for a d-wave gap functionF(p,ivn) transforming as
cos(pxa)2cos(pya) ~or a symmetry related function!.

Figures 5~a! and 6~a! show Tc versus the dimensionles
coupling parameterg2x0 /t for several values ofk2 while
Figs. 5~b! and 6~b! showTc versusk2 for several values of

FIG. 2. The mean-field critical temperatureTc to the p-wave
superconducting state in 3D versusg2x0 /t for k250.25, 0.50, 1.0,
2.0, 3.0, 4.0~a! and versusk2 for g2x0 /t560, 30, 20, 10, 5~b!.
The characteristic spin-fluctuation temperature isTSF50.67t with
k0

2512.
9-3
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P. MONTHOUX AND G. G. LONZARICH PHYSICAL REVIEW B63 054529
the coupling parameterg2x0 /t. The critical temperature
saturates, in the strong coupling limit, to a value of ab
TSF/2 for values ofk2 of 0.5 to 1.0 in both 2D and 3D
However, as in the case of nearly ferromagnetic systems
realistic coupling constants (g2x0 /t of the order of 10! Tc is
higher in 2D than in 3D. Also, the decrease ofTc with in-
creasingk2 is much weaker in 2D than in 3D. These effec
are even more pronounced than in nearly ferromagnetic
tems ~Figs. 1 and 2!. Note also that the values ofTc are
everywhere higher for a nearly antiferromagnetic than
nearly ferromagnetic metal for otherwise equivalent para
eters.

FIG. 3. The Eliashberg renormalization factorZ(p,ipT)51
2Im S(p,ipT)/pT versus wave vectorp for ferromagnetic spin-
fluctuations in quasi-2D forg2x0 /t55,30, k250.25, and T
50.00625t. The characteristic spin-fluctuation temperature isTSF

50.67t andk0
2512.

FIG. 4. The Eliashberg renormalization factorZ(p,ipT)51
2Im S(p,ipT)/pT versus wave vectorp for ferromagnetic spin-
fluctuations in 3D forg2x0 /t55,30, k250.25, andT50.00625t.
The characteristic spin-fluctuation temperature isTSF50.67t and
k0

2512.
05452
t
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s-

a
-

The calculations of the Eliashberg renormalization fac
Z(p,ivn)512Im S(p,ivn)/vn in the case of a nearly anti
ferromagnetic metal are presented in Figs. 7 and 8 for
and 3D, respectively. As for nearly ferromagnetic metals,
find thatZ(p,ipT) is consistently higher in 2D than in 3D

B. Mass renormalization and interaction parameters

In order to make a comparison with the correspond
electron-phonon problem it is instructive to define a ma
renormalization parameterlZ and interaction parameterlD .
We define

lZ5

E
2`

1`dv

p K 1

v
Im VZ~p2p8,v!L

FS(p,p8)

^1&FS(p)
, ~16!

FIG. 5. The mean-field critical temperatureTc to the d-wave
superconducting state in quasi-2D versusg2x0 /t for k250.25,
0.50, 1.0, 2.0, 3.0, 4.0~a! and versusk2 for g2x0 /t560, 30, 20, 10,
5 ~b!. The characteristic spin-fluctuation temperature isTSF50.67t
with k0

2512.
9-4
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lD52

E
2`

1`dv

p K 1

v
Im VD~p2p8,v!h~p!h~p8!L

FS(p,p8)

^h2~p!&FS(p)

,

~17!

where

VZ~q,v!5g2x~q,v! ~18!

and

Vp~q,v!52
g2

3
x~q,v!, ~19!

h~p!5sin~pxa! ~20!

for p-wave spin triplet pairing (D[p) while

Vd~q,v!5g2x~q,v! ~21!

FIG. 6. The mean-field critical temperatureTc to the d-wave
superconducting state in 3D versusg2x0 /t for k250.25, 0.50, 1.0,
2.0, 3.0, 4.0~a! and versusk2 for g2x0 /t560, 30, 20, 10, 5~b!.
The characteristic spin-fluctuation temperature isTSF50.67t with
k0

2512.
05452
h~p!5cos~pxa!2cos~pya! ~22!

in the case ofd-wave spin-singlet pairing (D[d). The Fermi
surface averages are given by

^•••&FS(p)5E ddp

~2p!d •••d~ep2m!, ~23!

^•••&FS(p,p8)5E ddp

~2p!d

ddp8

~2p!d
•••d~ep2m!d~ep82m!.

~24!

