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Theory of magnetic anisotropy in III 1ÀxMn xV ferromagnets
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We present a theory of magnetic anisotropy in III12xMnxV-diluted magnetic semiconductors with carrier-
induced ferromagnetism. The theory is based on four- and six-band envelope function models for the valence-
band holes and a mean-field treatment of their exchange interactions with Mn11 ions. We find that easy-axis
reorientations can occur as a function of temperature, carrier densityp, and strain. The magnetic anisotropy in
strain-free samples is predicted to have ap5/3 hole-density dependence at smallp, a p21 dependence at large
p, and remarkably large values at intermediate densities. An explicit expression, valid at smallp, is given for
the uniaxial contribution to the magnetic anisotropy due to unrelaxed epitaxial growth lattice-matching strains.
Results of our numerical simulations are in agreement with magnetic anisotropy measurements on samples
with both compressive and tensile strains. We predict that decreasing the hole density in current samples will
lower the ferromagnetic transition temperature, but will increase the magnetic anisotropy energy and the
coercivity.
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I. INTRODUCTION

The discovery of carrier-mediated ferromagnetism1–3 in
III 12xMnxV and doped4 II 12xMnxVI-diluted magnetic semi-
conductors~DMS’s! has opened up a broad and relative
unexplored frontier for both basic and applied resear
Experiments2,5 in Ga12xMnxAs and In12xMnxAs have dem-
onstrated that these ferromagnets have remarkably sq
hysteresis loops with coercivities typically;40 Oe, and that
the magnetic easy axis is dependent on epitaxial gro
lattice-matching strains. In this paper we discuss the m
netic anisotropy properties of III12xMnxV DMS ferromag-
nets, predicted by a mean-field theory6 of the exchange in-
teraction coupling between localized magnetic ions a
valence band free carriers. We use phenomenological f
or six-band envelope function models, depending on the
rier densityp, in which the valence-band holes are chara
terized by Luttinger, spin-orbit splitting, and strain-ener
parameters.

The physical origin of the anisotropy energy in our mod
is spin-orbit coupling in the valence band. Our work is bas
in part on theoretical descriptions developed by Gajet al.7

and Bastardet al.8 to explain the optical properties of un
doped, paramagnetic DMS’s. As the critical temperature
approached, the mean-field theory we employ6 reduces to an
earlier theory4 that invokes generalized RKKY carrier
mediated interactions between localized spins. The two
proaches differ, however, in their description of the magn
cally ordered state. As this work was nearing completion,
learned of a closely related study9,10 that uses the sam
mean-field theory to address critical temperature trend
this material class and that also addresses magnetic an
ropy physics. We are aware of three elements of the phy
of these materials that make the predictions of our mean-fi
theory uncertain:~i! we do not account for the substanti
disorder that is usually present in these ferromagnets;~ii ! we
0163-1829/2001/63~5!/054418~14!/$15.00 63 0544
.
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do not include effects due to interactions among the itiner
holes, and~iii ! we do not account for correlations betwee
localized spin configurations and itinerant hole states. T
importance of each of these deficiencies is difficult to jud
in general, and probably depends on adjustable material
rameters. In our view, it is likely that there is a substant
range in the parameter space of interest where the predic
of the present theory are useful. We expect that import
progress can be made by comparing this simplest poss
theory of carrier-induced DMS ferromagnetism with expe
ment.

This work has two objectives. Most importantly, we ha
attempted to shed light on how various adjustable mate
parameters can influence magnetic anisotropy. Second
have made an effort to estimate the magnetic anisotropy
ergy in those cases where experimental information is p
ently available. Our hope here is to initiate a process of ca
ful and quantitative comparison between mean-field the
and experiment, partially to help judge the efficiency of th
approximation in predicting other physical properties. Ev
in the mean-field theory, we find that the magnetic anis
ropy physics of these materials is rich. We predict easy-a
reorientations as a function of hole density, exchange in
action strength, temperature, and strain and identify sit
tions under which III12xMnxV ferromagnets are remarkabl
hard.

In Sec. II we detail our mean-field theory of the order
state. The theory simplifies in the limit of low-temperatu
and low-hole densities. Our results for this limit, presented
Sec. III, predict â 111& easy axis in the absence of strai
and a magnetic anisotropy energy that is approximately 1
of the free-carrier band-energy density. This value is
tremely large for a cubic metallic ferromagnet; typical rati
in transition metal ferromagnets are smaller than 1026, for
example. The anisotropy energy in this limit varies as
free-carrier density to the 5/3 power and is independen
©2001 The American Physical Society18-1
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the exchange-coupling strength. Explicit results for the str
dependence of the magnetic anisotropy in the same limit
presented in Sec. IV. We find that unrelaxed lattice-match
strains due to epitaxial growth contribute a uniaxial anis
ropy that favors magnetization orientation along the grow
direction when the substrate lattice constant is larger than
ferromagnetic semiconductor lattice constant and an in-p
orientation in the opposite case. Unfortunately, perhaps,
simple low-density limit does not normally apply in situ
tions where high critical temperatures are expected.
more complicated, and more widely relevant, general cas
discussed in Sec. V. We find that magnetic anisotropy ha
nontrivial dependence on both temperature and excha
coupling strength and that easy-axis reversals occur, in g
eral, as a function of either parameter. According to o
theory, anisotropy energy densities comparable to thos
typical metallic ferromagnets are possible when the
change coupling is strong enough to depopulate all but
of the spin-split valence bands, even with saturation mag
tization values smaller by more than an order of magnitu
In the limit of large-hole densities, we find that the anis
ropy energy of strain-free samples is proportional to h
density p21 and exchange couplingJpd

4 . We find that in
typical situations a straine0 of only ;1% is sufficient to
overwhelm the cubic anisotropy of strain-free samples.
conclude in Sec. VI with a discussion of the implications
these calculations for the interpretation of present exp
ments, and with some suggestions for future experiments
could further test the appropriateness of the model used h

II. FORMAL THEORY

Our theory is based on an envelope-function descrip
of the valence-band electrons, and a spin representation
their kinetic-exchange interaction11 with localized d
electrons12 on the Mn11 ions:

H5Hm1Hb1Jpd(
i ,I

SW I•sW id~rW i2RW I !, ~1!

