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Interplay of superconductivity and magnetism in superconductorÕferromagnet structures
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We study the influence of the proximity effect on several superconductor/ferromagnet S/F layered structures.
In the case of F/S/F sandwiches, we calculate the dependence of the superconducting critical temperature as a
function of the mutual orientation of ferromagnetic exchange fields of the outer layers. In the case of atomic-
scale S/F superlattices, we analyze the properties of the superconducting phase for parallel or antiparallel
orientation of magnetic moments of ferromagnetic layers. In both cases the superconductingp-phase appears.
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I. INTRODUCTION

The presence of the exchange field acting on electron
ferromagnets provokes an oscillatory behavior of a superc
ducting order parameter. First this phenomena has been
covered by Larkin and Ovchinnikov1 and Fulde and Ferrell,2

who predicted a new modulated superconducting state,
‘‘FFLO’’ state, when the magnetic field acts on electro
spins. Experimentally, the FFLO state has not been un
biguously detected yet. On the other hand oscillations o
superconducting order parameter in the ferromagnetic ba
of S/F/S junctions must lead to an oscillatory dependenc
the critical temperature as a function of a ferromagnetic la
thickness3,4 and so-calledp-junction realization.5,6 Recently
these phenomena have been observed experimental7–9

Note that the appearance of thep-junctions has been pre
dicted in the presence of magnetic impurities in the barrie
the Josephson junction in Ref. 10.

In this paper, we present detailed calculations of the
pendence of the critical temperature of the metallic F/S
sandwiches on the mutual orientation of ferromagnetic m
ments of the outer layers. The situation of the parallel a
antiparallel orientations of ferromagnetic moments has b
considered for the case of the thin superconducting laye
Ref. 11, and the thick superconducting layer case has b
treated in Ref. 12. Note that for the first time the coupli
between ferromagnets through a superconducting layer
been treated theoretically in Ref. 13 for the case of ferrom
netic insulators and observed in experiment in Refs. 14
15. We analyze also the properties of the superconduc
phase in the case of atomic-scale S/F superlattices. Using
approach of Ref. 16, we treat the case of the antipara
orientation of moments in the adjacent ferromagnetic lay
and demonstrate that the superconductingp phase appears
similar to the parallel orientation case.

II. SPIN-ORIENTATION DEPENDENCE OF
SUPERCONDUCTIVITY

A. Case of thick ferromagnetic layers

In this section, we examine the F/S/F structure presen
in Fig. 1, assuming that the dirty limit conditions are held
0163-1829/2001/63~5!/054518~8!/$15.00 63 0545
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the superconducting layer. First, we consider the case
thick ferromagnetic layers and a thin superconducting lay
supposing thats f!ss , wheres f andss are the conductivi-
ties in the ferromagnetic and the superconducting lay
This condition assures a relatively weak proximity effec6

Indeed, the case of thick ferromagnetic layers and a str
proximity effect will always lead to the suppression of th
superconductivity. Let the exchange fieldh for x.ds being
tilted by an anglef from the quantization axisz, and forx
,2ds by an angle2f. Then the parallel orientation of th
magnetizations on both sides of the S layer correspond
f50, and the antiparallel orientation corresponds tof
5p/2. We may use, supposing that the dirty limit conditio
are held, the Usadel’s equations17 in the case of a system o
electrons with Cooper pairing in an external fieldh @lying in
the~y,z! plane# acting on the electron spins.18 In matrix form,
the corresponding Usadel’s equations are

2
Ds, f

2
“@Ĝ~r ,vn!“F̂~r ,vn!2F̂~r ,vn!“Ĝ~r ,vn!#

1@vn1̂1 iĤ ~r !#F̂~r ,vn!

5D~r ! Î Ĝ~r ,vn!, ~1!

FIG. 1. Geometry of the F/S/F sandwich. Directions of the e
change field in F layers are given by the thick arrows lying in t
~y,z! plane. The thickness of the S layer is 2ds anddf is the thick-
ness of the F layers.
©2001 The American Physical Society18-1



n-
fre

pe

lf-

he

ce
a

the
an

e
t.
ry
nce

the

ns
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Ĝ2~r ,vn!1F̂~r ,vn!F̂* ~r ,2vn!51̂. ~2!

