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Nonlinear magnetostatic surface waves of magnetic multilayers: Effective medium theory
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We present a nonlinear effective medium method to investigate properties of nonlinear surface magnetostatic
waves of magnetic superlattice films, or magnetic multilayers. In the third-order approximation, the nonlinear
expressions of alternating effective magnetization in the systems are obtained. On this basis, the nonlinear
coefficients, wave number, and frequency shifts of surface magnetostatic waves are calculated numerically. A
very interesting result is that magnetostatic surface envelope solitons are possible to exist in a certain frequency
range since the Lighthill criterion is satisfied in this range. In the meanwhile, we find that there is a basic
mistake in the previous theory related to the nonlinear surface magnetostatic waves of a single magnetic film.
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I. INTRODUCTION

In magnetic mediums, generally speaking, the effects
exchange interaction on the dispersion properties of s
waves can be ignored safely as the wavelengthl.1027 m,
then the dipolar interaction dominates the properties of s
waves and the magneto-optic properties of the mediums1 In
this situation, two kinds of spin-wave modes are more int
esting, known as the magnetostatic modes and reta
modes~or electromagnetic modes!. According to the presen
conditions of experiments and technologies, one is intere
in magnetostatic modes in ferromagnets, and intereste
retarded modes of antiferromagnets. The Brillouin light sc
tering technique can be used to study the magnetos
modes2,3 and the attenuated total refection~ATR! experimen-
tal method is available to the studies of retarded mode
antiferromagnets.4 Theoretically, the Maxwell’s equation
and boundary conditions can describe completely th
modes and determine their properties.1,5 In ferromagnets, the
motion of magnetization obeys the Landau–Lifshitz equat

]MW

]t
52gMW 3HW , ~1!

where the magnetizationM5M01m(t), and magnetic field
H5H01h(t). We assume that the alternating magnetizat
m(t) and magnetic fieldh(t) are small quantities, comparin
with M0 ~static magnetization! and H0 ~external magnetic
field!. For the linear approximation, there is the relationb
5mJ "h betweenh andb, wheremJ is called as the magneti
permeability tensor, obtained by linearizing Eq.~1!, which is

mJ511xJ5S 11x1 ix2 0

2 ix2 11x1 0

0 0 1
D , ~2!

with
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x15
4pg2M0H0

~gH0!22v2 5
vmv0

v0
22v2 ~3!

and

x25
4pgM0v

~gH0!22v2 5
vmv

v0
22v2 , ~4!

and then the linear alternating magnetizationm5xJh. In
these formulas,g is the gyromagnetic ratio.

Nowadays, the magnetic superlattices or multilayers co
posed of magnetic layers and nonmagnetic spacers are
close attention. Magnetic layers and nonmagnetic layer
these kind of systems are actually very thin, with the thic
ness generally smaller than 1.031028 m. Therefore dipolar
spin-wave’s wavelength is much larger than this numeri
order, so the change of wave fields is very small ove
magnetic layer and a nonmagnetic layer~or a period!. In this
case, the effective medium theory often is used to desc
the superlattices as the relevant effective mediums.6–9 The
geometry and coordinate axes applied in this paper
shown in Fig. 1, with they axis normal to the surface and th
static magnetization parallel to thez axis. Surface waves
propagate along thex axis. Applying the permeability tenso
~2!, the boundary conditions between adjoining magnetic a
nonmagnetic layers, in a certain approximation, the effec
medium permeability tensor can be shown as6,7

mJ e511xJe5S mxx imxy 0

2 imyx myy 0

0 0 1
D , ~5!

and then the linear alternating magnetizationm5xJh. In for-
mula ~5!

mxx511 f 1x12
f 1f 2x2

2

11 f 2x1
511xxx

e , ~6!
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myy511
f 1x1

11 f 2x1
511xyy

e , ~7!

mxy5myx5
f 1x2

11 f 2x1
5xxy

e . ~8!

Here f 1 and f 2 are used as the magnetic and nonmagn
fractions in the multilayers, respectively. Thereforef 1
5d1 /(d11d2) and f 25d2 /(d11d2), with d1 representing
the thickness of magnetic layers andd2 the thickness of non-
magnetic layers. For a different geometry, formulas~6!–~8!
are different.8,9 In this theory, a magnetic superlattice film
changed into a homogeneous effective medium with obvi
anisotropy, but it is linear. A lot of interesting results we
found in the previous works based on this theory.