where i labels a valence-band hole andI labels a magnetic
ion. In Eq. ~1!, Hm describes the coupling of magnetic ion
with total spin quantum numberJ55/2 to an external field
~if one is present!, SW I is a localized spin,sW i is a hole spin, and
Hb is either a four- or six-band envelope-functio
Hamiltonian13 for the valence bands. In this paper we do n
consider external magnetic fields soHm→0. The four-band
Kohn-Luttinger model describes only the total angular m
mentumj 53/2 bands, and is adequate when spin-orbit c
pling is large and the hole densityp is not too large. As
discussed later, in the case of GaAs, a four-band model
fices for p&1018 cm23. In III 12xMnxV semiconductors, the
four j 53/2 bands are separated by a spin-orbit splittingDso
from the two j 51/2 bands. In the relevant range of hole a
Mn11 densities, no more than four bands are ever occup
Nevertheless, mixing betweenj 53/2 andj 51/2 bands does
occur, and it can alter the balance of delicate cancellati
that often controls the net anisotropy energy. The excha
interaction between valence-band holes and localized
05441
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ments is believed to be antiferromagnetic,11 i.e., Jpd.0. For
GaAs, experimental estimates14–17 of Jpd fall between
0.04 eV nm3 and 0.15 eV nm3, with more recent work sug-
gesting a value toward the lower end of this range.

The form of the valence band for Bloch wave vectors n
the zone center in a cubic semiconductor follows fromk•p
perturbation theory and symmetry considerations.18 The
four-band (j 53/2) and six band (j 53/2 and 1/2! models are
known as Kohn-Luttinger Hamiltonians and their explic
form is given in the Appendix. The eigenenergies are m
sured down from the top of the valence band, i.e., they
hole energies. The Kohn-Luttinger Hamiltonian contains
spin-orbit splitting parameterDso and three other phenom
enological parameters,g1 , g2, andg3. These are accuratel
known for common semiconductors. For GaAs and InAs,
two materials in which III12xMnxV ferromagnetism has bee
observed, Dso50.34 eV and 0.43 eV, and (g1 ,g2 ,g3)
5(6.85,2.1,2.9) and (19.67,8.37,9.29), respectively. Mos
the specific illustrative calculations discussed below are p
formed with GaAs parameters.

Our calculations are based on the Kohn-Luttinger Ham
tonian and on a mean-field theory in which correlations
tween the local-moment configuration and the itinerant c
rier system are neglected. We comment later on limits
validity of this approximation. There are a number of equiv
lent ways of developing this mean-field theory formally.
the following paragraphs we present a view that is con
nient for discussing magnetic anisotropy.

In the absence of an external magnetic field, the partit
function of our model may be expressed exactly as
weighted sum over magnetic impurity configurations spe
fied by a localized spin quantization axis,M̂ , and azimuthal
spin quantum numbersmI :

Z5(
mI

exp~2Fb@mI #/kBT!, ~2!

whereFb@mI # is the valence-band-free energy for holes th
experience an effective Zeeman magnetic field

hW ~rW !@mI #52JpdM̂(
I

mId~rW2RW I !. ~3!

The mean-field theory consists of replacinghW (rW)@mI # by its
spatial average for each magnetic impurity configurati
thereby neglecting correlations between spin distributions
local-moment and hole subsystems. The effective Zeem
magnetic field experienced by the holes then depends
on M̂ , the direction of the local-moment orientation, and t
mean azimuthal quantum number averaged over all lo
moments,M:

hW MF~M !5JpdNMnMM̂[hM̂, ~4!

whereNMn5NI /V is the number of magnetic impurities pe
unit volume. The mean-field partition function is

ZMF~M !5exp$@NITs~M !2Fb~hW !#/kBT%, ~5!

where the entropy per impurity is defined by
8-2
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s~M !5kB lim
NI→`

lnF(
mI

dS (
I

mI2NIM D G
NI

, ~6!

and Fb(hW ) is the free energy of a system of noninteracti
fermions with single-particle HamiltonianHb2hM̂•sW.

Following standard ‘‘large number’’ arguments,s(M ) is
readily evaluated by considering an auxiliary system cons
ing of magnetic impurities coupled only to an external ma
netic field H. For this model problem, a familiar exercise19

gives the result

M ~H !5JBJ~x!, ~7!

wherex5gLmBHJ/kBT, gL is the Lande´ g factor of the ion,
mB is the electron Bohr magneton, and

BJ~x!5
2J11

2J
coth@~2J11!x/2J#2

1

2J
coth~x/2J! ~8!

is the Brillouin function. The Brillouin function is a one-to
one mapping between reduced fieldsx in the interval@0,̀ #
and reduced magnetizationsM /J in the interval@0,1#; the
inverse functionBJ

21 mapsM /J to x. Since the magnetiza
tion maximizess(M )1gLmBHM /kBT,

ds~M !

dM
52gLmBH/kBT. ~9!

Equation~9! can be used to eliminateH and arrive at the
following explicit expression fors(M ):

s~M !5kBE
BJ

21(M /J)

`

dxx
dBJ~x!

dx
. ~10!

The entropy per impurity vanishes forM5J55/2 because
there is a single configuration with( ImI5NIJ, and ap-
proaches ln(2J11)'1.79 for M→0.

The mean polarization of the localized spins at a giv
temperature and for a given orientation of the local mome
is determined by minimizing the mean-field free energy

FMF~M !52kBTlnZMF~M !

5Fb~hW 5NMnJpdMM̂ !2kBTNIs~M !, ~11!

with respect toM. Setting the derivative to zero gives

ds~M !

dM
5

Jpd

kBTV

dFb~hM̂!

dh
. ~12!

Comparing with Eq.~9!, it follows that FMF(M ) is mini-
mized byM5JBJ(gLmBHeffJ/kBT)5JBJ(xeff), where

xeff[
gLmBHeff

kBT
52

Jpd

VkBT

dFb~hM̂!

dh
. ~13!

It follows that h5NMnJpdM is determined by solving the
self-consistent equation

h5NMnJpdJBJ@xeff~h!#. ~14!
05441
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Note that

dFb~hM̂!

dh
5^SW tot•M̂ &, ~15!

whereStot is the total hole spin, and the angle brackets in
cate a thermal average for the noninteracting valence-b
system. Since the valence-band system experiences an e
tive Zeeman coupling with strength proportional toh and
direction2M̂ , it is clear that the right-hand side of Eq.~15!
is negative in sign and that its magnitude increases mo
tonically with h, making it easy to solve Eq.~14! numeri-
cally.