Ds andD f are the diffusion coefficients in the superco
ducting and the ferromagnetic region, the Matsubara
quenciesvn5(2n11)pT, the matrices

Ĥ~r !5S 0 hz~x!1 ihy~x!

hz~x!2 ihy~x! 0 D
and Î 5S 0 1

21 0D ,

F̂5S F11 F12

F21 F22
D and Ĝ5S G11 G12

G21 G22
D

are the Usadel’s normal and anomalous functions~i.e.,
Green’s functions integrated over angle and energy!, and\
5c51 throughout. In addition, we suppose that the Coo
pairing constant is equal to zero inF layers, thenD[0 for
uxu.ds .

As usual, Eq.~1! has to be supplemented by a se
consistency equation in the S layer

D~r !ln
Tc

Tc*
5pTc (

vn
FD~r !

uvnu
2F12~r ,vn!G , ~3!

whereTc is the transition temperature of the S layer in t
absence of a proximity effect, andTc* is the transition tem-
perature in the presence of a proximity effect.

Considering the case of highly transparent F/S interfa
~it means a small boundary resistance or likewise a sm
potential barrier at the S/F interface!, we can simplify the
boundary conditions found in Ref. 19 as
05451
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F̂s5F̂ f ,
]F̂s

]x
5g

]F̂ f

]x
, ~4!

whereg is a phenomenological parameter characterizing
properties of the given S/F bilayer. In the case of
superconductor/normal metal~S/N! bilayer,g5sn /ss is the
ratio of the normal states’ conductivities. In this section w
assumeg!1, i.e., it has a relatively small proximity effec
For an experimental study of S/F interfaces of arbitra
transparency and a discussion of the transparency influe
on the proximity effect see Refs. 20 and 21.

Near Tc* , as D goes to 0, we can linearize Eq.~1! and
then replace the normal Green’s function by its value in
absence of superconductivity, i.e., putG115G225sgn(vn)
andG125G2150 as

2
Ds, f

2
“

2F̂~x,vn!1@ uvnu1̂1 i sgn~vn!Ĥ~x!#F̂~x,vn!

5D~x! Î . ~5!

With the particular disposition of the magnetizatio
shown in Fig. 1, the exchange field is

Ĥ~x,2ds!5Ĥ* ~x.ds!5hS 0 exp~ if!

exp~2 if! 0 D
and Ĥ~2ds,x,ds!50. ~6!

In the ferromagnetic regions, under the hypothesish
@kBTc , one can neglect the frequenciesvn in comparison to
h, hence the Usadel’s equation forx,2ds can be written as

ih sgn~vn!exp~ if!F122
1

2
D f

]2F11

]x2 50,
-
n

-

FIG. 2. Dependence of the su
perconducting reduced transitio
temperatureTc* /Tc as a function
of d* /ds for different values of
the angle 2f between the magne
tization of F layers.
8-2
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ih sgn~vn!exp~2 if!F112
1

2
D f

]2F12

]x2 50. ~7!

For x.ds , f must be replaced by2f.
Solving these equations in both of the F layers, we obt

x,2ds ,

F115e11exp~kfx!1 f 11exp~kf* x!,

F125exp~2 if!@e11exp~kfx!2 f 11exp~kf* x!#,

x.ds ,

F115a11exp~2kfx!1b11exp~2kf* x!,

F125exp~ if!@a11exp~2kfx!2b11exp~2kf* x!#, ~8!

where kf5(11 i )Ah/D f , and a11,b11,e11, f 11 are coeffi-
cients to be determined using the boundary conditions.

In the superconducting region, the Usadel’s equat
takes the form

uvnuF112
1
2 Ds

]2F11

]x2 50, ~9!

uvnuF122
1
2 Ds

]2F12

]x2 5D~x!. ~10!

A solution of Eq. ~9! is F115c11exp(2ksx)1d11exp(ksx),
with ks

252uvnu/Ds and two coefficientsc11 andd11.
-
f-

05451
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In the case whends!js5ADs/2pTc ~the coherence
length of the superconductor!, the order parameter varie
slowly on the distances of an order of the S-layer thickne
So, if we take into account the symmetry of the structure,
can seek a solution of Eq.~10! in the form3,4

F125
D cos~kx!

uvnu1r
1 f 12~x,vn!, ~11!

where r5Dsk
2/2 @a pair-breaking parameter that contro

the transition temperature and that will be determined by
self-consistency Eq.~3!#. The functionf 12(x,vn) yields the
equation uvnu f 12(x,vn)21/2Dsf 129 (x,vn)50, the solutions
of which aref 12(x,vn)5c12exp(2ksx)1d12exp(ksx).

