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Interlayer coupling and c-axis quasiparticle transport in high-Tc cuprates
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The c-axis quasiparticle conductivity shows different behavior depending on the nature of the interlayer
coupling. For coherent coupling with a constant hopping amplitudet' , the conductivity at zero frequency and
zero temperatures(0,0) depends on the direction of the magnetic field, but it does not for angle-dependent
hopping t(f) which removes the contribution of the nodal quasiparticles. For incoherent coupling, the con-
ductivity is also independent of field direction and changes only when paramagnetic effects are included. The
conductivity sum rule can be used to determine the admixture of coherent to incoherent coupling. The value of
s(0,0) can be dominated byt' while at the same timet(f) dominates the temperature dependence of the
superfluid density.
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I. INTRODUCTION

The nature of the interlayer coupling between two ad
cent CuO2 planes in the cuprates is an important issue t
remains unresolved. Suggestions include effects of strong
tralayer scattering,1 non-Fermi-liquid ground states,2 the gen-
eral phenomenon of confinement,3 interplane, and in-plane
charge fluctuations,4 indirect c-axis coupling through the
particle-particle channel,5 as well as resonant tunneling o
localized states in the blocking layer,6 and two band models.7

Coherent coupling originates from an overlap of the el
tronic wave functions between planes, and in-plane mom
tum is conserved in interlayer hopping. By contrast
impurity-mediated incoherent coupling, the in-plane mom
tum is not constraint. It has been shown that thec-axis con-
ductivity sum rule depends on the nature of interlay
coupling.8 Coherent coupling obeys the conventional su
rule9 regardless of the angular dependence of the interla
hopping amplitude. On the other hand, incoherent coup
violates the sum rule even if the in-plane dynamics can
described by a Fermi-liquid. However, in order to explain t
violation observed in some experiments,10 it was also neces
sary to include the non-Fermi-liquid nature of the in-pla
dynamics.11 For YBa2Cu3O72d at optimum doping, a con
ventionalc-axis sum rule is observed10 which is consistent
with coherentc-axis coupling and an in-plane Fermi liquid
For the underdoped case, a pseudogap is observed an
sum rule is closer to 1/2.10,12 This value can most easily b
understood as a pseudogap effect with incoherentc-axis
coupling.11

Another interesting example of the interlayer coupling
the c-axis conductivity due to low-lying quasiparticles
zero temperature and zero frequency. A method for obs
ing the quasiparticle current is to measure the hyster
c-axis tunneling current-voltage characteristics of laye
cuprates.13 For measurements of the optical conductiv
which includes the pair tunneling, see Ref. 14 For coher
coupling with a constant hopping amplitudet' , the c-axis
quasiparticle conductivitys(w→0,T→0) shows a residua
value independent of the in-plane scattering rateg!D0 ~gap!
to leading order13 with the correction2(g/D0)2. The under-
lying physics in this case is the same as for the in-pla
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quasiparticle conductivity;15–17namely, the impurity-induced
density of states atv50 is canceled by the decrease of qu
siparticle lifetime. A universal value has been observed
YBa2Cu3O6.9 for the in-plane thermal conductivity.18 In
some sense the thermal conductivity is an ideal probe
universal behavior since, as opposed to the electrical con
tivity, it is not renormalized by vertex and by Fermi-liqui
corrections,16 and so there is less ambiguity in its identific
tion. The universal conductivity limit does not appear f
coherent coupling with an angle-dependent hopping am
tude of the formt(f)5tfcos2(2f) which is believed to be
appropriate for the copper oxides, wheref5tan21(ky /kx) is
an angle in the momentum space. In this case thec-axis
quasiparticle conductivity is reduced by a factor of (3/
3(g/D0)2 as compared with the value ofs(w→0,T→0) for
a constantt' assuming the same magnitude of hopping a
plitude, which of course is not the case. This arises beca
the angular dependence cos2(2f) eliminates the contribution
of the quasiparticles on the nodal lines from interlayer tra
port. For incoherent coupling, the residual conductivity
proportional to (g ln@D0 /g#/D0)

2 in leading order. Conse
quently, the universal value of thec-axis quasiparticle con-
ductivity is a characteristic only of coherent coupling with
constant hopping amplitude. Geometrical consideration
the Cu and O atomic arrangements19,20 from plane to plane
leads one to expect that the dominant overlapping of orbi
would lead to at(f) form with possibly a subdominant con
stant piecet' . In this case,t' would still dominate the value
of s(0,0) for very smallg, but the other terms would be
come important as (g/D0)2 corrections become larger i
which case the termt(f) or the incoherent part can becom
important.

