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Nonlinear magnetostatic surface waves of magnetic multilayers: Effective medium theory
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We present a nonlinear effective medium method to investigate properties of nonlinear surface magnetostatic
waves of magnetic superlattice films, or magnetic multilayers. In the third-order approximation, the nonlinear
expressions of alternating effective magnetization in the systems are obtained. On this basis, the nonlinear
coefficients, wave number, and frequency shifts of surface magnetostatic waves are calculated numerically. A
very interesting result is that magnetostatic surface envelope solitons are possible to exist in a certain frequency
range since the Lighthill criterion is satisfied in this range. In the meanwhile, we find that there is a basic
mistake in the previous theory related to the nonlinear surface magnetostatic waves of a single magnetic film.
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. INTRODUCTION 47*MHy @ -
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. . . Hy) —w —
In magnetic mediums, generally speaking, the effects of (7Ho) @om @
exchange interaction on the dispersion properties of spiand
waves can be ignored safely as the wavelengtil0 ' m,
then the dipolar interaction dominates the properties of spin A7 yMow WM
waves and the magneto-optic properties of the mediums. = et w2’ (4)

this situation, two kinds of spin-wave modes are more inter-
esting, known as the magnetostatic modes and retardethd then the linear alternating magnetization= yh. In
modes(or electromagnetic modesAccording to the present these formulasy is the gyromagnetic ratio.
conditions of experiments and technologies, one is interested Nowadays, the magnetic superlattices or multilayers com-
in magnetostatic modes in ferromagnets, and interested iposed of magnetic layers and nonmagnetic spacers are paid
retarded modes of antiferromagnets. The Brillouin light scatclose attention. Magnetic layers and nonmagnetic layers in
tering technique can be used to study the magnetostatibese kind of systems are actually very thin, with the thick-
mode$* and the attenuated total refectioNTR) experimen-  ness generally smaller than X0 8m. Therefore dipolar
tal method is available to the studies of retarded modes ofpin-wave’s wavelength is much larger than this numerical
antiferromagnets. Theoretically, the Maxwell's equations order, so the change of wave fields is very small over a
and boundary conditions can describe completely thesgagnetic layer and a nonmagnetic layer a period. In this
modes and determine their properti€dn ferromagnets, the case, the effective medium theory often is used to describe
motion of magnetization obeys the Landau—Lifshitz equatiorthe superlattices as the relevant effective medifmshe
geometry and coordinate axes applied in this paper are
IM .. shown in Fig. 1, with the axis normal to the surface and the
i =~ YMXH, (1) static magnetization parallel to the axis. Surface waves
propagate along theaxis. Applying the permeability tensor
where the magnetizatiol =M o+ m(t), and magnetic field (2), the boundary conditions between adjoining magnetic and
H=Ho+h(t). We assume that the alternating magnetizatior"oNMagnetic layers, in a certain approximation, the effective
m(t) and magnetic fielth(t) are small quantities, comparing Medium permeability tensor can be showfi‘as
with M, (static magnetizationand Hy (external magnetic

field). For the linear approximation, there is the relation Max by O
= u-h betweenh andb, where is called as the magnetic =1+5%=| —ifyx Myy , (5)
permeability tensor, obtained by linearizing Ef)), which is 0 0o 1
1+x1 ix2 O and then the linear alternating magnetizatios ;h. In for-
g=1+3=| —ix2 1+x1 0], (2) mula(d)
0 0 1 2
fifaxs
=1+fx1— ——=1+x5,, 6
with Mxx 1X1 T+foxq Xxx (6)
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L WAV We see from the theoretical calculations for the nonlinear
magnetostatic surface modes of magnetic ffiv® that the
theory is rather complicated. It is difficult to use this theory

strictly to solve the nonlinear magnetostatic waves of multi-
layers containing a great number of magnetic and nonmag-
X4 netic layers. Therefore it is necessary to find an approxima-
tive method.
w