The investigation of nonlinear spin waves in ferromagn
or antiferromagnets is very interesting and practical since
nonlinearity, resulting from the Landau–Lifshitz equation,
intrinsic in magnets. The propagation properties of nonlin
spin waves in the exchange and dipole-excha
regions,10–13the properties of nonlinear magnetostatic wav
and solitons~include the bistability and multistability tha
magnetostatic waves may exhibit!,14–26 are all interesting
and valuable topics. In addition to the above references m
tioned, there are still many references related to the nonlin
properties of exchange-interaction and dipole-interact
spin waves, which are not given here, but these works alm
deal with the relevant properties of magnetic films too a
we have not found any published work corresponding to
nonlinear magnetostatic waves of magnetic multilayers
superlattices. In magnetic superlattice films or multilaye
because of the presence of periodical interfaces, compon
layer thickness is selected arbitrarily to a certain degree
the properties of these artificial systems may be designe
is very possible to find some new features.

FIG. 1. Geometry and coordinate system applied in the pa
M0 is the static magnetization parallel to thez axis andk the wave
number along thex axis. The magnetic superlattice film is com
posed of magnetic layers with thicknessd1 and nonmagnetic layer
with thicknessd2 . The total thickness isw.
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We see from the theoretical calculations for the nonlin
magnetostatic surface modes of magnetic films23–25 that the
theory is rather complicated. It is difficult to use this theo
strictly to solve the nonlinear magnetostatic waves of mu
layers containing a great number of magnetic and nonm
netic layers. Therefore it is necessary to find an approxim
tive method.

II. EFFECTIVE MEDIUM EXPRESSION OF NONLINEAR
MAGNETIZATION

In the investigation of linear magnetostatic and retard
modes in magnetic superlattices or multilayers, with the
fective medium method, one can easily obtain some ana
cal results.6–9,28,29 In the case of nonlinearity, the questio
becomes very complicated. In this paper, we are going
establish an effective medium method available to calcu
tions of dipolar spin waves and discussions of the relev
questions. Of course, such a theory has to be approxim
For the understanding of readers, we first present simply
theoretical process to get the nonlinear alternating magn
zation in a single magnetic film, and then on this basis
derive the nonlinear alternating magnetization with an eff
tive medium method. According to the perturbation meth
we write the magnetic field and magnetization as

HW ~RW ,t !5H0eW z1hW ~1!~RW ,t !1hW ~2!~RW ,t !1hW ~3!~RW ,t !1¯

~9a!

and

MW ~RW ,t !5M0eW z1mW ~1!~RW ,t !1mW ~2!~RW ,t !1mW ~3!~RW ,t !1¯

~9b!

with R5xex1yey1zez, a position vector and the supe
scripts representing the various orders. Because the film
homogeneous and unbounded in thex-z plane, we can write
the field and magnetization of different orders as

hW ~1!~RW ,t !5hW ~1!~v,y!ei ~kWv•rW2vt !1c.c., ~10a!

hW ~2!~RW ,t !5hW ~2!~0,RW !1hW ~2!~2v,y!ei ~kW2v•rW22vt !1c.c.,
~10b!

hW ~3!~RW ,t !5hW ~3!~v,y!ei ~kWv•rW2vt !

1hW ~3!~3v,y!ei ~kW3v•rW23vt !1c.c., ~10c!

mW ~1!~RW ,t !5mW ~1!~v,y!ei ~kWv•rW2vt !1c.c., ~11a!

mW ~2!~RW ,t !5mW ~2!~0,RW !1mW ~2!~2v,y!ei ~kW2v•rW22vt !1c.c.,
~11b!

mW ~3!~RW ,t !5mW ~3!~v,y!ei ~kWv•rW2vt !

1mW ~3!~3v,y!ei ~kW3v•rW23vt !1c.c., ~11c!

wherekv , k2v , andk3v are wave numbers associated wi
the wave frequenciesv, 2v, and 3v, respectively.r is the
in-plane position vector. By substitution of formulas~9!,

er
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~10!, and ~11! into ~1!, selecting terms with the same fre
quency components and the same order, one can obtain

mj
~2!~0!1mj

~2!* ~0!5
1

H0
$M0@hj

~2!~0!1hj
~2!* ~0!#

2mj
~1!~v!hz

~1!* ~v!2mj
~1!* ~v!

3hz
~1!~v!%, ~12a!

mz
~2!~0!1mz

~2!* ~0!52
1

M0
@ umx

~1!~v!u21umy
~1!~v!u2#,

~12b!
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mj
~2!~2v!5x1~2v!hj

~2!~2v!6 ix2~2v!hk
~2!~2v!

2
1

M0
@x1~2v!mj

~1!~v!6 ix2~2v!mk
~1!~v!#

3hz
~1!~v!ei ~2kWv2kW2v!•rW, ~12c!

mz
~2!~2v!52

1

2M0
@mx

~1!2
~v!1my

~1!2
~v!#ei ~2kWv2kW2v!•rW,

~12d!

where j ,k5x, or y, but j Þk. When j 5x and k5y, the
positive signs should be selected in formula~12c!, otherwise
the negative signs should be taken.