In this paper we investigate effects of interlayer couplin
on thec-axis quasiparticle transport in the absence, as we
in the presence of an in-plane magnetic field. It is our aim
this paper to look at all three contributions of interlayer co
pling in detail, and our discussion of the magnetic-field
fects will not be restricted to the constantt' as it is in Ref.
21 We also investigate the role played by the conductiv
sum rule in quasiparticle transport. We find that it can
used to fix the relative amount of coherent to incoher
coupling. We also find thats(v,0)/s(0,0) shows a different
©2001 The American Physical Society26-1
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v2 coefficient forv,g and s(0,T)/s(0,0) a differentT2

coefficient (T,g) depending on the nature of the couplin
In the presence of an in-plane magnetic field,sq(0,0) for
coherent coupling with a constant hopping amplitudet' de-
pends on the direction of the field21 as does the coefficient o
the T2 term in sq(0,T), but such a dependence is negligib
for an angle-dependent coherentt(f) because it removes th
contribution from the nodal quasiparticles which otherw
manifest the effect of field direction. For incoherent co
pling, sq(0,0) is independent of field direction, and in fa
changes only when a paramagnetic interaction is includ
Here we mention that there exist, in the literature, stud
which consider effects of oxygen doping on thec-axis trans-
port and Coulomb charging effect6 associated with a
pseudogap behavior.22 Such complication, however, is be
yond the scope of the present paper.

This paper is organized as follows: In Sec. II, we der
general formulas associated with thec-axis quasiparticle
conductivity including paramagnetic effects. We describe
Sec. III, that effects of coherent coupling with a constant
well as with an angle-dependent hopping amplitude on
c-axis quasiparticle transport with and without an in-pla
magnetic field. In Sec. IV, impurity-mediated incohere
c-axis coupling is considered. We also illustrate the role
the conductivity sum rule in quasiparticle transport in Sec
and draw conclusions in Sec. VI.

II. FORMALISM

The HamiltonianH for a cuprate superconductor with in
terlayer coupling can be written asH5H01Hc , whereH0
describes ad-wave superconductor and

Hc5 (
s,k,p

@ tk2pC1s
1 ~k!C2s~p!1H.c.#. ~1!

The interlayer hopping amplitudetk2p depends on nature o
c-axis couplings:~i! tk2p5t'dk2p for coherent coupling
with a constant amplitude.~ii ! For an angular dependent am
plitude tk2p5tfdk2pcos2(2f). In the lattice, it can be see
from geometrical consideration19 that tfdk2p@cos(kxa)
2cos(kya)#2 with an in-plane lattice constanta. ~iii ! For in-
coherent couplingtk2p5Vk2p and an impurity average is t
be taken into account.

Applying perturbation theory forHc , we obtain thec-axis
quasiparticle conductivitys(v,T) in terms of the electronic
spectral weight functionA(k,e):

s~v!52
C

v (
k,p

tk2p
2 E de@ f ~e1v!2 f ~e!#

3A~k,e!A~p,e1v!, ~2!

whereC is a constant which depends on the nature of in
layer coupling,f (e) is the usual Fermi thermal factor, an
the spectral function

A~k,e!5
g~11jk /Ek!

~e2Ek!21g2 1
g~12jk /Ek!