FIG. 7. The Eliashberg renormalization factorZ(p,ipT)51
2Im S(p,ipT)/pT versus wave vectorp for antiferromagnetic
spin-fluctuations in quasi-2D forg2x0 /t55,30, k250.25, andT
50.00625t. The characteristic spin-fluctuation temperature isTSF

50.67t andk0
2512.

FIG. 8. The Eliashberg renormalization factorZ(p,ipT)51
2Im S(p,ipT)/pT versus wave vectorp for antiferromagnetic
spin-fluctuations in 3D for g2x0 /t55,30, k250.25, and T
50.00625t. The characteristic spin-fluctuation temperature isTSF

50.67t andk0
2512.
9-5
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P. MONTHOUX AND G. G. LONZARICH PHYSICAL REVIEW B63 054529
In practice, we compute the Fermi surface average wit
discrete set of momenta on anNd lattice and we replace th
delta function by a finite temperature expression

E ddp

~2p!d → 1

Nd (
p

, ~25!

d~ep2m!→ 1

kBT
f p~12 f p!, ~26!

where f p is the Fermi function. Note that (1/kBT) f p(12 f p)
→d(ep2m) asT→0. We have usedT50.1t andN5128 in
all of our calculations. The finite temperature effective
means that van Hove singularities will be smeared out.

Note that the Fermi surface average that appears inlZ ,
Eq. ~16! plays a role similar to that ofa2F(v)/v in the case
of phonon mediated superconductivity. From the definitio
of the parameterslZ,D Eqs. ~16!, ~17! and our model for
x(q,v) Eq. ~5!, we see thatlZ,D are directly proportional to
the dimensionless factorg2x0k0

2/t. Thus we will consider the
quantities

lZ,D* [lZ,D /~g2x0k0
2/t ! ~27!

which are functions only ofn, t8/t, andk2.
The quantity 11lZ is the Fermi surface average of th

mass renormalization calculated with the bare Green’s fu
tion to lowest order in perturbation theory. In the previo
sections we presented out results for the Eliashberg re
malization factorZ(p,ipT). The quantityZ(p,ipT)T→0 is
closely related to the mass renormalization calculated w
the dressed Green’s function. Due to negative feedbac
dressing the Green’s function, the Fermi surface averag
Z(p,ipT)T→0 is always smaller thanlZ and should ap-
proachlZ in the weak coupling limitg→0.

The quantitylD is a measure of the effectiveness of t
interactionVD(q,v) in pairing quasiparticles in the Coope
pair state of symmetry described byh(p). For the special
case ofs-wave phonon mediated pairinglD reduces tolZ .
However, for magnetically mediated superconductivitylD is
typically substantially less thanlZ and becomes comparab
to lZ only under very special conditions. The ratiolD /lZ is
of particular interest. Magnetically mediated superconduc
ity may be expected to be difficult to detect in systems w
low values of this quantity.

Calculations oflZ,D* vs k2 for t8/t50.45 and n5 1.1 are
presented in Figs. 9 and 10 for a nearly ferromagnetic an
nearly antiferromagnetic system, respectively. We note
both lZ* and lD* increase with decreasingk2 and that their
values in 2D are everywhere greater than in 3D. The la
may be seen directly from Eqs.~16! and ~17! and is a con-
sequence of a general tendency of fluctuations to be stro
in 2D than in 3D.

The higher values oflD* in 2D than in 3D might lead us to
expect thatTc would always be higher in 2D than in 3D, fo
otherwise equivalent conditions. This agrees with the res
of the Eliashberg calculations for weak to moderate coup
and not too low values ofk2. However, at very smallk2 and
strong coupling the full Green’s function used in the Elias
05452
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r-

h
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a
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berg calculations but not inlZ* and lD* lead, in a nearly
ferromagnetic metal, to a suppression ofTc which is more
pronounced in 2D than in 3D Figs. 1, 2. Therefore, a sim
McMillan type formula relating Tc /TSF to lZ and lD

FIG. 9. The interaction parameterslZ* 5lZ /(g2x0k0
2/t) ~a!,

lp* 5lp /(g2x0k0
2/t) ~b!, and the ratiolp /lZ ~c! versusk2 for a

quasi-2D and a 3D nearly ferromagnetic system. The next nea
neighbor hoppingt850.45t, the band fillingn51.1 and the spin-
fluctuation temperatureTSF50.67t.
9-6
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for a wide range ofk2 and coupling constants does not see
to exist. This conclusion also applies, albeit less noticea
to a nearly antiferromagnetic metal.