Using the boundary conditions given in Eq.~4!, we finally
find the system of equations that permits us to calculate
the coefficients. In the limitds!js , the self-consistency Eq
~3! can be written as

(
vn

~c121d12!5(
vn

~c121c12* !52(
vn

Re~c12!50.

~12!

Note that the hypothesisg!1 ~a weak proximity effect! en-
ables us to neglect in Eq.~12! the terms proportional to the
small parameterdsgukf u. The coefficientc12 can be found
from the system provided by the boundary conditions in E
~4! and we may write the self-consistency Eq.~3! in the final
form
(
vn

1

~vn1r!Fvn1
gukf uDs

2ds
~11 i cosf!GFvn1

gukf uDs

2ds
~12 i cosf!G 50. ~13!
s

-
s

After summation overvn we get, in the implicit form, the
equation for the pair-breaking parameterr

CS 1

2
1

r

2pTc*
D 5ReCF1

2
1

gDs~11 i cosf!

4pdsTc*
A h

D f
G .

~14!

According to Eq.~3!, the equation giving the critical tem
peratureTc* in the presence of an anisotropic proximity e
fect is

lnS Tc*

Tc
D 5CS 1

2D2CS 1

2
1

r

2pTc*
D

5CS 1

2D2ReCF1

2
1

d* Tc

dsTc*
~11 i cosf!G , ~15!
whered* is the characteristic length

d* 5
gDs

4pTc
A h

D f
. ~16!

In Fig. 2, we plot the solutions of Eq.~15! for different
values of the anglef as a function of the dimensionles
parameterd* /ds . Note that if we assumef50 ~i.e., parallel
alignments of the magnetizations orP phase!, or f5p/2
~i.e., antiparallel alignments of the magnetizations orAP
phase!, we find the same dependence ofTc* as that in Ref.
11.

The critical valuedsc of the thickness of the supercon
ducting layer~below which the superconductivity is alway
destroyed by the proximity effect! is found in the limitTc*
→0,
8-3
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FIG. 3. The critical valuedsc of the thickness
of the S layer as a function of the angle 2f. The
angle 2f5180° corresponds to antiparalle
alignment andf50° corresponds to paralle
alignment.
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d*
5expF2CS 1

2D1Re ln~11 i cosf!G . ~17!

This critical thickness as a function of the anglef is
presented in Fig. 3, and we see that superconductivit
more easily suppressed by the proximity effect in theP
phase than in theAP phase. Indeed in theP phase, the de-
pairing effect of the exchange magnetic field is much str
ger than in theAP phase.

B. Case of thin ferromagnetic layers

In this section, we consider the model when the electro
parameters of superconducting and ferromagnetic layers
the same, referring to the equality of the conductivities a
of the Fermi velocities in all layers. Under this condition, t
pair-breaking effect of the ferromagnetic layers is stro
Thus, the superconducting phase can only appear if the
romagnetic layers are thin~compared to the coherence leng
js of the superconductor!, which weakens the proximity ef
fect. We shall examine the F/S/F structure assuming that
exchange field in the F layers may be either parallel or a
parallel. The set of equations describing an inhomogene
superconductor has been developed by Eilenberger.22 They
are transportlike equations for the energy-integrated Gre
functions f and g, assuming that relevant length scales a
much larger than atomic length scales. If we consider
Cooper pairing of electrons in the presence of an excha
field h(r )5@0,0,h(r )#, the Eilenberger equations take th
form23

Fv ñ1 ih~r !1
1

2
vF•¹ G f ~h,vF ,r !5D̃~r !g~h,vF ,r !,

D̃~r !5D~r !1
1

2t E dV

4p
f ~h,vF ,r !,
05451
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v ñ~r !

5vn1
1

2t E dV

4p
g~h,vF ,r !. ~18!

The Eilenberger Green’s functionsf and g depend on
Matsubara frequenciesvn5pT(2n11) ~note the omittedv
dependence of these functions!, the elastic scattering timet
5 l /vF , and the Fermi velocitiesvF . They obey the normal-
ization condition g2(h,vF ,r )1 f (h,vF ,r ) f * (2h,2vF ,r )
51.