d, Mop/Z Il. EFFECTIVE MEDIUM EXPRESSION OF NONLINEAR

d, MAGNETIZATION

d, N In the investigation of linear magnetostatic and retarded

modes in magnetic superlattices or multilayers, with the ef-
fective medium method, one can easily obtain some analyti-
cal result£79282%|n the case of nonlinearity, the question
becomes very complicated. In this paper, we are going to
establish an effective medium method available to calcula-
FIG. 1. Geometry and coordinate system applied in the papetions of dipolar spin waves and discussions of the relevant
My is the static magnetization parallel to thaxis andk the wave  questions. Of course, such a theory has to be approximate.
number along thex axis. The magnetic superlattice film is com- For the understanding of readers, we first present simply the
posed of magnetic layers with thicknesand nonmagnetic layers - theoretical process to get the nonlinear alternating magneti-
with thicknessd, . The total thickness ig. zation in a single magnetic film, and then on this basis we
derive the nonlinear alternating magnetization with an effec-

fix1 . tive medium method. According to the perturbation method,
Hyy=1+ m =1+xyy, (1) we write the magnetic field and magnetization as
H(R,t)=Ho6,+h D (R,t) +hP(R,t) +h(R,t) + -
fixa (93
oy = Py T g = Xxy- (8 .

Here f, and f, are used as the magnetic and nonmagnetic M(R,t)=My&,+mY(R,t)+m?(R,t)+ M (R,t)+---

fractions in the multilayers, respectively. Therefofe (9b)
=d,/(d;+d,) andf,=d,/(d;+d,), with d; representing
the thickness of magnetic layers amiglthe thickness of non-
magnetic layers. For a different geometry, formul@5-(8)  ,,mogeneous and unbounded in sheplane, we can write

are d|ffer(_enf? In this theory, a magn_etlc superlattl_ce f|Im.|s the field and magnetization of different orders as
changed into a homogeneous effective medium with obvious

anisotropy, but it is linear. A lot of interesting results were
found in the previous works based on this theory.

The investigation of nonlinear spin waves in ferromagnets =)0 3 =(2) By 4 F(2) e T 200)
or antiferromagnets is very interesting and practical since the h'“~(R)=h"(0R)+h"(2w,y)e 2 +c.c.,
nonlinearity, resulting from the Landau-Lifshitz equation, is (10b)
intrinsic in magnets. The propagation properties of nonlinear o . .
spin waves in the exchange and dipole-exchange h®(R,t)=h3(w,y)e!koT=00
regionst®~*3the properties of nonlinear magnetostatic waves R NP
and solitons(include the bistability and multistability that +h®(3w,y)e'®w 3V +cc, (100
magnetostatic waves may exhibif2° are all interesting L
and valuable topics. In addition to the above references men- mMYR,H=mY(w,y)eke Y rce, (119
tioned, there are still many references related to the nonlinear
prqperties of _exchange-in'geraction and dipole-interaction m(2>(§,t):m(2>(o,§)+rﬁ(z)(zw,y)ei(iwﬁzwoJrC_C_,
spin waves, which are not given here, but these works almost (11b
deal with the relevant properties of magnetic films too and
we have not found any published work corresponding to the
nonlinear magnetostatic waves of magnetic multilayers or
superlattices. In magnetic superlattice films or multilayers,
because of the presence of periodical interfaces, components
layer thickness is selected arbitrarily to a certain degree, swherek,,, k,,, andks, are wave numbers associated with
the properties of these artificial systems may be designed. the wave frequencies, 2w, and 3v, respectivelyr is the
is very possible to find some new features. in-plane position vector. By substitution of formul&s),

with R=xe+ye,+ze,, a position vector and the super-
scripts representing the various orders. Because the film is

ROR ) =RV (w,y)ete ™Vt ce, (109

AR =M (w,y)e Ko T

+mM3)(3w,y)eiks ™39 e o (110
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(10), and (11) into (1), selecting terms with the same fre- mfz)(Zw)=X1(2w)h}2)(2w)iin(Zw)h(kZ)(Zw)
guency components and the same order, one can obtain

1
- M—O[Xl<2w>m§”<w>rixZ(2w>m<k1><w>]