~e1Ek!21g2 ~3!
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with Ek5Ajk
21Dk

2. We assume Dk5D0@cos(kxa)
2cos(kya)# @or D0cos(2f) in the continuum limit# and a cy-
lindrical Fermi surface withjk5k2/(2m)2eF measured
from the Fermi energyeF . As T→0 and v→0, s(0,0)
5C(k,ptk2p

2 A(k,0)A(p,0). It is easy to calculates(0,0)
([s0) for the couplings we mentioned earlier. To obtain t
c-axis quasiparticle conductivity at finite frequencyv at zero
temperature, we takeT→0 limit and assumev,g:

s~v!.2C(
k,p

tk2p
2 E deF]e f ~e!1S v

2 D ]e
2f ~e!

1S v2

6 D ]e
3f ~e!GA~k,e!A~p,e1v!

.C(
k,p

tk2p
2 A~k,0!A~p,v!

2C(
k,p

tk2p
2 S v

2 D ]eA~k,e!A~p,e1v!Ue50

1C(
k,p

tk2p
2 S v2

6 D ]e
2A~k,e!A~p,e1v!U

e50

1 . . . ,

~4!

where an expansion inv has been made. The finiteT cor-
rections atv50 will be considered later along with an in
plane magnetic field.

In the presence of an in-plane magnetic field, we assu
that the field penetrates freely into the sample so that
field is uniform between the planes.21 This assumption
should be valid for Bi- and Tl-based cuprates which a
nearly two dimensional. For YBCO, however, there is a p
sibility that in-plane vortices form. This means that in such
case an average over vortices in a unit cell is required.23 The
interlayer coupling Hamiltonian is modified by the presen
of a uniform in-plane magnetic fieldH as follows:

Hc5 (
s,k,p

@ tk2pC1s
1 ~k1q!C2s~p!1H.c.#, ~5!

whereq5(ed/2)(ẑ3H) with an interlayer distanced.
Following a procedure similar to the one we applied in t

zero-field case, we obtain thec-axis quasiparticle conductiv
ity sq(v,T) in the presence of an in-plane magnetic field

sq~v!52
C

v (
k,p

tk2p
2 E de@ f ~e1v!2 f ~e!#A~k

1q,e!A~p,e1v!. ~6!

In our consideration, the energy scale associated with
magnetic field are always much less than the gapD0. Due to
an in-plane field, the quasiparticles gain an additional m
mentumq on transferring to the next plane. In other word
the Bogoliubov–de Gennes~BdG! wave functions24 uk(r )
andvk(r ) becomeuke

i (k1q)•r andvke
i (k1q)•r, respectively.25

The spectral weight function becomes
6-2
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A~k1q,e!5
g~11jk1q /Ek1q!

~e2Ek1q!21g2
1

g~12jk1q /Ek1q!

~e1Ek1q!21g2
, ~7!

where Ek1q.Ajk1q
2 1Dk

2 with jk1q.jk1(k•q)/m. Note
that the angular dependence ofsq comes from the factor
(k•q)/m.Eqcos(f2uq), whereEq5vFq and uq is the di-
rection ofq, which can be interpreted as the direction of t
field (u) because of the symmetry in the problem. The g
seen by quasiparticles with a momentumk1q is not Dk but
Dk1q ; however, Dk1q5Dk1dq , where dq5qvGcos(f
1uq) with vG.2D0 /kF , and the correctiondq makes a neg-
ligible contribution to the quasiparticle energy spectru
When the paramagnetic interaction is included,Ek1q
→Ek1q6mBH in the denominator ofA(k1q,e), wheremB
is the Bohr magneton. Asv→0 andT→0,

sq~v→0,T→0!5C(
k,p

tk2p
2 A~k1q,0!A~p,0!. ~8!