To simplify the calculations presented in subsequent s
tions, we take advantage of the fact that temperatures
interest are almost always considerably smaller than the
erant carrier Fermi energy. This allows us to replaceFb(hW )
by the ground-state energyEb(hW ). Then, using Eq.~13! and
Eq. ~11!, a single calculation ofEb(hM̂) over the range from
h50 to h5NMnJpdJ may be used to determine the loca
moment magnetizationM (T) and the free energyF(T)
5FMF@M (T)# at all temperatures.

The mean-field theory critical temperature can be ide
fied by linearizing the self-consistent equation at smallh. We
find that

kBTc~M̂ !52
J~J11!

3

NMnJpd
2

V

d2Fb~hM̂!

dh2 U
h50

. ~16!

The second derivative of the valence-band free energy w
respect to field is proportional to its Pauli spin susceptibili
which is, in turn, proportional to the valence-band density
states at the Fermi energy, and top1/3 at small p. In the
absence of strain, it follows from cubic symmetry that t
right-hand side of Eq.~16! is independent ofM̂ . Below the
critical temperature, however, the mean-field free ene
does depend onM̂ ; this dependence is the magnetic anis
ropy energy we wish to calculate. We will see that the d
pendence of the anisotropy energy on hole density is v
different from that of the critical temperature.

III. MAGNETIC ANISOTROPY IN THE STRONG
EXCHANGE COUPLING LIMIT

Our mean-field theory simplifies at low temperatures a
for the four-band model, simplifies further whenh is much
larger than the characteristic energy scale of occupied Ko
Luttinger states. A convenient typical energy scale is theh
50 hole Fermi energyeF0. For a given value ofNMnJpd the
largest value ofh is reached atT50. Then, sinceHeff is
always nonzero,xeff→` and the solution to the mean-fiel
equations isM5J, implying thath5NMnJpdJ for every ori-
entationM̂ . At T50 there is no entropic contribution to th
free energy and

FMF~T50!5Eb~hW 5NMnJpdJM̂!. ~17!
8-3
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We note in passing that the magnetization density atT50
has contributions from the localized spins and the itiner
spins:

Ms~T50!52mBJNMn1
k

3V
^SW tot•M̂ &, ~18!

wherek is an additional parameter of the Luttinger mod
Because of the antiferromagnetic exchange interaction,
two terms here will tend to have opposite signs with the fi
term, which is independent of hole density, typically ve
dominant. For h@eF0 two further simplifications occur
When the splitting of the hole bands by the effective Zeem
coupling is sufficiently large, or the hole densityp is suffi-
ciently small, only the lowest energy hole band will be o
cupied. Furthermore, the effective Zeeman term will dom
nate the mean-field single-particle Hamiltonian and, as
detail below, the envelope-function spinor for this occup
hole state has a simple analytic expression. In this section
assume that the spin-orbit splitting energyDso is much larger
than all other energies so that we can work with a four-ba
model. More generally, the anisotropy will depend
h/Dso , even in the limit of small hole densities.

To judge whether or not this limit can be achieved
practice, we estimate the Fermi energy of holes using
spherical approximation20 in which the doubly degenerateh50
bulk heavy-hole and light-hole bands are parabolic with mas

mh5m/(g122ḡ);0.498m and ml5m/(g112ḡ);0.086m, re-
spectively. An elementary calculation then gives

eF05
\2

2m S 3p2p

2 D 2/3

ḡ0 , ~19!

wheren5Nh /V is the free-carrier density and

ḡ05F ~g122ḡ !23/21~g112ḡ !23/2

2
G22/3

. ~20!

For GaAsḡ0;3.05, the Fermi energy is the same as that
a system with four identical effective massm/g0 bands.
Typical high-Tc Ga12xMnxAs ferromagnetic semiconducto
samples havep;0.1 nm23 andNMn;1.0 nm23 (x;0.05),
although these parameters can presumably be varied wid
Choosing aJpd value in the midrange of estimated valu
(;0.006 Ry nm3) these parameters imply thath;0.015 Ry
and eF0;0.01 Ry. h is neither large compared toeF0, nor
small compared toDso . Thus, the simple expressions di
cussed in this section are not accurate for current highTc
systems. As our ability to engineer materials improves
should, however, be possible to grow samples thatare in the
limit discussed here. Sinceh is comparable toeF0, we know,
even before performing detailed calculations, that valen
band quasiparticle spectra in paramagnetic and ferromag
states will differ qualitatively.

In the large-h limit the lone occupied spinor at each wav
vector kW will be the member of thej 53/2 manifold for
which the total angular momentum is aligned in the direct
2M̂ ; the origin of the minus sign here is the antiferroma
netic nature of the interaction between localized spins
05441
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hole spins. Explicit expressions for the expansion of suc
spin coherent state in terms of the eigenstates ofj z are
known:21

u2M̂ &5u3u3/2&1A3@u2vu1/2&1uv2u21/2&] 1v3u23/2&.
~21!

In Eq. ~21! u52 iexp(2if/2)sin(u/2) and v
5 iexp(if/2)cos(u/2), whereu andf are the spherical coor
dinates that specify the unit vector2M̂ . In the largeh/eF0
limit, the band term in the single-particle Hamiltonian ma
be treated using first-order perturbation theory. Taking
expectation value of the Kohn-Luttinger Hamiltonian in th
spin coherent state, we find that

e~kW !52
h

2
1^2M̂ uHL~kW !u2M̂ &[2

h

2
1

\2k2

2m
g~M̂ ,k̂!.

~22!

The first term on the right-hand side of Eq.~22! reflects the
spin coherent state property,22 M̂•su2M̂ &52u2M̂ &/2. In
Eq. ~22! we have noted that for anyM̂ and anyk̂, the depen-
dence of hole energy onk5ukuW is quadratic. Using this prop
erty, it follows that the Fermi energy

eF~M̂ !5
\2

2m
~6p2p!2/3ḡ~M̂ !, ~23!

and that the ferromagnetic ground-state energy density i

Eb~MW !

V
52

hp

2
1

3

5
peF~M̂ !, ~24!

where

ḡ~M̂ ![S E dk̂

4p
@g~M̂ ,k̂!#23/2D 22/3

. ~25!