* 1 * B
m;*'(0)+mj*" (0)= - {Mo[hj*'(0) + hj*" (0)] D)@k ko), (120

—m (1* —m* 1 e e
M7 (w)hy” (@) =M™ (o) m(zz)(zw):_ZMO[m;l)Z(w)_’_mgll)Z(w)]el(ka—kzw)w,

xhi(w)}, (123 (12d)

where j,k=Xx, ory, but j#k. When j=x and k=y, the
1 positive signs should be selected in form(d2c), otherwise
@01+ m2@*(0)= — —1mP () 12+ ImP( )2 the negative signs should be taken.
m;"(0)+m;™ (0) MOHmX (@)% ]my (w)[], The third-order components of nonlinear magnetization
(12b  are represented by

1 (@)= xa(@)?(0) S 0) - D@ () D m (@) 02(0) 1" (0]

+[xa(@)(MP(0)+ M2 (0) =i x2(0) (MP(0)+ MP" (0)ThY (@) ~ [ x1( @)Y (@) =i x2( )M ()]

X —i(2K,,— ko) F . X
X[me?(0)+me? (0)]} = ————{~Dxa(@)hj”" (@) Zixa(@) i (@) M (20)
+[xa(@)MP(20) £ ixa()MP (20)ThY (@) +[xa(@)mP (0) £ix,(0)m®" (0) WP (20)}. (13
[
The first-order magnetization is just of linearity and used fiby,+fob,,=h,, (14f)

repeatedly by previous works226~?8s0 it is not given here.

The terms with frequency & and m{®*)(») do not appear Where subscripts 1 and 2 correspond to the adjoining mag-
since they will not be used to solve the surface nonlineafétic layer and nonmagnetic layer in a superlattice period,
magnetostatic waves at fundamental frequeagcypropagat- respectively. The fields without subscript 1 or 2 are the rel-
ing along thex axis. These resul{d2) and(13) can be found evant effective fields in the superlattice. These equations im-
in other reference&27:28 ply that a field continuous at the interfaces is equal in these
In order to establish a nonlinear effective mediumtwo adjoining different layers, and considered as the corre-
method, we propose three assumptions. First, the waveleng@ponding effective field, say, Eq&l49—(140). The average
of magnetostatic or retarded modes d, +d, to guarantee value (over a superlattice peripaf a field discontinuous at
that the change of the wave fields is very small over a supethe interface is defined as the corresponding effective field,
lattice period. Second, the static magnetizafibgis homo-  Or Egs.(14d—(14f). The nonlinear parts of alternating mag-
geneous and the same in all magnetic layers, but the altefetizationm are equal to
nating magnetizatiom is given by expression&l3), (12),

N . . . >(2) _ =>(2
andm®= y.h™). The third assumption is that the nonmag- Mm@ =f,m?, (153
netic layers are a linear medium, so the nonlinear effective
magnetization results from the magnetic layers. According to m®=fm®. (15b)

these assumptions, we can introduce the following equations:
Our aim is to describe the effective nonlinear magnetization
hix=ho=hy, (143 in terms of the effective magnetic fieli and for that, ap-
plying Egs.(14a, (140, and(7), we obtain

hi,=hs,=h;, (14b)
1
by, =bay=by, (149 h§1y>=m[h<yl)+|fzxzh;“]= yhiV+ighl®,
(163
flhly+f2h2y:hy1 (14d)
which also definey and 8. Equationg140), (153, and(15b)
f1bqy+ fobo =Dy, (149 lead to
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fa

hi)=h{’— f—1m<y‘>, (16b)

wherei=2 or 3. The effective alternating magnetization is

equal formally to

MV =D+ R £ R a7

with  NL meaning the nonlinearity. m®®=m()(0)

PHYSICAL REVIEW B 63 054415

mi? (2w)= [x1(20)h{?(20)

1
l+f2Xl(2w)
i (2) _ 1. _

iX2(20)h,”(2w) ] M—O(I[(ﬁxl X2)
X x1(20) + (x28— x1) X2(2w) ]

+ Y x1x1(20) + x2x2(20) IND)RPR(D) |

+m®(2w), then we obtain the terms of the second-order

magnetization as

. fq
m{@(0)+m{?" (0)= H—O{Moh@(m—[(m-mﬁ)h;”