The third-order components of nonlinear magnetizat
are represented by
mj
~3!~v!5x1~v!hj

~3!~v!6 ix2~v!hk
~3!~v!2

1

M0
$[x1(v)mj

~1!~v!6 ix2~v!mk
~1!~v!] @hz

~2!~0!1hz
~2!* ~0!#

1@x1~v!„mj
~2!~0!1mj

~2!* ~0!…6 ix2~v!„mk
~2!~0!1mk

~2!* ~0!…#hz
~1!~v!2@x1~v!hj

~1!~v!6 ix2~v!hk
~1!~v!#

3@mz
~2!~0!1mz

~2!* ~0!#%2
e2 i ~2kWv2kW2v!•rW

M0
$2@x1~v!hj

~1!* ~v!6 ix2~v!hk
~1!* ~v!#mz

~2!~2v!

1@x1~v!mj
~2!~2v!6 ix2~v!mk

~2!~2v!#hz
~1!* ~v!1@x1~v!mj

~1!* ~v!6 ix2~v!mk
~1!* ~v!#hz

~2!~2v!%. ~13!
ag-
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The first-order magnetization is just of linearity and us
repeatedly by previous works,6–9,26–28so it is not given here.
The terms with frequency 3v and mz

(3)(v) do not appear
since they will not be used to solve the surface nonlin
magnetostatic waves at fundamental frequencyv, propagat-
ing along thex axis. These results~12! and~13! can be found
in other references.25,27,28

In order to establish a nonlinear effective mediu
method, we propose three assumptions. First, the wavele
of magnetostatic or retarded modesl@d11d2 to guarantee
that the change of the wave fields is very small over a su
lattice period. Second, the static magnetizationM0 is homo-
geneous and the same in all magnetic layers, but the a
nating magnetizationm is given by expressions~13!, ~12!,
andm(1)5xJ•h(1). The third assumption is that the nonma
netic layers are a linear medium, so the nonlinear effec
magnetization results from the magnetic layers. According
these assumptions, we can introduce the following equati

h1x5h2x5hx , ~14a!

h1z5h2z5hz , ~14b!

b1y5b2y5by , ~14c!

f 1h1y1 f 2h2y5hy , ~14d!

f 1b1x1 f 2b2x5bx , ~14e!
r

th

r-

r-

e
o
s:

f 1b1z1 f 2b2z5bz , ~14f!

where subscripts 1 and 2 correspond to the adjoining m
netic layer and nonmagnetic layer in a superlattice peri
respectively. The fields without subscript 1 or 2 are the r
evant effective fields in the superlattice. These equations
ply that a field continuous at the interfaces is equal in th
two adjoining different layers, and considered as the co
sponding effective field, say, Eqs.~14a!–~14c!. The average
value ~over a superlattice period! of a field discontinuous a
the interface is defined as the corresponding effective fi
or Eqs.~14d!–~14f!. The nonlinear parts of alternating mag
netizationm are equal to

mW ~2!5 f 1mW 1
~2! , ~15a!

mW ~3!5 f 1m1
~3! . ~15b!

Our aim is to describe the effective nonlinear magnetizat
in terms of the effective magnetic fieldh, and for that, ap-
plying Eqs.~14a!, ~14c!, and~7!, we obtain

h1y
~1!5

1

11 f 2x1
@hy

~1!1 i f 2x2hx
~1!#5ghy

~1!1 ibhx
~1! ,

~16a!

which also definesg andb. Equations~14c!, ~15a!, and~15b!
lead to
5-3
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h1y
~ i !5hy

~ i !2
f 2

f 1
my

~ i ! , ~16b!

where i 52 or 3. The effective alternating magnetization
equal formally to

mW NL5mW ~1!1mW ~2!1mW ~3! ~17!

with NL meaning the nonlinearity. m(2)5m(2)(0)
1m(2)(2v), then we obtain the terms of the second-ord
magnetization as

mx
~2!~0!1mx

~2!* ~0!5
f 1

H0
$M0hx

~2!~0!2@~x1-x2b!hx
~1!

1 ix2ghy
~1!#hz

~1!* %1c.c., ~18a!

mx
~2!~2v!5 f 1@x1~2v!hx

~2!~2v!1 ix2~2v!hy
~2!~2v!#2

f 1

M0

3$@x1~2v!~x12bx2!1x2~2v!~x22x1b!#

3hx
~1!1 ig@x2x1~2v!1x1x2~2v!#hy

~1!%

3hz
~1!F~rW !2 i f 2x2~2v!my

~2!~2v!, ~18b!

my
~2!~0!1my

~2!* ~0!5
f 1

H01 f 2M0
$M0hy

~2!~0!2@ i ~bx12x2!

3hx
~1!1gx1hy

~1!#hz
~1!* %1c.c., ~19a!
05441
r

my
~2!~2v!5

f 1

11 f 2x1~2v! H @x1~2v!hy
~2!~2v!