In analogy with theh50 quantityḡ0 defined in Eq.~20!,
ḡ(M̂ ) is an average of the band-energy curvature over re
rocal space directionsk̂, with the smaller values ofg(M̂ ,k̂)
weighted more heavily. Note that the factor 3p2/2 in Eq.
~19! is replaced by 6p2 in Eq. ~23! because only one band i
occupied in this limit, instead of the four that are occupied
h50. m/ḡ(M̂ ) may be thought of as a spin-orientatio
dependent effective mass, which is readily evaluated a
function of M̂ , given the Luttinger parameters of any mat
rial. Although the magnetic condensation energy has a t
proportional toJpd , only the band energy contributes to th
M̂ dependence of the ferromagnetic ground-state ene
The magnetic anisotropy energy in this limit is independ
of Jpd and proportional to the hole densityp to the 5/3
power.

We have evaluatedg(M̂ ) as a function of angle for the
Luttinger parameters of GaAs and InAs. As discussed
more detail later, we always find that magnetic anisotropy
the absence of strain is well described by a cubic harmo
expansion truncated at sixth order, an approximation co
8-4
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monly used in the literature23 on magnetic materials. Th
corresponding cubic harmonic expansion forḡ(M̂ ) is

ḡ~M̂ !5ḡ~^100&!1g1
ca~M̂ x

2M̂ y
21M̂ y

2M̂ z
21M̂ x

2M̂ z
2!

1g2
caM̂ x

2M̂ y
2M̂z

2 . ~26!

In our calculations we find thatḡ(M̂ ),g1 for all directions
M̂ . This property reflects the fact that small curvature~large
Fermi wave vector! directions are weighted more highly i
calculating the total hole energy. For both InAs and GaAs
find that the dominant fourth-order cubic anisotropy coe
cient, g1

ca,0, indicating nickel-typeanisotropy with easy
axes along thê111& cube diagonal directions. At a qualita
tive level, the source of the higher total hole energy when
moment orientation is along â001& ~cube edge! direction is
easy to understand. With such a moment orientation, the
cupied hole orbital hasj z523/2 and energy dispersio
given by Hhh(kW ) in Eq. ~A9!. It follows that g(M̂

5^100&,k̂) has the relatively large valueg11g2 for all ori-
entations of k̂ in the x̂- ŷ plane. These large values o
g(M̂ ,k̂) are important in the average and cause the ave
over k̂ to reach its maximum for this orientation ofM̂ .

The cubic magnetic anisotropy energy coefficients in t
limit are given by

Ki
ca51

3

5
p

\2

2m
~6p2p!2/3g i

ca . ~27!

Values ofg i
ca for GaAs and InAs are listed in Table I. W

will see later that these expressions apply up top
;1018 cm23. Inserting this value for the hole density give
coefficients ;2 kJ m23 for GaAs host material and
;4 kJ m23 for InAs host materials; magnetic anisotropy
twice as strong in InAs in the strain-free case. These ani
ropy energy coefficients are not so much smaller than th
of the cubic metallic transition metal ferromagnets, desp
the much higher carrier densities in the metallic case.
will see below that the scale of the semiconductor magn
anisotropy energy does not change as the carrier densit
creases from 1018cm23 to ;1021 cm23. The relatively large
anisotropy energies occur despite the fact that the satura
momentsMs of III 12xMnxV ferromagnets are more than a
order of magnitude smaller than their cubic metal coun
parts. It follows from these values that the magnetic hardn
parameters of the III12xMnxV ferromagnets,

TABLE I. High-symmetry direction moment-orientation
dependent average Luttinger parameters and their cubic harm
expansions for GaAs and InAs-based III12xMnxV ferromagnetic
semiconductors. These parameters specify theT50 magnetic an-
isotropy energy in the limit of large spin-orbit splitting and larg
exchange-coupling parameter (Jpd) or small-hole densityp.

Host ḡ^100& ḡ^110& ḡ^111& g1
ca g2

ca

GaAs 5.965 5.088 4.639 23.509 24.24
InAs 13.207 10.854 9.705 29.412 29.84
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k;F K1
ca

m0Ms
2G 1/2

, ~28!

will typically be larger than 1. This is unusual in cubic m
terials and occurs because spin-orbit coupling has a m
stronger influence on semiconductor valence bands than
transition metald bands.

As we discuss at length in Sec. V, magnetic anisotro
does not continue to increase rapidly with hole density o
two or more bands are occupied in the metallic state.
current high-Tc samples, we will find that several bands a
always occupied, even at zero temperature. The simple l
discussed in this section demonstrates that anisotropy e
gies,T50 saturation moments, and critical temperatures w
have radically different dependencies on engineerable
rameters.

IV. STRAIN DEPENDENCE OF MAGNETIC
ANISOTROPY: LOW-HOLE DENSITY LIMIT

Because of the low solubility of Mn in III-V semiconduc
tors, III12xMnxV materials withx large enough to produce
cooperative magnetic effects cannot be obtained by equ
rium growth. The molecular beam epitaxy~MBE! growth
techniques that have been successfully developed24 produce
III 12xMnxV films whose lattices are locked to those of the
substrates. X-ray diffraction studies3 have established tha
the resulting strains are not relaxed by dislocations or ot
defects, even for thick films. Strains in the III12xMnxV film
break the cubic symmetry assumed in the previous sect
Fortunately, the influence of MBE growth lattice-matchin
strains on the hole bands of cubic semiconductors is w
understood.18,25For the^001& growth direction used to creat
III 12xMnxV films, strain generates a purely diagonal cont
bution to the four-band single-particle envelope-functi
Hamiltonian in the representation we use in this paper, a
ing contributionsdeh and de l , respectively, toj z563/2
heavy-hole andj z561/2 light-hole entries. The energ
shifts are related to the lattice strains by18

deh5
e0

C11
F22a1~C112C12!2

a2

2
~C1112C12!G , ~29!

de l5
e0

C11
F22a1~C112C12!1

a2

2
~C1112C12!G , ~30!

wheree0 is the in-plane strain produced by the substrate-fi
lattice mismatch:

e05
aS2aF

aF
. ~31!

In Eqs. ~29!–~31!, the Ci j are the elastic constants of th
unstrained III12xMnxV film, which we will assume to be
identical to those of the host III-V material,aS is the lattice
constant of the substrate on which the III12xMnxV film is
grown, aF is the unstrained lattice constant of bu
III 12xMnxV, anda1 anda2 are phenomenological deforma
tion potentials whose values for common III-V semicondu

nic
8-5
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tors are known. For the six-band model the strain Ham
tonian includes off-diagonal elements and is given up t
constant times the unit matrix by

Hstrain5Ge01
0 0 0 0 0 0

0 1 0 0 0
1

A2

0 0 1 0 2
1

A2
0

0 0 0 0 0 0

0 0 2
1

A2
0

1

2
0

0
1

A2
0 0 0

1

2

2 ,

~32!

whereG5(e l2eh)/e05a2(C1112C12)/C11. For GaAs and
InAs, G520.2382 Ry and20.2762 Ry, respectively.18

As in the previous section, we can derive an explicit e
pression for the strain contribution to the magnetic anis
ropy energy whenh@eF0 and h@G, allowing band and
strain terms to be treated as a perturbative correction to
effective Zeeman coupling, andh!Dso , allowing a four-
band model to be used. In this way we obtain

Estrain~M̂ !