+ixayhPIh b +cc, (18

] f
Mm@ (20) =1 x1(20)hP(20) +i x,(20)h?(2w)] - M—lo

X{[x1(2w)(x1— Bx2) t x2(2w)(x2— x18)]
XhP +i 9 xax1(20) + x1x2(20) 1Y}

XhVF(7) = if ox2(20)mP (20), (18b

f
(2) 2* )= L (2(0)—Ti _
my (o)+my (0) H0+f2M0{MOhy (0) [I(ﬁXl X2)

xh®+ yx;:hM1hP  +cc., (199

(19b)

R fy

m;”'(0) +me™" (0)= = G AL+ X3 (1+ %)~ Axax2h]
X[NHP+ 2 (xE+ x|
+ivB(Xi— X5)~ 2x1x2]
X (WP —h P M)y, (208

fa(xi—x3)
~ oy LA AN+ yhi Y

+2iyphMhiV IR (1), (20b)

andF (F) = exdi(2k,—ks,)-F]. The fields with argument 0 do
not change with time, but the fields withchange with time,
according to factor exp{iot). We also can imagine the
fields y; andy, with argument 2. For notational simplicity,
the argument is not pointed out in the field functions. The
results of the second-order approximation, EGS8)—(20),
tell us that dc magnetizatian®)(0) and frequency-doubling
magnetizatiorm®(2w) can excited not only by a dc field
h(®)(0) and 2»-field h®)(2w), respectively, but also by the
interaction ofh™(w) andm¥)(w), at the fundamental fre-
quencyw.

The third-order terms satisfy

. fl . *
[1+foxa Im(® =4[ x1h{¥ —ix,hP]— M—O{l[mxiw%) —2x1x2 10+ y(xd+ x5 hPH NP (0)+hP7 (0)]

1 « : * 1 .
= i, Dalmy? )+ M (0)]—ixalmi(0) + M ()1 + GeDxarhy” +i(Bxa— x2S

* 1 * . *
X[me?(0)+me? 0]+ Z{lxavhy” —i(Bxa+ x)h Ime? (20)

—[xamP(20) i xomP(2w) TN = F1(x2— x3) (=i B + yh(D)hP(2w)}F(—F), (213

. fl . * 1 *
M= falahi? +ixehi¥1= 10+ X 2Bxaxa) !+ 2ixaxe i VI (0)+ 0™ (0] = = {xalm'(0) + i (0)]

. * 1 . * 1 *
XL M (0)+ M (O G+ G Oxa = xaBNS + ixayhy I (0) + M (0) ]+ G-l + Bxa)hy”

+ixayhP IMP (20) — [ x1mP(20) +ix,mP (20) 1Y = f1(x3— x2)hE WP (20)}F(—F)—ifx,m> . (21b
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Equations(21) reveal that in the third-order approximation, order magnetization, both the dc and double-frequency com-
the magnetizatiom®)(w) at the foundational frequency can ponents, can be excited by the first-order field, linear field.
be produced not only by a field®(w) that is of the same Useful components of the third-order magnetization are
order, but also by the interaction between the fields and mag-
netizations with different frequencies and different orders. f,
These results can be used for one to investigate both non-m(® = [
linear magnetostatic modes and retarded modes of magnetic
superlattices or multilayers. In addition, these formulas im-

06 gp®
-1
X1 ay X2 X

1
1+fox1)Mg

+
1+fox, (

. . . . . do de *

ply that our nonlinear effective medium system is obviously X| x17 == +i(Bx1— x2) = |[M?(0)+m" (0)]
: : - : L ; ay X
anisotropic. Forf,=0, this superlattice film becomes just a
single magnetic film, and the different order expressions of 1 de* Jo*
the alternating magnetization return to those given by Egs. + 1 X1V i(Bx1tx2)
+f M d Ix
(12) and (13). (1+T2x2)Mo y
xm? (2w)F(—F), (24a
I1l. PROPAGATION OF NONLINEAR MAGNETOSTATIC
SURFACE WAVES PRE! 2e®] 1

. de
In this section, we shall discuss properties of nonlinear mﬁg):fl[)(l o X2 ay + M_O[(Xl_Xzﬂ)g
magnetostatic surface waves in magnetic superlattices with
the effective medium method. As a starting work, here we
only study the surface wave propagating alongstteis in
the Voigt geometry given by Fig. 1. Thus a linear magneto-

static potentiakp is introduced as

. 20 *
+IX275}[m§2)(0)+m(22) (0)]