2 ix2~2v!hx
~2!~2v!#2

1

M0
~ i @~bx12x2!

3x1~2v!1~x2b2x1!x2~2v!#hx
~1!

1g@x1x1~2v!1x2x2~2v!#hy
~1!!hz

~1!F~rW !J ,

~19b!

mz
~2!~0!1mz

~2!* ~0!52
f 1

M0
$@~x1

21x2
2!~11b2!24x1x2b#

3uhx
~1!u21g2~x1

21x2
2!uhy

~1!u2

1 ig@b~x1
22x2

2!22x1x2#

3~hx
~1!hy

~1!* 2hx
~1!* hy

~1!!%, ~20a!

mz
~2!~2v!52

f 1~x1
22x2

2!

2M0
@~12b2!hx

~1!hx
~1!1g2hy

~1!hy
~1!

12igbhx
~1!hy

~1!#F~rW !, ~20b!

andF(rW)5exp@i(2kWv2kW2v)•rW#. The fields with argument 0 do
not change with time, but the fields withv change with time,
according to factor exp(2ivt). We also can imagine the
fieldsx1 andx2 with argument 2v. For notational simplicity,
the argumentv is not pointed out in the field functions. Th
results of the second-order approximation, Eqs.~18!–~20!,
tell us that dc magnetizationm(2)(0) and frequency-doubling
magnetizationm(2)(2v) can excited not only by a dc field
h(2)(0) and 2v-field h(2)(2v), respectively, but also by the
interaction ofh(1)(v) andm(1)(v), at the fundamental fre-
quencyv.

The third-order terms satisfy
@11 f 2x1#my
~3!5 f 1@x1hy

~3!2 ix2hx
~3!#2

f 1

M0
$ i @b~x1

21x2
2!22x1x2#hx

~1!1g~x1
21x2

2!hy
~1!%@hz

~2!~0!1hz
~2!* ~0!#

2
1

M0
$x1@my

~2!~0!1my
~2!* ~0!#2 ix2@mx

~2!~0!1mx
~2!* ~0!#%hz

~1! 1
1

M0
@x1ghy

~1!1 i ~bx12x2!hx
~1!#

3@mz
~2!~0!1mz

~2!* ~0!#1
1

M0
$@x1ghy

~1!* 2 i ~bx11x2!hx
~1!* #mz

~2!~2v!

2@x1my
~2!~2v!2 ix2mx

~2!~2v!#hz
~1!* 2 f 1~x1

22x2
2!~2 ibhx

~1!* 1ghy
~1!* !hz

~2!~2v!%F~2rW !, ~21a!

mx
~3!5 f 1@x1hx

~3!1 ix2hy
~3!#2

f 1

M0
@~x1

21x2
222bx1x2!hx

~1!12ix1x2ghy
~1!#@hz

~2!~0!1hz
~2!* ~0!#2

1

M0
$x1@mx

~2!~0!1mx
~2!* ~0!#

1 ix2@my
~2!~0!1my

~2!* ~0!#%hz
~1!1

1

M0
@~x12x2b!hx

~1!1 ix2ghy
~1!#@mz

~2!~0!1mz
~2!* ~0!#1

1

M0
$@~x11bx2!hx

~1!*

1 ix2ghy
~1!* #mz

~2!~2v!2@x1mx
~2!~2v!1 ix2my

~2!~2v!#hz
~1!* 2 f 1~x1

22x2
2!hx

~1!* hz
~2!~2v!%F~2rW !2 i f 2x2my

~3! . ~21b!
5-4
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Equations~21! reveal that in the third-order approximatio
the magnetizationm(3)(v) at the foundational frequency ca
be produced not only by a fieldh(3)(v) that is of the same
order, but also by the interaction between the fields and m
netizations with different frequencies and different orders

These results can be used for one to investigate both
linear magnetostatic modes and retarded modes of mag
superlattices or multilayers. In addition, these formulas
ply that our nonlinear effective medium system is obviou
anisotropic. Forf 250, this superlattice film becomes just
single magnetic film, and the different order expressions
the alternating magnetization return to those given by E
~12! and ~13!.

III. PROPAGATION OF NONLINEAR MAGNETOSTATIC
SURFACE WAVES

In this section, we shall discuss properties of nonlin
magnetostatic surface waves in magnetic superlattices
the effective medium method. As a starting work, here
only study the surface wave propagating along thex axis in
the Voigt geometry given by Fig. 1. Thus a linear magne
static potentialw is introduced as

w5c~epy1ae2py!eikx ~0.y.2w! ~22a!

in the superlattice and

w5c1e2kyeikx ~y.0!, ~22b!

w5c2ekyeikx ~y,2w! ~22c!

above and below it, wherec, c1 , andc2 are the amplitude
of the magnetostatic potential in different spaces.p andk are
positive for the surface mode. As Ref. 25 did, we also pro
easily that h(2)(2v) and h(2)(0) vanish without externa
driving fields with frequency 2v and 0, respectively, for the
surface waves.mx

(2)(2v), my
(2)(2v), mx

(2)(0), andmy
(2)(0)

are equal to zero in the Voigt geometry since]/]z50 (h
5¹w) and h(2)50. Thus the nonzero components of t
second-order magnetizations are reduced to

mW z
~2!~0!1mz

~2!* ~0!