V
5

p

4
@3deh1de l #1

3pcos2u

4
@deh2de l #.

~33!

Strain produces a uniaxial contribution to the magnetic
isotropy of III12xMnxV films that favors orientations alon
the growth direction when strain shifts heavy holes do
relative to the light holes and orientations in the plane in
opposite circumstance. Using Eq.~29! and Eq.~30! and de-
formation potential elastic constant values,18 we find that a
contribution to the energy density given byKstrainsin2(u),
where the uniaxial anisotropy constant isKstrain5
20.36 Rye0p for GaAs and Kstrain520.41 Rye0p for
InAs. Sincea2,0, compressive strain (e0,0) lowers the
heavy-hole energy relative to the light-hole energy and
vors moment orientations in the growth direction, while te
sile strain (e0.0) favors moment orientations perpendicu
to the growth direction. Since the lattice constant
Ga12xMnxAs is larger2 than that of GaAs, while that o
In12xMnxAs is smaller than that of InAs, Ga12xMnxAs on
GaAs is under compressive strain and In12xMnxAs on InAs
is under tensile strain. Assuming3 Vergard’s law, e0
50.0004 ande0520.0028 for InAs and GaAs, respectivel
at x50.05. Forp51023 nm23, a density for which this low-
density result is still reasonably reliable, we find th
Kstrain520.36 kJ m23 for InAs andKstrain52.2 kJ m23 for
GaAs. At these densities, strain and cubic band contribut
are comparable in GaAs, but the latter contribution is do
nant in the InAs case.
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Strain-induced anisotropy energies can be modified
growing the magnetic film on relaxed buffer layers. Th
effect has been demonstrated26 by Ohnoet al. who showed
that the easy axis for Ga12xMnxAs films changes from in
plane to growth direction when the substrate is changed f
GaAs to relaxed~In,Ga!As buffer layers. For 15% In, the
magnetic film strain changes from compressivee05
20.0028 to tensilee050.0077 when this change is mad
We note that the sense of this change is opposite to
predicted by our largeh, small p analytic result which pre-
dicts that compressive strains favor growth direction orien
tions. Similarly, In12xMnxAs on InAs is under a small ten
sile strain but is observed to have a growth direction e
axis. ~Recall that in the large-h limit the band anisotropy
makes the growth direction the hard axis.! This distinction
may be taken as an experimental proof that several h
bands are occupied in the magnetic ground state of th
materials. The strain anisotropy energydoeschange sign at
smaller values ofh partly because the first band to be d
populated has primarily heavy-hole character. We will see
the next section that the mean field does predict the cor
sign for the strain anisotropy energy at experimental h
densities. We conclude from the present considerations
strain can play a strong role in band-structure engineering
III 12xMnxV ferromagnet magnetic properties.

V. PARTIALLY POLARIZED HOLE BAND STATES:
MAGNETIC ANISOTROPY IN THE GENERAL CASE

The results forFb(hM̂) discussed in the previous sectio
become accurate when the effective Zeeman couplingh is
large enough to reduce the number of occupied hole band
one, and the Fermi energy remains safely smaller than
spin-orbit splitting. The situation is much more complicat
at smallerh and larger hole densities. Then several bands
occupied, even atT50, and these usually give competin
contributions to the magnetic anisotropy. It isnot true in
general that band and strain contributions to the magn
anisotropy are simply additive. We expect that it will eve
tually be possible to realize a broad range of material par
eters, and hence a broad range ofh values, in III12xMnxV
ferromagnets. The range of possibilities is immense, and
curate modeling of a particular sample will require accur
values forp, Jpd , andNMn for that material.

In this section we discuss a series of illustrative calcu
tions, starting with ones performed using a four-band mo
of strain-free Ga12xMnxAs at hole densityp50.1 nm23.
The valence-band energy density is

Eb

V
5

1

V (
k

(
j 51

Nb

u„eF2e j~k,hW !…e j~k,hW !, ~34!

whereeF is the Fermi energy,kW is the Bloch wave vector,
and the mean-field-theory quasiparticle energiese j (k,hW ) are
eigenvalues of theNb3Nb single-particle Hamiltonian (Nb
is the number of bands included in the envelope-funct
Hamiltonian!

Hb5HL1hW •sW1Hstrain . ~35!
8-6
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For a strain-free model we setHstrain50. In Fig. 1 we plot
the calculated spin polarization per hole as a function ofh for
a growth direction field orientation; recall that this quant
can be obtained by differentiating the energy per hole w
respect toh and that the effective field seen by the localiz
spins is obtained by multiplying this quantity byJpdp. The
hole spin polarization increases linearly at smallh with a
slope proportional to the valence-band Pauli susceptibi
We see that for the hole density of Fig. 1, complete hole s
polarization is approached only at values ofh comparable to
or larger than the spin-orbit splitting of GaAs, so that t
four-band model is not physical in this regime. For any giv
model, and a given moment orientation, asinglecalculation
of this type provides all the microscopic information r
quired to solve the mean-field equations at all temperatu

For fixed values ofJpd , NMn , andp, h must be evaluated
as a function of temperature by solving the self-consist
mean-field equation, Eq.~14!, and using numerical result
like those plotted in Fig. 1. ForJpd50.15 eV nm3, NMn
51 nm23, and p50.1 nm23 the critical temperatureTc

@h(T)50 for T.Tc# is ;100 K, in rough agreement with
experiment. There are, however, other choices of parame
that are also consistent with the measured critical temp
ture. In addition, as we discuss further in the next section
is not clear that this level of theory should always yield a
curate results forTc .

At T50, h reaches its maximum value,JpdNMnJ
;0.0275 Ry. The dependence of energy on magnetiza
orientation at this value ofh is illustrated in Fig. 2 and com
pared with the cubic harmonic expansion truncated at s
order. The coefficients of this expansion are fixed by ene
per volume calculations in̂100&, ^110&, and ^111& direc-
tions. In Fig. 2, and in all other cases we have checked,
truncated cubic harmonic expansion is very accurate. I
therefore sufficient to evaluate the energy per volume in
high-symmetry directions and to use

K1
ca5

4~Eb^110&2Eb^100&!