1 de* . de*
_ +M—0H(Xl“‘,BXz)a_X‘HXz?’W}m(zz)(zw)}
e=y(ePY+ae P)e  (0>y>—w) (223

— ) —i (3)
in the superlattice and XF(=1)—ifxomy”. (24b)
o=ine e  (y>0), (22  For substitution of solution$23) into equations(24), the
useful components of nonlinear magnetization can be shown

o=V (y<-w) (220 as

above and below it, wheré, ,, and, are the amplitude

of the magnetostatic potential in different spaqeandk are mVE= 18 pNL_j e pNE_ [ A ‘9_‘P ? ‘9_‘P ? ﬁ
positive for the surface mode. As Ref. 25 did, we also prove y T Xyylly T Il X ay| | ady
easily thath®(2w) and h®)(0) vanish without external 5 )
driving fields with frequency @ and 0, respectively, for the —i(C ‘9_"0 ‘9_"0 ﬁ (2539
surface wavesm{?(2w), m{?(2w), m?(0), andm{*(0) X ay| | ox
are equal to zero in the Voigt geometry siné&z=0 (h
=V¢) and h®®=0. Thus the nonzero components of the dol2  |ae|?\ d¢
second-order magnetizations are reduced to mg(NL):XiXh!Z‘L'Fi)(gyhyL-FiszZ[(A ™ Wy )W
Mm2(0)+m2*(0) [ Jog|? |og 2) d¢ Ip|?
+i| Cl— —| |=|—l|a—
;) { L , PAL Ix ay| | ox X
=— —{OE+xH(1+pY) -4 —
o2 ayl oy \%ax eyl Jax @
0| 5y | TIMBOATXD) ~2x0x]
with hN-=V (¢ + ¢(®) =V o\t and the coefficients given by
do dp*  dp* 9
x| 278 %% , (233
ax dy  Ix ay fiy s 5 )
A= oo [2(x1+ X2) (x1—2Bx2+3BX1)
2 2 > 2Mg(1+fax1)
m (2 )__M (1- 2 22) 1 28 2 2 )
z (e@)= 2M, Bllax] T\ 5y —(X1=x2)(x1—2Bx2=3B"x1)
" e do o 93b —8x1x2(2Bx1— x2)], (263
+ '7,35@ (F). (23b)
. f 'y3
The other components of the second-order magnetization are B= l—X (3x2+x2), (26b)
equal to zero. We find that thecomponent of the second- 2MG(1+1fox,) *H A A2
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Bo= a?| Y2k {A[A(N — fox,) +2]

C= {202+ X3 (1+ BD) — 4x1x28]
2M2(1+fpyy) (- AT A2 XXz —3AI[B(A—faxz) +b]+3[C(A—faox,)—C]

X (Bx1—x2)~ (Xi—x2) (1= B (Bx1t x2)}, —~N2[D(A—foxa) —d]}, (32b)
(269 11214 3
Co=||*kHYN[A(BN +foxp) —a]+ N[ B(3N+fpx,) —b]
_ fy? 2, 2 _ C[C(3N+Foxa)+ €] = N2D(3\ + Fox,) +d]},
D—m[z(xﬁXz)(3ﬁX1—X2)+(X1_X2) 2A2 212 a0
X(3Bx1+ x2) —8xixal, (260)

Do=a®| >k N[A(BN —f,x2) +2a]
+N3[B(3N—f,x2) +b]+[C(3N—f,x0) —C]

+N\?[D(3N—f,x2)—d]}. (320
X (X2=2Bx1—3B%x2) —8x1x2(2Bx2—x1)], (278 Thuys the solution of Eq29) is represented by

f1y
a= 5z [20x1+ x3) (x2=2Bx1+ 36°x2) ~ (X1~ X2)
0

b= 117 (2+342) 27 o=y *{(1+ykLy)eP + a(1+ykLy)e P
= Sz X2(x2+3x1), 27
M2 X2X2 1 +Lge 3PY4 L e (33
f with L,_,, the nonlinear coefficients of the magnetostatic
c= mlz{Z[()(iﬁLX%)(lﬁL,Bz)—4X1X251(X1—,3X2) surface mode. We see easily that
0
1+f X1
(V2= 12)(1— B2 + —_ - A1
(X1=x2)(1=B)(Bx2+x1)} (279 S TR AIAL (343
d=f1—yz[2(xf+xi)(xl—3ﬁ)(z) L= tFfaxa 34D
2Ma 27 2pak(1+x,) (340
~ (XD @Bzt x) 8yl (279 it N
As we know b=Ve+m and V-b=0 for magnetostatic 378pA(1+xy) (349
waves, so
L= 1+f2)(1 C 34
VZQDNL:—V-mNL. (28) 4_m [oX] ( O)