52
f 1

M0
H @~x1

21x2
2!~11b2!24x1x2b#U]w

]xU
2

1g2~x1
21x2

2!U]w

]yU
2

1 ig@b~x1
21x2

2!22x1x2#

3S ]w

]x

]w*

]y
2

]w*

]x

]w

]y D J , ~23a!

mz
~2!~2v!52

f 1~x1
22x2

2!

2M0
F ~12b2!S ]w

]x D 2

1g2S ]w

]y D 2

12igb
]w

]x

]w

]y GF~rW !. ~23b!

The other components of the second-order magnetization
equal to zero. We find that thez component of the second
05441
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order magnetization, both the dc and double-frequency c
ponents, can be excited by the first-order field, linear fie
Useful components of the third-order magnetization are

my
~3!5

f 1

11 f 2x1
Fx1

]w~3!

]y
2 ix2

]w~3!

]x G1
1

~11 f 2x1!M0

3Fx1g
]w

]y
1 i ~bx12x2!

]w

]x G@mz
~2!~0!1mz

~2!* ~0!#

1
1

~11 f 2x1!M0
Fx1g

]w*

]y
2 i ~bx11x2!

]w*

]x G
3mz

~2!~2v!F~2rW !, ~24a!

mx
~3!5 f 1Fx1

]w~3!

]x
1 ix2

]w~3!

]y G1
1

M0
F ~x12x2b!

]w

]x

1 ix2g
]w

]y G@mz
~2!~0!1mz

~2!* ~0!#

1
1

M0
H F ~x11bx2!

]w*

]x
1 ix2g

]w*

]y Gmz
~2!~2v!J

3F~2rW !2 i f 2x2my
~3! . ~24b!

For substitution of solutions~23! into equations~24!, the
useful components of nonlinear magnetization can be sh
as

my
NL5xyy

e hy
NL2 ixxy

e hx
NL2S AU]w

]xU
2

1BU]w

]yU
2D ]w

]y

2 i S CU]w

]xU
2

1DU]w

]yU
2D ]w

]x
, ~25a!

mx
~NL!5xxx

e hx
NL1 ixxy

e hy
NL1 i f 2x2F S AU]w

]xU
2

1BU]w

]yU
2D ]w

]y

1 i S CU]w

]xU
2

1DU]w

]yU
2D ]w

]x G2 i S aU]w

]xU
2

1bU]w

]yU
2D ]w

]y
2S cU]w

]xU
2

1dU]w

]yU
2D ]w

]x
~25b!

with hNL5¹(w1w (3))5¹wNL and the coefficients given by

A5
f 1g

2M0
2~11 f 2x1!

@2~x1
21x2

2!~x122bx213b2x1!

2~x1
22x2

2!~x122bx223b2x1!

28x1x2~2bx12x2!#, ~26a!

B5
f 1g3

2M0
2~11 f 2x1!

x1~3x1
21x2

2!, ~26b!
5-5
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C5
f 1

2M0
2~11 f 2x1!

$2@~x1
21x2

2!~11b2!24x1x2b#

3~bx12x2!2~x1
22x2

2!~12b2!~bx11x2!%,

~26c!

D5
f 1g2

2M0
2~11 f 2x1!

@2~x1
21x2

2!~3bx12x2!1~x1
22x2

2!

3~3bx11x2!28x1
2x2#, ~26d!

a5
f 1g

2M0
2 @2~x1

21x2
2!~x222bx113b2x2!2~x1

22x2
2!

3~x222bx123b2x2!28x1x2~2bx22x1!#, ~27a!

b5
f 1g3

2M0
2 x2~x2

213x1
2!, ~27b!

c5
f 1

2M0
2 $2@~x1

21x2
2!~11b2!24x1x2b#~x12bx2!

1~x1
22x2

2!~12b2!~bx21x1!%, ~27c!

d5
f 1g2

2M0
2 @2~x1

21x2
2!~x123bx2!

2~x1
22x2

2!~3bx21x1!18x1x2
2#. ~27d!

As we know b5¹w1m and ¹•b50 for magnetostatic
waves, so

¹2wNL52¹•mW NL. ~28!

The nonlinear effects onwNL are included in the right side o
Eq. ~28!. One will see that the nonlinear magnetostatic p
tential can be obtained from the relevant linear potent
Therefore, applying solution~22a! and substitution of Eqs
~25a! and~25b! into ~28!, we can get an equation satisfied b
the nonlinear magnetostatic potential, i.e.,

]2

]y2 wNL2p2wNL5
11 f 2x1

11x1
NNL , ~29!

where

p25
11x11 f 1f 2~x1

22x2
2!