Thus far, we have considered fixed values oft8/t and
electron fillingn. In Figs. 11–14 we present calculations

FIG. 10. The interaction parameterslZ* 5lZ /(g2x0k0
2/t) ~a!,

ld* 5ld /(g2x0k0
2/t) ~b!, and the ratiold /lZ ~c! versusk2 for a

quasi-2D and 3D nearly antiferromagnetic system. The next nea
neighbor hoppingt850.45t, the band fillingn51.1 and the spin-
fluctuation temperatureTSF50.67t.
05452
y,

lZ,D* , lD /lZ at fixedk250.1 as functions oft8/t andn. The
variation of these quantities witht8/t andn are significant in
nearly ferromagnetic and antiferromagnetic systems in b
2D and 3D. This suggests that magnetically mediated su
conductivity may be quite sensitive not only to dimension
ity and nature of the spin fluctuations, but also to details

st

FIG. 11. The interaction parameterslZ* 5lZ /(g2x0k0
2/t) ~a!,

lp* 5lp /(g2x0k0
2/t) ~b!, and the ratiolp /lZ ~c! versus band filling

n and ratio of next nearest to nearest hoppingt8/t for a quasi-2D
nearly ferromagnetic system, fork250.1 andTSF50.67t.
9-7



fu
u

b

nd
m.
bic
m-
the

gle
tri-
-

P. MONTHOUX AND G. G. LONZARICH PHYSICAL REVIEW B63 054529
the band structure. We note, however, that the use of the
Green’s function in the Eliashberg equations tends to red
this sensitivity.

IV. DISCUSSION

The above results and those of our previous work1 suggest
that magnetically mediated superconductivity could to

FIG. 12. The interaction parameterslZ* 5lZ /(g2x0k0
2/t) ~a!,

lp* 5lp /(g2x0k0
2/t) ~b!, and the ratiolp /lZ ~c! versus band filling

n and ratio of next nearest to nearest hoppingt8/t for a 3D nearly
ferromagnetic system, fork250.1 andTSF50.67t.
05452
ll
ce

e

particularly robust in a quasi-2D metal with a simple ba
near half-filling and on the border of antiferromagnetis
Our considerations have been limited to a square or cu
lattice, a single band, isotropic spin-spin coupling, and co
mensurate spin fluctuations. We have chosen to model
magnetic interaction potential independently of the sin
band. This allows us, in principle, to take account of con
butions tox(q,v) from other bands. Solutions of the Eliash

FIG. 13. The interaction parameterslZ* 5lZ /(g2x0k0
2/t) ~a!,

ld* 5ld /(g2x0k0
2/t) ~b!, and the ratiold /lZ ~c! versus band filling

n and ratio of next nearest to nearest hoppingt8/t for a quasi-2D
nearly antiferromagnetic system, fork250.1 andTSF50.67t.
9-8
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MAGNETICALLY MEDIATED SUPERCONDUCTIVITY IN . . . PHYSICAL REVIEW B 63 054529
berg equations where the effective interaction is deriv
from the single band have been presented recently in Re
The main conclusion of this latter work is also that
quasi-2D nearly antiferromagnetic metal is a particularly
vorable case for magnetically mediated superconductivit

All of the above conclusions are based on solutions of
mean field Eliashberg equations which do not include effe

FIG. 14. The interaction parameterslZ* 5lZ /(g2x0k0
2/t) ~a!,

ld* 5ld /(g2x0k0
2/t) ~b!, and the ratiold /lZ ~c! versus band filling

n and ratio of next nearest to nearest hoppingt8/t for a 3D nearly
antiferromagnetic system, fork250.1 andTSF50.67t.
05452
d
3.

-

e
ts

of fluctuations of the superconducting order parame
These fluctuations are expected to become increasingly m
important as the interlayer coupling in the quasi-2D syste
and the superconducting coherence length become sm
Also, we note that our mean field treatment may be expec
to eventually break down as the border of the Mott met
insulator transition is approached. These effects can supp
the superconducting transition temperatures below the va
calculated in the mean field Eliashberg model.

Our finding that magnetically mediated superconductiv
can be particularly robust in quasi-2D nearly antiferroma
netic systems may at first sight seem paradoxical. In a ne
antiferromagnetic metal, the magnetic interaction potentia
oscillatory in space and on average tends to cancel. On
other hand, the corresponding potential in the nearly fer
magnetic case is everywhere attractive in our model. T
comparison is misleading, however, if it is possible to co
struct a low-energy Cooper pair wave function that eith
vanishes or is small in regions in space where the magn
pairing potential is repulsive and is large where the poten
is attractive. This is indeed the case in the square lattic
our model near half-filling. In the case of the cubic lattice
is not possible to choose a Cooper pair wave function t
avoids as effectively the repulsive regions of the potent
These conclusions are corroborated by our finding that
effective interaction parameterlD /lZ in a nearly antiferro-
magnetic metal is usually significantly larger in 2D than
3D.