Based on symmetry consideration,15 one can easily de
duce that the dependence ofsq(v→0,T→0)[s(u) on field
angleu has a periodp/2 because of thed-wave gap. The
sign of the gap does not matter. Consequently,

s~u!5 (
n50

Cncos~4nu!, ~9!

where theCn’s depend on the ratio of the magnetic-field e
ergy tog, i.e., onEq /g andmBH/g. Since bothEq andmBH
are linear toH, we can parameterize the ratio (Eq /mBH)
;d/a. We choose (Eq /mBH)56 for the high-Tc Bi- and
Tl-based cuprates.26 Another relation can be deduced witho
detailed calculation. If we expands(u) in terms ofEq /g,
then its angular dependence will appear for the first ti
from the term (Eq /g)4cos4(f2u) because the fourth har
monic cos(4u) comes from the cos4(u) term. This means tha
g,Eq is required for any clear angular dependence to sh
up. For the eighth harmonic cos(8u) to enter, the field has to
be even higher.

At a finite temperatureT,g, we apply the Sommerfeld
expansion27 to sq(v→0,T)[s(u,T) and obtain

s~u,T!52C(
k,p

tk2p
2 E deS ] f ~e!

]e DA~k1q,e!A~p,e!

.s~u!1
p2

6
CT2(

k,p
tk2p
2 ]2

]e2
A~k1q,e!A~p,e!ue50

[s~u!F11
p2

6 S T

g D 2

a~u!G , ~10!

where
05452
p
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a~u!5

]2

]e82 (
k,p

tk2p
2 A~k1q,e8!A~p,e8!ue850

(
k,p

tk2p
2 A~k1q,0!A~p,0!

, ~11!

with e85e/g.
We use the nodal approximation15,16 to describe the low-

temperature physics associated with the quasiparticle tr
port because quasiparticles near the nodal lines domina
contribute to the resistive transport. Linearizingjk and Dk
near the nodal points on the Fermi surface~FS!, we obtain
jk5vF(k• k̂'2kF) and Dk5vGk• k̂i , wherevF(kF) is the
Fermi velocity ~momentum! and vG5A2aD0 is the gap
velocity.28 The unit vectork̂' ( k̂i) is perpendicular~parallel!
to the FS. These unit vectors will change depending on
nodal line. For example, on the nodal line off5p/4, k̂'

5( k̂x1 k̂y)/A2 and k̂i5(2 k̂x1 k̂y)/A2. Since we include
quasiparticles only near the nodal points on the FS in
considerations, we will use the following procedure in t
actual calculation:

(
k

→(
node

E dk'dki

~2p!2 →(
node

E Jdp1dp2 , ~12!

where p15vFk' , p25vGki and J5@(2p)2vFvG#21. The
coordinate transformations we made are rotation, transla
and dilation. In the coordinate of (p1 ,p2), the energy disper-
sion of the quasiparticleEk becomesAp1

21p2
2,p0, where

p0;O(D0).

III. COHERENT COUPLING

In this section, we consider the effects of coherent c
pling on c-axis quasiparticle transport. Sincetk2p5t'dk2p
for a constant hopping amplitude, asv→0 andT→0, s0

5C(kt'
2 A(k,0)2. For v,g, we use the nodal approxima

tion for Eq. ~4!. Then, up to order (v/g)2,

s~v!

s0
511

1

18S v

g D 2

, ~13!

wheres0 is a constant independent ofg.
In the presence of a uniform in-plane field, the quasip

ticle conductivity becomes

s~u!5C(
k

t'
2 A~k1q,0!A~k,0!. ~14!

Applying the substitution Eq.~12! to the above equation, we
obtain without the paramagnetic part
s~u!5t'
2 CJ(

node
E dwE pdp

p211

1

p212~Eq /g!cos~f2u!pcos~w!1~Eq /g!2cos2~f2u!11
. ~15!
6-3
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It can be shown within the nodal approximation thatf
5fn6tan21@p2 /vGkF#, where fn is a direction on the
nodal line; however, to a good approximation, we can
placef by fn . For the weak field caseEq,g, we expand
s(u) in terms ofEq /g and obtain

s~u!

s0
.12

1

12S Eq

g D 2

1
1

80F12
1

3
cos~4u!G S Eq

g D 4

, ~16!