11x1
k25l2k2 ~30!

andNNL is equal to

NNL5A0epy1B0e2py1C0e3py1D0e23py. ~31!

The coefficients in this expression are

A05aucu2k4$l@A~l1 f 2x2!2a#23l3@B~l1 f 2x2!2b#

23@C~l1 f 2x2!1c#1l2@D~l1 f 2x2!1d#%, ~32a!
05441
-
l.

B05a2ucu2k4$l@A~l2 f 2x2!1a#

23l3@B~l2 f 2x2!1b#13@C~l2 f 2x2!2c#

2l2@D~l2 f 2x2!2d#%, ~32b!

C05ucu2k4$l@A~3l1 f 2x2!2a#1l3@B~3l1 f 2x2!2b#

2@C~3l1 f 2x2!1c#2l2@D~3l1 f 2x2!1d#%,

~32c!

D05a3ucu2k4$l@A~3l2 f 2x2!1a#

1l3@B~3l2 f 2x2!1b#1@C~3l2 f 2x2!2c#

1l2@D~3l2 f 2x2!2d#%. ~32d!

Thus the solution of Eq.~29! is represented by

wNL5ceikx$~11ykL1!epy1a~11ykL2!e2py

1L3e23py1L4e3py% ~33!

with L1 – 4, the nonlinear coefficients of the magnetosta
surface mode. We see easily that

L15
11 f 2x1

2pk~11x1!
A0 , ~34a!

L252
11 f 2x1

2pak~11x1!
B0 , ~34b!

L35
11 f 2x1

8p2~11x1!
D0 , ~34c!

L45
11 f 2x1

8p2~11x1!
C0 , ~34d!

with a presented by the linear solution and boundary con
tions as follows:

a5
~11xyy

e !l1xxy
e 11

~11xyy
e !l2xxy

e 21
. ~35!

As f 151, the system becomes the relevant ferromagn
film, then the nonlinear coefficients of the nonlinear magn
tostatic surface mode are reduced to

L15
4ucu2k2a

~11x1!M0
2 x1~x2

22x1
2!, ~36a!

L252
4ucu2k2a

~11x1!M0
2 x1~x2

22x1
2!, ~36b!

L35
ucu2k2a3

2~11x1!M0
2 ~x12x2!3, ~36c!

and

L45
ucu2k2

2~11x1!M0
2 ~x11x2!3. ~36d!
5-6
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Expressions~36a! and ~36b! tell us L152L2 . Unfortu-
nately, these results are completely different from tho
given previously.23,27 After carefully checking our deriva
tions and the results in these references, we find that
problem may come from that during expressing the seco
order magnetizationmz

(2)(0) with the first-order alternating
field h(1), the term22ix1x2(hyhx* 2hxhy* ) is lost, which
produces the differences between our results and thos
these references. These nonlinear coefficients form a bas
which the properties of nonlinear magnetostatic surf
waves are investigated, so these differences may influe
the relevant previous results, at least quantitatively. Exp
sion ~33! is the magnetostatic potential of the nonlinear s
face mode, which will be applied when the nonlinear disp
sion relations of the magnetostatic surface mode are der
and discussed.

Now we apply expressions~22b!, ~22c!, and~33!, as well
the boundary conditions,w and by5hy1my continuous at
the surfaces~y50 andy52w!, to solve the nonlinear dis
persion relations of the surface mode. For simplicity, we
write expression~33! as

wNL5ceikx@epy1a8e2py1h~y!# ~37!

andmy
NL is shown as

my
NL5my

~1!1my
~3!52 ixxy

e hx
NL1xyy

e hy
NL1ceikxu~y!,

~38!

wherehNL5¹wNL. u(y) andh(y) are of the second order
determined with expressions~33! and ~25a!, respectively,
and presented by

h~y!5kyepyL11kyae2pyL21e23pyL31e3pyL4 ,
~39!

u~y!52ucu2k3@a~lA23l3B23C1l2D !epy

1a2~2lA13l3B23C1l2D !e2py

2a3~lA1l3B1C1l2D !e23py

1~lA1l3B2C2l2D !e3py#. ~40!

With these simple notations, the boundary conditions ay
50 lead to the following equations:

c15c@11a81h~0!#, ~41a!

2c15cH lmyy
e ~12a!1mxy

e ~11a!

1Fmyy
e ]h~y!

k]y U
y50

1mxy
e h~0!1

u~0!

k G J ,

~41b!

however, the conditions aty52w offer

c2e2kw5c@e2pw1a8epw1h~2w!#, ~42a!
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c2e2kw5cH lmyy
e ~e2pw2a8epw!1mxy

e ~e2pw1a8epw!