V

K2
ca5

27Eb^111&236Eb^110&19Eb^100&
V

. ~36!

FIG. 1. Valence-band spin per hole as a function of effect
Zeeman field strengthh.
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Results forKi
ca(h) obtained for the four-band model in thi

way are summarized in Fig. 3. These results can be c
bined with the calculated temperature dependence of the
fective Zeeman coupling to obtain the model’s cubic anis
ropy coefficients as a function of temperature, hole dens
and h. Here we see explicitly the anisotropy reversals th
commonly accompany hole band depopulations. We not
Fig. 3 that the analytic results of Sec. III are recovered o
for very large values ofh at this density.

The valence-band Fermi surfaces of III12xMnxV ferro-
magnets will be strongly dependent on both temperature
moment direction orientation. Four-band model Fermi s
face intersections with thekz50 plane are illustrated in Figs
4 and 5 forp50.1 nm23 at h50 andh50.01 Ry, respec-
tively. Both figures are for moments oriented in the^100&
direction. Theh50.01 Ry value is theT50 effective field
(JpdNMnJ) for x50.05 andJpd at the low end of literature
estimates. (Jpd50.05 eV nm3.! These two figures represen
the mean-field-theory Fermi surfaces at two different te
peratures. In the spherical approximation, theh50 Fermi

e

FIG. 2. Hole energy per particle in units ofh as a function of
magnetization orientation forh50.0275 Ry). The solid line is a
cubic harmonic expansion fit to these results truncated at sixth
der. At this value ofh, three hole bands are partly occupied and t
easy axes are the cube edge directions.

FIG. 3. The dependence of the crystalline anisotropy coe
cients, K1

ca(h) and K2
ca(h) on h for a four-band model withp

50.1 nm23.
8-7
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ABOLFATH, JUNGWIRTH, BRUM, AND MacDONALD PHYSICAL REVIEW B63 054418
energy at this hole density iseF0;0.01 Ry, so a strong dis
tortion of the bands is expected in the magnetic state. Ah
50, the hole bands occur in degenerate pairs; we refer to
two less dispersive bands that occupy the larger areak̂
space as heavy-hole bands, although this terminology la
precise meaning in the general case. Ash increases, both
heavy- and light-hole bands split. For smallh, the minority-
spin heavy-hole band occupation decreases rapidly and
other band occupations increase. The heavy-hole mino
spin band is completely depopulated forh;0.04 Ry. Once
this band is empty, the light-hole minority-spin Fermi rad
begin to shrink rapidly. At still stronger fields, the majorit
spin light-hole band is depopulated and the single-band l
addressed in preceding sections is achieved. Forp

FIG. 4. Fermi surface intersection with thekz50 plane for a
four-band model withp50.1 nm23 and h50. Doubly degenerate
heavy-hole~larger contour! and light-hole~smaller contour! bands
are occupied.

FIG. 5. Intersection of the Fermi surface and thekz50 plane for
a four-band model withp50.1 nm23 andh50.01 Ry. This value
of h solves the mean-field equations atT50, NMn51 nm23, and
Jpd50.05 eV nm3, which is near the lower experimental estimate17

for the exchange coupling constant.~For Jpd50.15 eV nm3 this
value ofh solves the mean-field equations atT585 K). The mag-
netization orientation is along thê100& direction. Heavy-hole and
light-hole bands are split at nonzeroh.
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50.1 nm23, the single-band limit is achieved only ath val-
ues for which the four-band model breaks down.

Finally, we turn to a series of illustrative calculations i
tended to closely model the ground state of Ga0.95Mn0.05As.
For this Mn density and the smaller values ofJpd favored by
recent estimates,h(T50)5JpdNMnJ;0.01 Ry. This value
of h is not so much smaller than the spin-orbit splitting p
rameter in GaAs (Dso50.025 Ry), so that accurate calcul
tions require a six-band model. Even withx fixed, our calcu-
lations show that the magnetic anisotropy of Ga0.95Mn0.05As
ferromagnets is strongly dependent on both hole density
strain. The hole density can be varied by changing grow
conditions or by adding other dopants to the material, a
strain in a Ga0.95Mn0.05As film can be altered by changin
substrates as discussed previously. The cubic anisotropy
efficients~in units of energy per volume! for strain-free ma-
terial are plotted as a function of hole density in the inset
Fig. 6; the main plot shows the coefficients in units of ener
per particle. Over the density rangep,0.05 nm23, four- and
six-band models are in good agreement. We see from
result that the asymptotic low-density region where the
isotropy energy varies asp5/3 holds only for p
,0.005 nm23 at this value ofh. The easy axis is nearly
always determined by the leading cubic anisotropy coe
cient K1

ca , except near values ofp where this coefficient
vanishes. As a consequence the easy axis in strain-
samples is almost always either along one of the cube e
directions (K1

ca.0), or along one of the cube diagonal d
rections (K1

ca,0). Transitions in which the easy axis move
between these two directions occur twice over the range
hole densities studied.~Similar transitions occur as a func
tion of h, and therefore temperature, for fixed hole densit!
Near the hole density 0.01 nm23, both anisotropy coeffi-
cients vanish and a fine-tuned isotropy is achieved. T
slopes of the anisotropy coefficient curves vary as the nu
ber of occupied bands increases from 1 to 4 with increas
hole density.

Six-band model Fermi surfaces are illustrated in Figs
and 8 by plotting their intersections with thekz50 plane at
p50.1 nm23 for the cases of̂100&- and^110&-ordered mo-
ment orientations. Comparing Fig. 5 and Fig. 7, which dif
only in the band model employed, we see that there i

FIG. 6. Six-band model,h50.01 Ry, results for the cubic mag
netic anisotropy coefficients in units of Rydberg per particle~main
plot! and in kJ per m3 ~inset!.
8-8
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marked difference between the majority-spin heavy-h
bands in four- and six-band cases. For the six-band mo
quasiparticle dispersion is particularly slow, leading to lar
Fermi radii along thê 110& directions. The large and mor
anisotropic mass is a consequence of mixing with the sp
off hole bands. This effect occurs for all ordered mome
orientations, although the details of the small minority ba
Fermi surface projections change markedly. The depende
of quasiparticle band structure on ordered moment orie
tion, apparent in comparing these figures, should lead
large anisotropic magnetoresistance effects in III12xMnxV
ferromagnets. We also note that in the case of cube e
orientations, the Fermi surfaces of different bands inters
This property could have important implications for the d
cay of long-wavelength collective modes.27

In Fig. 9 we present mean-field theory predictions for t
strain dependence of the anisotropy energy ath50.01 Ry
and hole densityp50.35 nm23. According to our calcula-
tions, the easy axes in the absence of strain are along
cube edges in this case. This calculation is thus for a h

FIG. 7. Six-band model Fermi surface intersections with
kz50 plane forp50.1 nm23 andh50.01 Ry. This figure for mag-
netization orientation is along thê100& direction.