wheres0 is the c-axis quasiparticle conductivity in the ab
sence of the in-plane magnetic field. As we see, the ang
dependence ofs(u) is small for a weak field.s(u) is maxi-
mum ~minimum! when the in-plane field is along a nod
~antinodal! line. It can be physically understood as follow
When H is along a nodal line, for example,u5p/4, the
angle of q is 3p/4 becauseq}( ẑ3H). Then, while the
shifted momentak1q of the quasiparticles withf5p/4 and
f55p/4 deviate from the nodal regions whenq is compat-
ible with k, quasiparticles withf53p/4 andf57p/4 re-
main in the nodal areas. This means the remaining quas
ticles govern thec-axis transport whenu5p/4. On the other
hand, foru50, all quasiparticles move away from the nod
regions due to the momentum shiftq. Therefores(u),s0
and s(0),s(p/4) because of a mismatch betweenk and
k1q in the interlayer transport.

In Fig. 1, we plot resistivity as a function of direction o
the in-plane magnetic field,r(u)51/s(u) for various values
of Eq with ~solid line! and without~dashed line! the para-
magnetic interaction included. We reproduced results of R
21 for Eq /g51, 2, and 4. As shown in Fig. 1,r(u) is
increased as the magnetic field increases, and it is decre
for a give Eq when the paramagnetic interaction is cons
ered because the interaction is pair breaking. If we cons

FIG. 1. For various values ofEq /g(51,4,6,12), resistivity
r(u)/r05s0 /s(u) as a function of a direction of the in-plane fie
u is plotted with~solid curve! and without~dashed curve! the para-
magnetic interaction. AsEq /g is increased,r(u)/r0 is increased,
and for a high field (Eq /g512), the paramagnetic interaction un
ambiguously reduces the amplitude ofr(u) and its anisotropy
05452
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only the paramagnetic interaction, then the quasiparticle c
ductivity s has nou dependence and increases as follow

s→s0F11S mBH

g DarctanS mBH

g D G . ~17!

The eighth harmonic clearly appears forEq /g512. Actu-
ally, it begins to appear whenEq /g*10. Interestingly, the
paramagnetic interaction unambiguously reduces the am
tude ofr(u) for a higher field (Eq@g). We also plota(u)
of Eq. ~10! for a finite T,g in Fig. 2. For reference in the
absence of the magnetic field,a(u)54/3 ~dashed line!.

In the case of an angle-dependent hopping amplit
tk2p5t(f)dk2p , the c-axis quasiparticle conductivity in
zero field is s05C(kt(f)2A(k,0)2. For v,g, using the
nodal approximation we obtain

s~v!

s0
511

34

9
lnS D0

g D S v

D0
D 2

, ~18!

wheres0}(g/D0)2 in this case. Effects of the in-plane fiel
on thec-axis quasiparticle conductivity can be seen in t
same way as before, namely,

s~u!5C(
k

t~f!2A~k1q,0!A~k,0!. ~19!

Since t(f)5tf(p2 /D0)2 within the nodal approximation
s(u) becomes without the paramagnetic interaction

FIG. 2. a(u) in Eq. ~10! shows finite temperature effects on th
c-axis qusiparticle conductivity forEq /g51, 2, and 3. The para-
magnetic interaction is included. In the absence of the field,a(u)
54/3 ~dashed line!.
6-4
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s~u!5tf
2 CJ(

node
E dwE pdp

p211 S p

D0
D 4

sin4~w!
1

p212~Eq /g!cos~f2u!p cos~w!1~Eq /g!2cos2~f2u!11
. ~20!
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In this case, we find thats(u)/s0.1 without clear depen-
dence on the direction of the in-plane field, anda(u)
;O@(g/D0)2ln(D0 /g)# in the leading order and the next o
der isO@(Eq /D0)2#; thereforea(u) is negligible. Thec-axis
quasiparticle conductivity is insensitive to the in-plane ma
netic field because the angle-dependent hopping ampli
t'(f) eliminates contributions of nodal quasiparticles, whi
otherwise manifest the effects of the field.