We supposeds!js , thusD varies slowly on distances o
the order of magnitude ofjs . An analytical solution of Eq.
~18! has been derived in Ref. 23 for a periodic domain ma
netic structure in the superconductor. TheAP phase of our
F/S/F structure is analogous to this magnetic structure if
assume that the period of the magnetic structure is 2(ds
1df). For an exchange magnetic field of the formh(r )
5Snh2n11 sin(2n11)Qr , with Q5p x̂/(2ds1df) the in-
verse lattice vector of the ferromagnetic structure, this so
tion for ht!1 leads to the following self-consistency equ
tion:

ln
Tc*

Tc
5CS 1

2D2CS 1

2
1

1

ptmTc*
D , ~19!

tm
215

1

2 (
n
E dV

4p

th̃2n11h̃2~2n11!

11~2n11!2t2~vF•Q!2 ,

h̃2n115h2n11H 12
arctan@Ql~2n11!#

Ql~2n11! J 21

. ~20!

Note that to concentrate on the effect of the exchan
field in the F layers, for simplicity, we supposed that Coop
pairing is the same everywhere. In the general case, we
ply have to considerTc as a critical temperature of an N/S/
sandwich with an average coupling constantl̄5ls@ds /(ds
8-4
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FIG. 4. Phase~h,T! diagram of
the superconducting state for bot
parallel and antiparallel alignmen
of the exchange field in the cas
of thin ferromagnetic layers. Note
the possibility of the appearanc
of an FFLO state in clean super
conductors in the case of paralle
orientation of the magnetic mo
ments in F layers.
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1df)#,
24 wherels is the BCS coupling constant in superco

ducting regions, while it is zero in ferromagnetic regions.

1. Case of antiparallel exchange fields

In the case of antiparallel exchange fields, the Fou
transform of the magnetic exchange fieldh(r ) is h2n11
54h(21n)sin@df/(8ds(2n11)p)#/@(2n11)ip#, and Q
'(p/2ds)x. As h̃2n11 doesn’t depend on the direction of th
Fermi velocity, we can perform the integration over t
Fermi surface

tm
215

ds

2vp ( h̃2n11
2 1

~2n11!
arctanF ~2n11!p

4 S l

ds
D G .

~21!

Depending on the relation between the mean-free-pal
and the thickness of the superconducting layer 2ds , we have
to distinguish the ballistic and the dirty diffusive regime
propagation of the electrons in the superconductor.

a. The ballistic regime. The conditionl @ds ensures the
ballistic propagation of the electrons over the thickness
the superconducting layer~and over the ferromagnetic laye
becauseds*10df). Under this condition,h̃2n115h2n11 ,
thus we can give an analytical solution of Eq.~20!:

ln
Tc*

Tc
5CS 1

2D2CF1

2
1

th2

4pTc*
S df

ds
D 2G . ~22!

b. The dirty limit. If l !ds , scattering by impurities domi
nates in the superconducting layer. And the critical tempe
ture is given by

ln
Tc*

Tc
5CS 1

2D2CF1

2
1

th2

4pTc*
S ds

l D 4S df

ds
D 2G . ~23!
05451
r
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Note that we find the same critical temperature forl !df
and l @df . If we compare Eqs.~22! and~23!, we notice that
the equation giving the critical temperature in the dirty lim
is the same as in the clean limit if we substituteh by
h(ds / l )2. It means that in the dirty limit the effective ex
change field acting on the electron spins is quite higher t
in the clean limit, so superconductivity is quite easily su
pressed.

2. Case of parallel exchange fields

The case of parallel exchange fields is quite different. T
Fourier transformhn of the magnetic exchange fieldh can be
expressed ashn5h(df /ds)cos@npds /(ds1df)#, so this ex-
change field has an50 nonvanishing component, whic
gives the most important contribution to the interaction w
superconductivity in the clean limit~i.e., l @js). Thus, at first
approximation, the case of parallel exchange fields is equ
lent to the situation of a superconductor in a ‘‘mean’’ ma
netic fieldhe f f5h(df /ds) acting on electron spins. The para
magnetic effect in superconductors has been discusse
detail in Ref. 25. Basing on these results, we may write
rectly the equation giving the critical temperatureTc* of the S
layer in the presence of the proximity effect (Tc is the critical
temperature of the S layer in the absence of the proxim
effect! as

lnS Tc*

Tc
D 5CS 1

2D2ReCF1

2
1 i

h

2pTc*
S df

ds
D G . ~24!