Our analyses show that the oscillatory character of
magnetic interaction in a nearly antiferromagnetic syst
need not be a disadvantage. There is a further argument
tends to favor spin singlet over spin triplet pairing. For a sp
triplet state only the longitudinal spin fluctuations contribu
to pairing while all three components of the magnetic int
action contribute to pairing for a spin singlet Cooper sta
For the spin triplet case, the transverse spin fluctuations
affect Tc , but adversely in contributing to the quasipartic
self-energy@i.e., to an increase inlZ , Eq. ~16!, and of the
quasiparticle scattering rate, both of which are pair bre
ing#.

We have assumed that the spin-spin interaction is iso
pic. For an ‘‘Ising’’ spin-spin interaction where only longi
tudinal modes survive, the distinction between spin sing
and spin triplet pairing may be expected to be le
pronounced.1 We note that the spin-spin interaction may
highly anisotropic in systems with strong spin-orbit co
pling. For example, in the actinide UGe2 the magnetic an-
isotropy field is estimated to be as high as 100 T. This s
tem provides us with the first example of coexistence
superconductivity~probably with spin triplet pairing! and
itinerant electron ferromagnetism.4 The above discussion as
sumes the spins are strongly constrained along a partic
direction, as a result of the strong spin-orbit interactio
However, even weak spin-orbit interactions can lead to
teresting consequences on the border of long-range mag
order.5 In this limit, a small anisotropy of the Lindhard func
tion gets amplified by the large Stoner enhancement fac
leading to a strong anisotropic magnetic response. Un
these circumstances spin-triplet pairing may be favored o
9-9
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a much wider range inQ, the wave vector of maximum
magnetic response, than for isotropic spin-spin interacti
considered in this paper.

A general advantage of quasi-2D versus 3D systems
dicted by our model is that superconductivity can be o
served in a wider region of the phase diagram in the form
than in the latter. In fact our results show that for realis
coupling constants~i.e., of the order of the RPA value! su-
perconductivity in 3D can be expected to be observed o
very close to the magnetic boundary~see Fig. 2!. The greater
stability of Tc to changes ink2 in quasi-2D than in 3D is
partly connected with the fact that the effective interact
parameterlD /lZ can be much larger in quasi-2D than in 3
for otherwise similar conditions. This leads to the saturat
of Tc versusk2 over a wider range in quasi-2D than in 3D
Also, the higher values of bothlZ andlD in quasi-2D leads
to a reduced sensitivity of magnetically mediated superc
ductivity to effects from other channels of quasiparticle
teraction and from disorder.

Our goal has been to compare the relative stability
magnetically mediated superconductivity in quasi-2D and
3D both for nearly ferromagnetic and nearly antiferroma
netic systems. Recently the case of quasi-2D nearly ant
romagnetic metals has also been examined in Ref. 7 and
of 3D nearly ferromagnetic systems in Ref. 6.

V. CONCLUSIONS

The results of our calculations indicate that quasi
nearly antiferromagnetic metals may provide fertile grou
for finding new examples of magnetically mediated sup
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conductivity. However, because of the oscillatory charac
of the magnetic interaction in incipient antiferromagnets a
other factors as discussed above, the magnitude ofTc even in
quasi-2D may depend sensitively on details of the sp
fluctuations and of the band structure. Among the quasi-
nearly antiferromagnetic metals the most promising can
dates appear to be those with a single nearly half-filled b
in a square lattice, strong antiferromagnetic correlations
high TSF. In the simplest modelTSF is proportional tokF

2/m
wherekF is a characteristic Fermi wave vector andm is some
effective mass. Systems with either a low electron den
~e.g., organic metals! or narrow bands~e.g., f-electron sys-
tems! are expected to yield low values ofTSF and corre-
spondingly lowTc . More favorable values ofTSF can be
expected to be achieved in layeredd-electron systems o
moderate electron densities and band widths. High value
Tc might be obtained in cases where the proximity to t
antiferromagnetic state can be tuned by some control par
eter such as chemical doping or more generally hydrost
pressure. We have shown how the results of the numer
calculations that have led to the above conclusions can
understood with simple intuitive arguments.
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