IV. INCOHERENT COUPLING

For impurity-mediated incoherent couplingtk2p5Vk2p ,
we need a model for the impurity scattering potential a
need to carry out an average over impurity configuratio
We use a simple model29 for the scattering potentia
uVk2pu25uV0u21uV1u2cos(2fk)cos(2fp). One may expand
uVk2pu2 with respect to scattering symmetry so that it is d
composed

uVk2pu25uV0u21(
l ,l 8

uVll 8u
2cos@~4l 12!fk#

3cos@~4l 812!fp#, ~21!

where l and l 8 are integers. However, for thec-axis quasi-
particle transport, only theuV0u2 term gives a nonzero valu
to the conductivity. As v→0 and T→0, s0
5CuV0u2(k,pA(k,0)A(p,0). Forv,g, it can be shown tha

s~v!

s0
511

1

3

~v/g!2

ln~D0 /g!
, ~22!

where s0}@g ln(D0 /g)/D0#
2 for impurity-mediated incoher-

ent coupling.
In the presence of an in-plane magnetic field, thec-axis

quasiparticle conductivity becomes

s~u!5CuV0u2(
k,p

A~k1q,0!A~p,0!. ~23!

As we see, the angular dependence ofs(u) is determined by
(kA(k1q,0). It can be shown numerically and analytica
05452
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that the field effect appears only as the paramagnetic co
bution. We present some analytic results, for example, in
weak-field limit

(
k

@A~k1q,0!2A~k,0!#.
2g

pvGvF
hS mBH

g D , ~24!

where h(x)5x22x4/61x6/15. Therefore thec-axis quasi-
particle conductivity for a weak field becomes

s~u!

s0
.11

h~mBH/g!

ln~D0 /g!
. ~25!

Consequently, for incoherent coupling the in-plane magn
field has no effect on thec-axis quasiparticle transport if th
paramagnetic interaction is not considered. Physically,
momentum of the transport quasiparticle is not constrain
incoherent coupling so that the change in momentumq does
not matter. Since the paramagnetic interaction is pair bre
ing, the magnitude ofs(u) is increased but shows no ang
lar dependence when this interaction is included. At a fin
temperature (T,g), we use Eq.~10! and for a weak field,
a(u) becomes

a~u!.11
~p2/3!

@ ln~D0 /g!1h~mBH/g!#@12~mBH/g!2#
. ~26!

V. c-AXIS CONDUCTIVITY SUM RULE

From thec-axis conductivity sum rule, the superfluid de
sity rs can be written in terms of the missing spectral weig
(Nn2Ns) and the thermal averages of kinetic ener
^Hc&

s(n) of a superconducting~normal! state as follows:

rs5~Nn2Ns!24pe2d@^Hc&
s2^Hc&

n#, ~27!

wherevc is the cutoff frequency for the interband transitio
that Hc does not describe. Using the above equation as w
as the Kramers-Kronig relation between the conductivity a
the penetration depth, we obtain the normalized miss
spectral weight (Nn2Ns)/rs :
~Nn2Ns!

rs
5

1

2
1

1

2

(
v

(
k,p

utk2pu2@G~k,v!G~p,v!2G0~k,v!G0~p,v!#

(
v

(
k,p

utk2pu2F~k,v!F1~p,v!

, ~28!
6-5
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whereG(k,v) andF(k,v) are superconducting Green fun
tions andG0(k,v) is in the normal state.8,11

Since, in principle, all possible interlayer couplings mig
be present in a given sample, we need to consider cohe
and incoherent coupling at the same time. The actualc-axis
transport of quasiparticles is determined from competing
fects between couplings. Based on the conductivity sum r
we can estimate the ratio (sco /s in), wheresco (s in) is the
c-axis quasiparticle conductivity for coherent~incoherent!
coupling. Since the sum rule does not distinguish betweet'
and t(f), we consider two limiting cases:~i! tk2p5t'dk2p
1Vk2p and ii! tk2p5t(f)dk2p1Vk2p . As v→0 and T
→0, for the case witht'

s5sco1s in5scoF11
s in

sco
G

5scoF11
4D0scn

pe2dt'
2 N~0!