The nonlinear effects op" are included in the right side of with a presented by the linear solution and boundary condi-
Eq. (28). One will see that the nonlinear magnetostatic po-tions as follows:

tential can be obtained from the relevant linear potential.

Therefore, applying solutiofi22a and substitution of Egs. (T4 xg)A+xg+l

(2539 and(25b) into (28), we can get an equation satisfied by @= (1+X§y)>\_X§y_ 1’ (35)

the nonlinear magnetostatic potential, i.e.,

As f,=1, the system becomes the relevant ferromagnetic

2 1+f film, then the nonlinear coefficients of the nonlinear magne-
9" NL_ 2 N 2X1 :
a2 e RS Tty N (29 tostatic surface mode are reduced to
4| %k
where L,= (X3—x? (363
o 1 mgxl X2~ X1
1+ x1+fifalx1—x2)
2= Ty k?=\2k? (30) . 4| %k (2 360
- 2 (1+X1)M3Xl X2~ X1)
andNy, is equal to
|¢//|2k2a3 ,
Ny =AgePY+Boe PY+CoedPY+Dge 3.  (31) La=5 72 (x1—x2)° (369

*2(1+ x)M3
The coefficients in this expression are and
Ao= a| h|PkHN[AN+Tox) —a] = 3N3[B(N +fox,) —b] || 2k?

Li=5 2 (xatx2). 36
—3[C(M+Faxa) + ]+ N D+ foxo) +d]}, (324 LT RSATVIARS AR (360
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Expressions(36a and (36b) tell us L;=—L,. Unfortu-
nately, these results are completely different from those 1.45 4
given previously?>?” After carefully checking our deriva-
tions and the results in these references, we find that the 1.40 4
problem may come from that during expressing the second-
order magnetizatiom{*(0) with the first-order alternating
field h®), the term — 2i x;x,(hyh¥ —h,h¥) is lost, which
produces the differences between our results and those in
these references. These nonlinear coefficients form a basis on
which the properties of nonlinear magnetostatic surface
waves are investigated, so these differences may influence 1.25
the relevant previous results, at least quantitatively. Expres-
sion (33) is the magnetostatic potential of the nonlinear sur- 120 . : . : . . '
face mode, which will be applied when the nonlinear disper- 0 1 2 3 4
sion relations of the magnetostatic surface mode are derived Wave number k

and discussed.

Now we apply expression@2h), (22¢), and(33), as well
the boundary conditionsy and b,=h,+m, continuous at
the surfacegy=0 andy=—w), to solve the nonlinear dis-
persion relations of the surface mode. For simplicity, we re-

-

w

(4]
|

Frequency o
P
o
|

FIG. 2. Dispersion curves of the linear magnetostatic surface
mode. Curves to d correspond tdf;=1.0, 0.9, 0.8, and 0.7, re-
spectively.

write expression(33) as e V= Mbiy(e_ pw_a/epW)_l_M:y(e—pW_l_a/epW)
o=y e+ a’'e P+ p(y)] (37)
N +| wo 9ny) + ug p(—w)+ H—w)
andmg - is shown as Myykay o HxyT K .
NL_ (1) (3)_ _: NL NL ik 42b
my-=mi”+mi¥ = —ixghe+ xyyhy + g Xﬁ(y),(38) (42b

The elimination ofa’, 4, ¥4, and ¢, in these equations
wherehNt=V Nt g(y) and 5(y) are of the second order, leads to the dispersion relation of the nonlinear magneto-
determined with expression@3) and (253, respectively, static surface mode,
and presented by

F

2 2. .