Using the analysis presented in Ref. 25, we complete F
4, and predict in the clean limit the appearance of the FF
state, with a modulation of the order parameter in the~y,z!
plane $D(y,z)5D exp@i(qzz1qyy)#%. Comparing Eqs.~22!
and ~24!, we see that forht!1, Tc* is quite higher for the
8-5
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antiparallel configuration than for the parallel one, as in
case of the thick ferromagnetic layers.

III. PROPERTIES OF THE SUPERCONDUCTING
PHASE OF ATOMIC-SCALE

FERROMAGNET ÕSUPERCONDUCTOR
SUPERLATTICES

In this section, we consider an atomic-scale multilay
F/S system, where the superconducting~S! and the ferromag-
netic ~F! layers alternate. Recently a layered supercondu
of this type (RuSr2GdCu8) has been discovered~see, for ex-
ample, Ref. 26, and references cited therein!. In
RuSr2GdCu8, the magnetic transition occurs atTM
;130– 140 K and superconductivity appears atTc
;30– 40 K. When the electron transfer integral between
S and F layers is quite small, superconductivity can coe
with ferromagnetism in the adjacent layers.16 However, the
strong exchange field in the F layers favors thep-phase be-
havior of superconductivity~the superconducting order pa
rameter alternates its sign on the adjacentS layers!.16,27 The
very recent neutron-diffraction data on RuSr2GdCu8 ~Ref.
28! revealed the antiferromagnetic ordering in all three
rections, thus the question if there exists any layered c
pound with alternating S and F layers is still open. Howev
as it follows from the results of Ref. 28, in an external ma
netic field, an induced ferromagnetic moment appears
RuSr2GdCu8 occurs to be a suitable candidate forp-phase
observation.

In principle, it is possible to have a ferromagnetic ord
ing inside the F layers and an antiferromagnetic order
between the adjacent F layers. Namely, this situation is r
ized in Sm1.85Ce0.15CuO4, which reveals the superconductiv
ity at Tc523.5 K and the magnetic order appears belowTN
55.9 K.29 Adopting the model in Ref. 16, we treat this sit
ation in more detail. For simplicity, we assume that the el
tron’s motion inside the F and S layers is described by
same energy spectrumj(p). Three basic parameters chara
terize the system:t is the transfer energy between the F a
S layers,l is the Cooper pairing constant that is assumed
be nonzero in the S layers only, andh is the constant ex-
change field in the F layers. The Hamiltonian of the syst
can be written as

H5 (
p,n,i ,s

j~p!anis
1 ~p!anis~p!1t@anis

1 ~p!an,2 i ,s~p!

1an11,2 i ,s
1 ~p!anis~p!1hc#1Hint11Hint2 ,

Hint15
l

2 (
p1 ,p2 ,n,s

an1s
1 ~p1!an,1,2s

1 ~2p1!an,1,2s

3~2p2!an1s~p2!,

Hint252h (
p,n,s

~21!nsan,21,s
1 ~p!an,21,s~p!,
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whereanis
1 is the creation operator of an electron with spins

in the nth elementary cell and momentump in the layeri,
wherei 51 for the S layer, andi 521 for the F layer.

Similar to the case of ferromagnetic interlayer ordering16

we may find the exact Green’s functions in the case of a
ferromagnetic interlayer ordering. Avoiding the simple b
cumbersome calculations, we may readily write the expr
sion for the modified superconducting critical temperatu
Tc*

AF , in the limit of small interlayer couplingt!Tc

ln
Tc*

AF

Tc
52pTc(

vn

4t2

uvnu~h214vn
2!

3F 12
t2~36vn

4117vn
2h22h4!

4uvnu2~h21vn
2!~h214vn

2!

2cosk
t2~12vn

427h2vn
22h4!

uvnu2~h21vn
2!~h214vn

2!

G ,

~25!

whereTc is the critical temperature of the S layers att50 in
the mean-field approximation. It was assumed that the su
conducting order parameter may change from one S laye
another in the following manner:Dn5D exp(ikn) ~n is the
number of the S layer!.