S g

D0
ln~D0 /g! D 2G ,

~29!

where we have usedsco52e2dt'
2 N(0)/(pD0) and s in

5(8/p2)scn@g ln(D0 /g)/D0#
2 with scn54pnid@eV0N(0)#2.

One may think that we need to know the ratio ofuV0u2 to t'
2

in order to comparesco with s in . However, the conductivity
sum rule helps us to estimate the ratio (sco /s in) without ad
hoc information.

Let us defineh5rs,co /rs,in5(1/lco
2 )/(1/l in

2 ), wherers

andl are the corresponding superfluid density and pene
tion depth, respectively. For coherent coupling

1

lco
2

532pe2dt'
2 N~0!F1

2
2

1

p
K ~ iD0 /g!G , ~30!

whereK is the complete elliptic integral of the first kind. Fo
incoherent coupling, we assumeuV0u25uV1u2 for simplicity
and to illustrate possible effects. Then,

1

l in
2

532scn(
v

@~k82/k!K ~k!2E~k!/k#2, ~31!

wherek5D0 /AD0
21(v1gsgnv)2, k85A12k2, and E is

the complete elliptic integral of the second kind.11 Sinceg
!D0 , h.16pe2dt'

2 N(0)/@12D0scn# and we obtain

s5scoF11
~16/3!

h S g

D0
ln~D0 /g! D 2G . ~32!

Since the total superfluid densityrs5rs,co1rs,in , it can be
shown that

Nn2Ns

rs
.

112h

2~11h!
1

1.08

11h
. ~33!

Note thath in Eq. ~32! can be determined from the violatio
of the conductivity sum rule Eq.~33!. h→` corresponds to
pure coherentc-axis coupling in which case the sum rule E
~33! is conventional and equal to 1. On the other handh
→0 means pure incoherent coupling and the sum rule
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nt

f-
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a-

is

larger than 1 and equal to 1.58 in our model withuV0 /V1u
51. A finite h corresponds to an admixture of coherent a
incoherentc-axis transport. For example,h.5 applies when
(Nn2Ns)/rs51.1, that is, there is a 10% violation of th
sum rule upwards. The sum rule itself determines the adm
ture ofrs,co to rs,in , but cannot differentiate betweent' and
t(f) for the coherent part. Limits on the relative size of the
two overlap integrals can only be set from consideration
the chemistry of the CuO2 planes and their overlap or, alte
natively, from experimental information such as the behav
of s(0,0) when the impurity content is increased.

For the case witht(f)

1

lco
2

.32pe2dtf
2 N~0!F 3

16
2

2

3p

g

Ag21D0
2

ES D0

Ag21D0
2D G ,

~34!

whereE is the complete elliptic integral of the second kin
andh as above with 6↔16 andtf↔t' . Following a similar
way as before, we obtain

s5sco8 F11
~16/3!

h
ln2~D0 /g!G , ~35!

wheresco8 5sco(g/D0)2 with (3/4)↔2 andtf↔t' .
Note thatt' andtf case both contribute in the same ord

to the zero-temperaturec-axis superfluid density. For the
pure case, assumingt' andtf are of the same magnitude, th
ratio of the two contributions is 16/3. This is in sharp co
trast to what we found in the case ofs(0,0) wheret' con-
tributes of ordert'

2 while the contribution fromtf is of order
tf
2 (g/D0)2 and so vanishes in the clean limit. Recent