n(y) =KyeYL,+kyae PYL,+e 3PV 4+ e3PV, (1+ )\z,u)‘fy— My)SINAONKW) + 2X\ g, coshkw) = 5
(39 (43

0(y)=—||*k*[a(AA—3\°B—3C+\°D)eP with the condition that is real and\>0. This is the most
2 3n 2\ a— Py important theoretical result in this paper, which determines
Ta’(-AAT3NB-3C+AD)e dispersion properties of the nonlinear magnetostatic surface
— a3(AA+\3B+C+\2D)e 3Py mode. In Eq.(43), the expression df is given by

+(AA+A3B—C—\%D)e*™]. (40) an(y)

F=\pyy—uyy=1)| (uyy= D) p(—w) + Min

With these simple notations, the boundary conditiony at

y=—w
=0 lead to the following equations: 6(—w)
, —ePY(\ gy — gyt 1)
p1=y{1+a’+7(0)], (413 e
anly)  6(0)
X[ (ugy+1)7(0)+ ud 44
= ML @)+ 1+ ) (DO 1y 3] T K 4
an(y) 6(0) which results from the contribution of the nonlinearity and is
ngW + pgym(0)+ T} J , directly proportional td|2. The frequency and wave num-
y=0 ber included in Eq(43) should be considered as nonlinear
(41b quantities. When the linear approximation is tak&éns 0,
N then EQq.(43) is just the dispersion relation of the relevant
however, the conditions 3t= —w offer linear surface mod@Therefore, so long als|? is given, we
can calculate numerically the coefficients, the frequency, and
b M=yle P+ a’'ePV+ p(—w)], (4239  wave-number shifts caused by the nonlinearity.
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FIG. 3. Nonlinear coefficients versus frequen@).to (c) are related td,=1.0, 0.9, and 0.8. In order to examine the intensity of (d)
is presented, where curvesto c correspond td;=1.0, 0.9, and 0.8, respectively.

IV. NUMERICAL RESULTS AND DISCUSSIONS consider properties of the corresponding nonlinear surface

For numerical calculations, we take YIG/nonmagnetic syvave only n this freq“?r.‘cy window. .
The nonlinear coefficients are very important and they

perlattice film as an example. The parameters Big f basis for | tioati . f th i
~600G, y=1.75<10'rads, 47My=1750G, andw orm a basis for investigating properties of the nonlinear

—10um. When frequency is measured in the unit kG, theremag_netostatic surface waves, even they have_to be u_sed for

is a conversion relation, 1 k62.9x 10rads.. The wave- studies of magnetostatic surface envelope solitons. Figure 3

number unit is taken as 160~ Fromh=Ve, we can es- presents the coefficients as a function of frequency for vari-

timate a suitable numerical range |of for these given pa- ©Uus values off;. These curves of,=1.0 [see Fig. 8]

rameters, and here l&p|=2x10"". correspond to the magnetic film and show four coefficients
For the magnetic superlattice films or multilayers changed/ersus frequency. Among these coefficierts,is the least

into effective medium films, the magnetic fractibp deter- ~ and smaller by about two numerical orders than the others

mines the frequency window of the linear surface mdtles. [also see Fig. @))]. The absolute value df, is very large at

the geometry taken in this paper, fif <0.5, the window higher frequencies. Furthel,, diverges in the end of high

disappears, then the surface modes cannot &&82:*°we  frequency. Therefore, at a higher frequency, the nonlinear

illustrate the dispersion curves of the linear surface mode ieffects should mainly come from the contributionlof.

Fig. 2. One can see from this figure that the frequency win- For a magnetic superlattice film with;<1.0, Figs. 8b)

dow narrows rapidly a$; is reduced from 1, the bottom end and 3c) show that the absolute values of the coefficients are

of the window moves up and the upper end does not changeery large at lower frequencies. For a given frequency, the

In the wave-number space, the existence of the surface modnallerf, is, the larger their absolute values are. The abso-

requires a wave-number condition, say, the wave numbedute value oflL; still is the smallest in the frequency range of

must be larger than a fixed value, whép is given. We  the surface modes. These coefficients all diverge at the bot-
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FIG. 4. Nonlinear frequency shift versus frequency. Cuvés