For comparison, we also write the equation for the critic
temperatureTc*

F for ferromagnetic interlayer ordering16

ln
Tc*

F

Tc
52pTc(

vn

4t2

uvnu~h214vn
2!

3F 12
t2~36vn

425vn
2h225h4!

4uvnu2~h21vn
2!~h214vn

2!

2cosk
t2~12vn

427h2vn
22h4!

uvnu2~h21vn
2!~h214vn

2!

G .

~26!

We see that the difference between the transition temp
tures ofF andAF orientations appears only in terms propo
tional to t4, which is quite natural because this effect is r
lated to the interference of electrons coming from differe
magnetic layers. The terms proportional to cosk are the same
in both F andAF cases. This means that at the critical te
perature, thep phase appears when the exchange field
ceeds some critical valuehc53.77Tc ~Ref. 16!, which is the
same forF andAF phases. Note that thep-phase formation
is simply related to the coupling of two S layers through
ferromagnetic one. AtT50, the critical value of the ex-
change field for thep-phase formation is somewhat small
and is equal tohc

050.87Tc .
In the limit of a weak exchange field (h!Tc) one obtains
8-6
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INTERPLAY OF SUPERCONDUCTIVITY AND . . . PHYSICAL REVIEW B63 054518
ln
Tc*

F

Tc
. ln

Tc*
AF

Tc

.2pTc(
vn

4t2

uvnuh2 F123
uvnu2t2

h4 ~314 cosk!G .
~27!

If we call Tc*
0 the critical temperature for the 0-phas

formation andTc*
p the critical temperature for thep-phase

formation, we have

ln
Tc*

p

Tc*
0 .2pTc(

vn

96t4

h6 uvnu,0. ~28!

So in the limit of a weak exchange field, the 0 phase
energetically favorable for bothF andAF interlayer ordering
and the difference betweenTc*

AF and Tc*
F is given by the

expression

Tc*
AF2Tc*

F

Tc
. ln

Tc*
AF

Tc*
F .3

127

4
z~7!

t4h2

~2pTc!
6 .0. ~29!

In the limit of a strong exchange field (h@Tc), we have to
distinguish the ferromagnetic and the antiferromagnetic
dering.

For the ferromagnetic ordering we find

ln
Tc*

F

Tc
.2pTc(

vn

t2

uvnu3 F11
t2h4

uvnu2vn
4 ~ 5

4 1cosk!G ,
~30!

ln
Tc*

p,F

Tc*
0,F .pTc(

vn

5t4h4

2uvnu5vn
4.0. ~31!

For the antiferromagnetic ordering we find

ln
Tc*

AF

Tc
.2pTc(

vn

t2

uvnu3 F11
t2h4

4uvnu2vn
4 ~ 1

4 1cosk!G ,
~32!
z.

d

h.

z.

.
B

ys

05451
s

r-

ln
Tc*

p,AF

Tc*
0,AF .pTc(

vn

t4h4

2uvnu5vn
4 .0. ~33!

So in the limit of a strong exchange field~like Fe, Ni, Co!,
the p phase is energetically favorable for bothF and AF
ordering and the difference betweenTc*

AF andTc*
F is given

by the expression

Tc*
AF2Tc*

F

Tc
.7z~3!

t4

h2p2Tc
2 .0. ~34!

Then we may conclude that in all cases the critical te
perature is higher forAF ordering.

IV. CONCLUSION

We have demonstrated that in the F/S/F sandwich
when the thickness of the superconducting layer is sma
than the superconducting coherence lengthjs , its critical
temperature is controlled by the relative orientation of t
ferromagnetic moments of the outer layers. Recently the f
rication of the so-called spin-valve sandwiches has been
ported in Ref. 30. Such devices provide the possibility
change the relative orientation of ferromagnetic layer m
netizations by applying a weak magnetic field~less than 50
G!. Then the spin-valve-type F/S/F sandwiches can be v
interesting for application as a small magnetic field cou
trigger transition from a normal to a superconducting sta
Finally the analysis of an atomic-scale S/F multilayer
structure reveals the robustness of the superconductinp
phase~where the sign of the superconducting order para
eter in adjacent S layers is alternated! in strong ferromagnets
towards the relative orientation of the magnetic moments
F layers.
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