Gaifullin et al.30 have measured the temperature depende
of the c-axis superfluid density in Bi2212 and found that
low temperature it is well fit by a form@12A(T/Tc)

a# with
a of order 4–6 close to the values reported for Hg120131

This finding favors a puret(f) model which is known to
give aT5 law ~Ref. 20! and leaves little room for a subdom
nant t' contribution because in this case thec-axis penetra-
tion depth will mirror perfectly32 its in-plane temperature
dependence which goes likeT. The data certainly preclude
linearT contribution to the superfluid density of more than
few percent implying a ratio (t' /tf) of order ,1021 at
most. In this instance, the ratio (g/D0) can easily be compa
rable to (t' /tf) and can even be the larger of the two. As
illustration in the experimental work establishing the i
plane universal limit for the thermal conductivity18 the val-
ues of (g/D0) are of order&1021. Latyshevet al.13 quoted
g'3 meV for their single crystals, which is of similar orde
This implies that in the experiments on Bi2212, the con
bution tos(0,0) of each oft' and tf terms are likely to be
close in magnitude. Nevertheless, it is concluded in Ref.
that the universal limit is observed so thatt' presumably still
dominates. Additional work with various values ofg, some-
what larger as well as smaller than used so far, should al
one to establish the size of the important ratio (t' /tf). This
information, with thec-axis optical sum rule, would allow an
estimate of each of the three possible contributions to
6-6
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c-axis transport discussed in this paper. These parameter
important because they control allc-axis transport. We poin
out here that we have considered separately the caset' and
t(f). If amplitudes are added and squared, a cross term
the form 2t'tfcos2(2f) will enter but this will not change
qualitatively the conclusion made above. The contribution
such a term tos0 is @4e2dN(0)/pD0#t'tf(g/D0)2ln(D0 /g)
and to the superfluid density is 32pe2dN(0)t'tf@1/2
2(2/p)(g/Ag21D0

2)E(g/Ag21D0
2)#.

VI. CONCLUSIONS

We have discussed how the nature of the interlayer c
pling influences the c-axis quasiparticle conductivity
sq(v,T) in the absence and in the presence of an in-pl
magnetic field. In zero field,s(0,0) is independent of the
in-plane scattering rateg, to leading order, only for coheren
coupling with a constant hopping amplitude. Also,s(v,0)
shows a different behavior for differentc-axis coupling.
Similarly, the field effects depend crucially on the nature
the interlayer coupling. For coherent coupling with a co
stant hopping amplitude, an angular dependence of the
ductivity s(u) appears in high field. The resistivityr(u)
increases because the mismatch betweenk and k1q de-
creasess(u), and r(u) is maximum~minimum! when the
field is along the antinodal~nodal! line. This confirms previ-
ous work.21 When the paramagnetic interaction is include
r(u) is decreased because this interaction is pair brea
and the anisotropy also decreases. For high field (Eq@g),
the eighth harmonic appears and can be seen in theu depen-
dence of r(u). For coherent coupling with an angle
dependent hopping amplitude,s(u) is insensitive to field
direction because this hopping amplitude eliminates the c
tribution of the nodal quasiparticles which manifest the a
gular dependence. Also, the paramagnetic interaction d
es
ce
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not significantly changes(u). For incoherent coupling, only
the paramagnetic interaction has an effect on thec-axis qua-
siparticle transport ands(u) has no dependence on field d
rection. The coefficient of the first temperature correcti
which goes likeT2 is anisotropic only in the constantt' case
and shows the same minima~maxima! as does the leading
contribution.

The c-axis conductivity sum rule helps estimate sep
rately the contributions from coherent and incoherent c
pling to the quasiparticle transport without microscopic
formation on hopping amplitudes. However, it cannot,
itself, differentiate between contributions from constant
angular dependent coherent hopping amplitude. To get s
rate information on these two contributions, impurity stud
could be used. Consideration of the temperature depend
of the c-axis superfluid density measured in Josephs
plasma resonance experiments already gives evidence thtf
is much larger thant' , but do not unambiguously rule out
small t' contribution which could still be large enough t
dominate the universal limit fors(0,0,) in relatively pure
samples (t' /tf.g/D0). At the same time,tf would domi-
nate the temperature dependence of the superfluid den
We mention that the sum rule of Eq.~33! was derived under
the assumption that the normal state is Fermi-liquid lik
However, if it has a non-Fermi-liquid nature such as
pseudogap, the sum rule has to be modified to account
this; therefore it is necessary to explore the competing effe
of interlayer coupling in a more fundamental theory whi
goes beyond a Fermi-liquid normal state.
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