FIG. 8. Six-band model Fermi surface intersections with
kz50 plane for the parameters of Fig. 7 and magnetization or
tation along thê 110& direction.
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density approximately three times smaller than the Mn d
sity, as indicated by recent experiments. The relevant va
of e0 depends on the substrate on which the epitax
Ga0.95Mn0.05As film is grown, as discussed in Sec. IV. Th
most important conclusion from Fig. 9 is that strains as sm
as 1% are sufficient to completely alter the magnetic anis
ropy energy landscape. For example, for~Ga,Mn!As on
GaAs, e0520.0028 atx50.05, the anisotropy has a rela
tively strong uniaxial contribution even for this relative
modest compressive strain, which favors in-plane mom
orientations, in agreement with experiment. A relative
small (;1 kJ m23) residual plane anisotropy remains th
favors ^110& over ^100&. For x50.05 ~Ga, Mn!As on a x
50.15 ~In, Ga!As buffer the strain is tensile,e050.0077,
and we predict a substantial uniaxial contribution to the
isotropy energy that favors growth direction orientation
again in agreement with experiment. For the tensile case
anisotropy energy changes more dramatically than for co
pressive strains due to the depopulation of higher subba
as shown in Fig. 10. At large tensile strains, the sign of
anisotropy changes emphasizing the subtlety of these eff
and the latitude that exists for strain engineering of magn
properties.

VI. DISCUSSION

We first comment on the implications of the conside
ations described in this paper for the interpretation of curr
experiments. The hysteretic effects that reflect magnetic
isotropy have been studied most extensively for the high
Tc samples currently available. These mean-field-theory p
dictions depend on three phenomenological paramet
NMn , which is sample dependent but accurately known;Jpd ,
which should be nearly universal for a given III-V host com
pound but is less accurately known; and the hole densitp,
which is sample dependent and not accurately known. V
ues ofJpd and p must be inferred from experiment, som
times by comparison with theoretical pictures that are not

e

e
-

FIG. 9. Energy differences amonĝ001&, ^100&, ^110&, and
^111& magnetization orientations versus in-plane straine0 at h
50.01 Ry andp50.35 nm23. For compressive strains (e0,0) the
systems has an easy magnetic plane perpendicular to the gr
direction. For tensile strains (e0.0) the anisotropy is easy axi
with the preferred magnetization orientation along the growth dir
tion. The anisotropy changes sign at large tensile strain.
8-9
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fully developed. The reliability ofJpd and p estimates is
improving and presumably will continue to improve. It no
seems clear that the values ofJpd and p in current high-Tc
samples are such that several hole bands are partially o
pied in the ferromagnetic ground state. In this case, we
from Fig. 3 that our calculations predict cube edge easy a
that include the growth direction. The anisotropy energ
are typically ;1026 Ry nm23;1 kJ m23. Similar anisot-
ropy energies are produced by strains as small ase0
;0.001 and more typical strains produce larger anisotr
energies. An important conclusion from this work is th
strain contributions to the anisotropy will not normally b
negligible.

We believe that the in-plane easy axis observed
Ga12xMnxAs films grown on GaAs is a consequence
compressive strain in the magnetic film that dominates
cubic band anisotropy energy. When Ga12xMnxAs is grown
on ~In, Ga!As, the lattice-matching strain is tensile, reinfor
ing the growth direction easy-axis anisotropy of strain-fr
samples.~As discussed earlier, the signs of both strain a
cubic band contributions to strain change when the light-h
bands are depopulated.! We note that in our calculations, th
cubic band anisotropy is almost always dominated by
fourth cubic harmonic coefficient. Given this, it follows th
only the cube edge easy axes that includes the growth d
tion axis, and cube diagonal axes that are not in the fi
plane, are possible without strain.

Since the local moments are fully polarized in the fer
magnetic ground state, it is easy to estimate the satura
momentMs;NMngLmBJ, leading to the relatively small nu
merical valuem0Ms;0.05T. It follows that the growth di-
rection orientation magnetostatic energy,;m0Ms

2

;0.1 kJ m23, is considerably smaller than the magnetocr

FIG. 10. Third and fourth-band densities for^100&, ^111&, and
^001& magnetization orientations versus in-plane straine0 at h
50.01 Ry andp50.35 nm23. Curves for thê 110& magnetization
orientation~not shown here! are similar to those for thê100& ori-
entation.
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talline anisotropy coefficient. Even when several hole ba
are occupied with competing spin-orbit interactions, the
materials have relatively large magnetic hardness par
eters. Unlike the case of metallic thin film ferromagnets th
have much larger saturation moments, the magnetos
shape anisotropyplays a minor role in the dependence
total energy on moment orientation. The small saturat
moment will also tend to lead to large domain sizes a
square easy-axis direction hysteresis loops, as seen in ex
ment.

Coercivities can be estimated28 from the anisotropy fields
defined by

m0Ha;m0Ms

K

m0Ms
2

. ~37!

For hard magnetic materials, anisotropy fields are mu
larger than saturation magnetizations. The itinerant fi
places an upper bound on, and is expected to scale with
coercivity. Our calculations suggest that the coercivity in f
romagnetic samples with a single partially occupied h
band will be immensely larger than the coercivity of curre
samples. Such samples could be fabricated, for example
adding donors such as Si to current samples, further com
sating the Mn acceptors. According to mean-field theory, t
modification in the sample preparation procedure will low
the ferromagnetic critical temperature, and, at the same ti
increase the anisotropy energy.

Finally, we conclude with a few words of caution. Th
theory of magnetic anisotropy has three principal limitatio
~i! it is based on a mean-field theory description of the
change interaction between localized spins and valence-b
holes;~ii ! it neglects hole-hole interactions; and~iii ! it does
not account for disorder scattering of the itinerant hol
Confronting these weaknesses would in each case cons
ably complicate the theory, and we feel it is appropriate
seek progress by comparing the present relatively sim
theory with experiment. Nevertheless, it is worthwhile
speculate on where and how the theory may be expecte
fail.