1Fmyy
e ]h~y!

k]y U
y52w

1mxy
e h~2w!1

u~2w!

k G J .

~42b!

The elimination ofa8, c, c1 , and c2 in these equations
leads to the dispersion relation of the nonlinear magne
static surface mode,

~11l2myy
e2

2mxy
e2

!sinh~lkw!12lmyy
e cosh~lkw!5

F

2
~43!

with the condition thatl is real andl.0. This is the most
important theoretical result in this paper, which determin
dispersion properties of the nonlinear magnetostatic sur
mode. In Eq.~43!, the expression ofF is given by

F5~lmyy
e 2mxy

e 21!F ~mxy
e 21!h~2w!1myy

e ]h~y!

k]y U
y52w

1
u~2w!

k G2epw~lmyy
e 2mxy

e 11!

3F ~mxy
e 11!h~0!1myy

e ]h~y!

k]y U
y50

1
u~0!

k G ~44!

which results from the contribution of the nonlinearity and
directly proportional toucu2. The frequency and wave num
ber included in Eq.~43! should be considered as nonline
quantities. When the linear approximation is taken,F50,
then Eq.~43! is just the dispersion relation of the releva
linear surface mode.8 Therefore, so long asucu2 is given, we
can calculate numerically the coefficients, the frequency,
wave-number shifts caused by the nonlinearity.

FIG. 2. Dispersion curves of the linear magnetostatic surf
mode. Curvesa to d correspond tof 151.0, 0.9, 0.8, and 0.7, re
spectively.
5-7
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FIG. 3. Nonlinear coefficients versus frequency.~a! to ~c! are related tof 151.0, 0.9, and 0.8. In order to examine the intensity ofL3 , ~d!
is presented, where curvesa to c correspond tof 151.0, 0.9, and 0.8, respectively.
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IV. NUMERICAL RESULTS AND DISCUSSIONS

For numerical calculations, we take YIG/nonmagnetic
perlattice film as an example. The parameters areH0
5600 G, g51.753107 rad s21, 4pM051750 G, and w
510mm. When frequency is measured in the unit kG, th
is a conversion relation, 1 kG52.9310 rad s21. The wave-
number unit is taken as 105 m21. From h5¹w, we can es-
timate a suitable numerical range ofucu for these given pa-
rameters, and here letucu5231027.

For the magnetic superlattice films or multilayers chang
into effective medium films, the magnetic fractionf 1 deter-
mines the frequency window of the linear surface modes.8 In
the geometry taken in this paper, iff 1,0.5, the window
disappears, then the surface modes cannot exist.6–8,29,30We
illustrate the dispersion curves of the linear surface mod
Fig. 2. One can see from this figure that the frequency w
dow narrows rapidly asf 1 is reduced from 1, the bottom en
of the window moves up and the upper end does not cha
In the wave-number space, the existence of the surface m
requires a wave-number condition, say, the wave num
must be larger than a fixed value, whenf 1 is given. We
05441
-

e

d

in
-

e.
de
er

consider properties of the corresponding nonlinear surf
wave only in this frequency window.

The nonlinear coefficients are very important and th
form a basis for investigating properties of the nonline
magnetostatic surface waves, even they have to be use
studies of magnetostatic surface envelope solitons. Figu
presents the coefficients as a function of frequency for v
ous values off 1 . These curves off 151.0 @see Fig. 3~a!#
correspond to the magnetic film and show four coefficie
versus frequency. Among these coefficients,L3 is the least
and smaller by about two numerical orders than the oth
@also see Fig. 3~d!#. The absolute value ofL4 is very large at
higher frequencies. Further,L4 diverges in the end of high
frequency. Therefore, at a higher frequency, the nonlin
effects should mainly come from the contribution ofL4 .

For a magnetic superlattice film withf 1,1.0, Figs. 3~b!
and 3~c! show that the absolute values of the coefficients
very large at lower frequencies. For a given frequency,
smaller f 1 is, the larger their absolute values are. The ab
lute value ofL3 still is the smallest in the frequency range
the surface modes. These coefficients all diverge at the
5-8
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tom end of the window. AlthoughL152L2 for the nonlin-
ear surface modes of a single magnetic film, a small diff
ence between them can be seen for this magnetic superla
film, specially from Fig. 3~b!. In order to seeL3 versus fre-
quency in detail, Fig. 3~d! is given, where we can find tha
for f 151.0, L3 has its minimum at aboutv51.27, but it is
equal to 0 at the two ends of the window. Forf 150.9, L3
increases from a negative value as frequency is increased
reaches its positive maximum atv51.36, and then decrease
as frequency is increased further and equal to 0 at the u
end of the window. Forf 150.8, the curve has a complete
different feature, orL3 increases monotonously with fre
quency.