Mean-field theory should be reliable when the range
the hole-mediated interaction between localized spins is l
and the spin-stiffness parameter that characterizes the en
of long-wavelength spin fluctuations is sufficiently larg
Considerations of this type suggest29 that mean-field theory
will fail at high temperatures unless the ratio of the ho
density to the localized spin density is small and the fieldh is
not too large compared to the Fermi energy. Sincep is typi-
cally smaller thanNMn because of antisite defects in low
temperature MBE growth samples, mean-field theory
likely to be reasonable at least atT50 in many ~III,Mn !V
ferromagnets.

Hole-hole interactions will clearly tend to favor the ferro
magnetic state by countering the band-energy cost of the
polarization. Because of strong spin-orbit coupling in the v
lence band, estimates based on many-body calculations
electron gas systems may be of little use in estimating
importance of this effect more quantitatively. Work is cu
rently in progress that should shed more light on t
8-10
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THEORY OF MAGNETIC ANISOTROPY IN III12xMnx . . . PHYSICAL REVIEW B63 054418
matter.30 Nevertheless, it seems likely that these interactio
will not have an overriding importance, at least in large h
density samples.

Finally, we come to disorder. It is clear from experime
that disorder does not have a qualitative impact on fr
carrier-mediated ferromagnetism even when those free c
ers have been localized by a random disorder potentia
seems likely that disorder will destroy the ferromagne
state only when the localization length becomes compar
to the distance between localized spins. On the other h
since elastic disorder scattering will mix band states w
different orientations on the Fermi surface, it also see
clear that a reduction in magnetic anisotropy energy m
result. Indeed the coercivities that follow from our aniso
ropy energy results appear to be larger than what is obser
As far as we are aware, no theory of this effect exists
present.
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APPENDIX

In the literature, different representations are used for
four-band and six-band model Kohn-Luttinger Hamiltonian
In the interest of completeness and clarity, this appen
specifies the expressions on which our detailed calculat
are based. Detailed derivations ofk•p perturbation theory
for cubic semiconductors can be found elsewhere.18

The k50 states at the top valence band havep-like char-
acter and can be represented by thel 51 orbital angular mo-
mentum eigenstatesuml&. In the coordinate representation w
can write

^r uml51&52
1

A2
f ~r !~x1 iy !,

^r uml50&5 f ~r !z, ~A1!

^r uml521&5
1

A2
f ~r !~x2 iy !.

The Kohn-Luttinger Hamiltonian for systems with no spi
orbit coupling,HL , is written in the representation of th
following combinations ofuml&:

uX&5
1

A2
~ uml521&2uml51&),

uY&5
i

A2
~ uml521&1uml51&), ~A2!

uZ&5uml50&.

It reads
HL5S Akx
21B~ky

21kz
2! Ckxky Ckxkz

Ckykx Aky
21B~kx

21kz
2! Ckykz

Ckzkx Ckzky Akz
21B~kx

21ky
2!
D , ~A3!
in-
o-
where

A52
\2

2m
~g114g2!,

B52
\2

2m
~g122g2!, ~A4!

C52
3\2

m
g3 ,
m is the bare electron mass, andg1 , g2, and g3 are the
phenomenological Luttinger parameters. To include sp
orbit coupling we use the basis formed by total angular m
mentum eigenstatesu j ,mj&:

u1&[u j 53/2,mj53/2&,

u2&[u j 53/2,mj521/2&,

u3&[u j 53/2,mj51/2&,
~A5!u4&[u j 53/2,mj523/2&,

u5&[u j 51/2,mj51/2&,

u6&[u j 51/2,mj521/2&.
8-11
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The basis~A5! is related to the orbital angular momentu
(ml51,0,21) and spin (s5↑,↓) eigenstates by

u1&5uml51,↑&,

u2&5
1

A3
uml521,↑&1A2

3
uml50,↓&,

u3&5
1

A3
uml51,↓&1A2

3
uml50,↑&,

u4&5uml521,↓&, ~A6!

u5&52
1

A3
uml50,↑&1A2

3
uml51,↓&,

u6&5
1

A3
uml50,↓&2A2

3
uml521,↑&,

or

u1&52
1

A2
~ uX,↑&1 i uY,↑&),
l-
re
ol

05441
u2&5
1

A6
~ uX,↑&2 i uY,↑&)1A2

3
uZ,↓&,

u3&52
1

A6
~ uX,↑&1 i uY,↑&)1A2

3
uZ,↑&,

~A7!

u4&5
1

A2
~ uX,↓&2 i uY,↓&),

u5&52
1

A3
~ uX,↓&1 i uY,↓&)2

1

A3
uZ,↑&,

u6&52
1

A3
~ uX,↑&2 i uY,↑&)1

1

A3
uZ,↓&.

The six-band model Kohn-Luttinger Hamiltonian,HL , in the
representation of vectors~A5! is
~A8!
In matrix ~A8! we highlighted the four-band model Hami
tonian. The Kohn-Luttinger eigenenergies are measu
down from the top of the valence band, i.e., they are h
energies and we use the following notation:

Hhh5
\2

2m
@~g11g2!~kx

21ky
2!1~g122g2!kz

2#, ~A9!

Hlh5
\2

2m
@~g12g2!~kx

21ky
2!1~g112g2!kz

2#,
d
e

Hso5
\2

2m
g1~kx

21ky
21kz

2!1Dso ,

b5
A3\2

m
g3kz~kx2 iky!,

c5
A3\2

2m
@g2~kx

22ky
2!22ig3kxky#,

d52
A2\2

2m
g2@2kz

22~kx
21ky

2!#.
8-12
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The four-band Kohn-Luttinger Hamiltonian can be diag
nalized analytically and yields a pair of Kramers doubl
with eigenenergies

«k5
Hhh1Hlh

2
7A1

4
~Hhh2Hlh!21ubu21ucu2.

In the spherical approximation20 (g2 ,g3→ḡ[0.6g2
10.4g3), the top of the valence band consists of two dou
degenerate parabolic bands with effective massesmh

5m/(g122ḡ);0.498m and ml5m/(g112ḡ);0.086m.
~An approximation, in which the light-hole bands, whic
have a much smaller density of states are ignored, is
equate for some purposes.!

The four-band and six-band representations for the h
spin-operator components read

~A10!
L
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