As we know, the frequency shift caused by the nonline
ity is defined asDv5vNL2v, and the nonlinear wave
number shiftDk5kNL2k, wherevNL andkNL can be calcu-
lated numerically with Eq.~42!. The following calculation
method can be used. First, we calculatek for a given v,
applying the linear dispersion relation. Second, substitu
of k in Eq. ~42! and substitution of this givenv only in F on
the right side of this equation, thenv included implicitly by
the left side is justvNL that we want to solve. Following this
process, we can get the frequency shiftDv as a function of
v. By means of similar method,Dk can be obtained. O
course, we also can solve directly the nonlinear frequenc
wave number with Eq.~42!. The results obtained with th
two different methods are nearly the same.

Figure 4 illustrates the frequency shiftDv versus fre-
quencyv. Curve a in the figure shows thatDv is always
negative for a single ferromagnetic film (f 151.0). Curvesb
and c corresponding tof 150.9 and 0.8 show thatDv
changes from positive to negative as frequency is increa
or the nonlinear frequency shiftDv is positive for lower
frequencies and negative for higher frequencies in the
quency window of the surface modes. In contrast to fer
magnetic films where the frequency shift is always negat
for our systems the frequency shift can be positive, but a
can be negative, depending on frequencyv. The nonlinearity
causes an increase in frequency of the surface wave in
low frequency region and a decrease in the high freque
region in the surface-mode window. This feature of super

FIG. 4. Nonlinear frequency shift versus frequency. Curvesa to
c correspond tof 151.0, 0.9, and 0.8, respectively.
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tices is very distinctive. We also are interested in the wa
number shift as a function of frequency.

Figure 5 shows that the nonlinear shift of wave numb
increases with wave frequency and becomes positive f
negative over a certain frequency value, especially in
vicinity of the high frequency end of the surface-mode w
dow. This shift increases rapidly with frequency. This figu
shows that for a single magnetic film, the nonlinearity do
produce an increase in the wave number of the surface m
For a magnetic superlattice (f 1,1.0), it causes a decrease
the wave number in the low frequency range, but an incre
in the high frequency region. We are going to see that m
netostatic surface envelope solitons may exist in ferrom
netic superlattice films since the frequency or wave-num
shift cannot only be negative, but also can be positive,
pending on frequencies in the frequency window of the l
ear magnetostatic surface mode. Figures 4 and 5 also s
that the nonlinear effects are rather more obvious for
magnetic-nonmagnetic superlattice than for the relev
single magnetic film, specially in the vicinities of the tw
ends of the surface-mode frequency window.

Applying the linear dispersion relation, we calculate n
merically the second-order derivative of the linear frequen
with respect to wave numberv95(]2v/]k2)L . Figure 6 pre-
sents our results and shows that this derivative is alw
negative. Figure 7, presenting the calculation results of
linear group velocityv85(]v/]k)L , shows us that the
group velocity is always positive.

Combining Fig. 4 with Fig. 6, we conclude that the fo
mation of magnetostatic surface envelope solitons is poss
in ferromagnetic superlattice films. The reason is that
necessary condition for the existence of the surface enve
solitonsDv3v9,0 ~the Lighthill criterion! is satisfied for
the low frequency part of the frequency range of linear m
netostatic surface modes. We also note that for a single
romagnetic film, this kind of surface solitons cannot ex
since Dv3v9>0, and this point agrees with the give
conclusion.27,28

V. CONCLUSIONS

In this paper, we have presented a nonlinear effective
dium method and used it to investigate the properties of n

FIG. 5. Nonlinear wave-number shift versus frequency. Cur
a to c correspond to parameters as the same as those for Fig.
5-9
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linear magnetostatic surface waves of magnetic multilaye
or superlattice films. The expressions of the dynamic nonli
ear magnetization are not only available to investigating t
magnetostatic waves, but also to the retarded waves of m
netic superlattices and multilayers. Use of this theory r
quires a condition that the wavelength of modes is mu
larger than the period of the superlattice,l@d11d2 . For the
magnetic fractionf 151.0, our system becomes a single mag
netic film. Comparing the previous results with ours, we se
some differences resulting from the mistake in the previo
theory. The Lighthill criterion is not satisfied for nonlinea
magnetostatic surface waves in a single magnetic film, so
relevant envelope solitons cannot exist. It is very interestin
that this criterion can be satisfied in magnetic superlatti

FIG. 6. In the case of linearity, the second derivative of fre
quency with respect to wave number versus frequency. Curvesa to
d are related tof 151.0, 0.9, 0.8 and 0.7, respectively.
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films or magnetic multilayers, which means that the mag
tostatic envelope surface solitons can be found in these
of systems. The nonlinearity cannot only cause an increas
the surface-mode frequency, but also can cause a decr
depending on the value of the surface-mode frequency,
the nonlinear effects are more obvious for the superlat
than the single magnetic film.
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