) FIG. 5. Nonlinear wave-number shift versus frequency. Curves
¢ correspond td;=1.0, 0.9, and 0.8, respectively. q y

ato c correspond to parameters as the same as those for Fig. 4.

tom end of the window. Although,=—L, for the nonlin-  tices is very distinctive. We also are interested in the wave-
ear surface modes of a single magnetic film, a small differ"umber shift as a function of frequency.

ence between them can be seen for this magnetic superlattice Figure 5 shows that the nonlinear shift of wave number
film, specially from Fig. 8b). In order to sed 5 versus fre- ncreases with wave frequency and becomes positive from
quency in detail, Fig. @) is given, where we can find that "€Jativé over a certain frequency value, especially in the
for f,=1.0, L, has its minimum at aboub=1.27, but it is vicinity of the high frequency end of the surface-mode win-

X l dow. This shift increases rapidly with frequency. This figure
equal to 0 at the two ends of the window. Far=0.9, L shows that for a single magnetic film, the nonlinearity does

increases from a negative value as frequency is increased apfl, j,,ce an increase in the wave number of the surface mode.
reaches its positive maximum @t=1.36, and then decreases pqr 5 magnetic superlatticé,(< 1.0), it causes a decrease in
as frequency is increased further and equal to 0 at the UpP@he wave number in the low frequency range, but an increase
end of the window. Fof,=0.8, the curve has a completely jn the high frequency region. We are going to see that mag-
different feature, orLj increases monotonously with fre- netostatic surface envelope solitons may exist in ferromag-
quency. netic superlattice films since the frequency or wave-number

As we know, the frequency shift caused by the nonlinearshift cannot only be negative, but also can be positive, de-
ity is defined asAw=o""—w, and the nonlinear wave- pending on frequencies in the frequency window of the lin-
number shiftAk=kN-—k, whereo™- andkN- can be calcu- ear magnetostatic surface mode. Figures 4 and 5 also show
lated numerically with Eq(42). The following calculation that the nonlinear effects are rather more obvious for the
method can be used. First, we calcul&tdor a given w, magnetic-nonmagnetic superlattice than for the relevant
applying the linear dispersion relation. Second, substitutiorsingle magnetic film, specially in the vicinities of the two
of kin Eq. (42) and substitution of this givem only in F on  ends of the surface-mode frequency window.
the right side of this equation, themincluded implicitly by Applying the linear dispersion relation, we calculate nu-
the left side is justoNL that we want to solve. Following this m_encally the second-order dfanvaglve ofzthe Imear frequency
process, we can get the frequency shié as a function of ~ With respect to wave number’ = (9”w/9k®), . Figure 6 pre-

. By means of similar method\k can be obtained. Of sents our r_esults and shov_vs that this der_lvatlve is always
course, we also can solve directly the nonlinear frequency 0rtlegatlve. Figure 7,. pre§ent|ng the calculation results of the
wave number with Eq(42). The results obtained with the [IN€ar group velocityw’=(Jw/dk)_, shows us that the
two different methods are nearly the same. group velocity is always positive.

Figure 4 illustrates the frequency shiftw versus fre- Combining Fig. 4 with Fig. 6, we conclude that the for-
quencyw. Curvea in the figure shows thatw is always mation of magnetostatic sgrfacc_a envelope soI|ton§ is possible
negative for a single ferromagnetic filnfi,= 1.0). Curvesb in ferromagneth_superlattlce fllms. The reason is that the
and c corresponding tof;=0.9 and 0.8 show thaf\w necessary conc/j/mon for th? exs_tenqe (?f th_e surf_ac_e envelope
changes from positive to negative as frequency is increase 9I|tonsAw><w <0 (the Lighthill criterion is satls_ﬂed for
or the nonlinear frequency shifkw is positive for lower the low frequency part of the frequency range of Ilngar mag-
frequencies and negative for higher frequencies in the freUetOSIat'C. su.rface mod_es. We also note t_hat for a single fer-
guency window of the surface modes. In contrast to ferro—r(_)m"‘lgnetlc f',l,m’ this kmd_of sgrface sol|ton§ cannot .eX'St
magnetic films where the frequency shift is always negativeSiNc€ Ao X @'=0, and this point agrees with the given
for our systems the frequency shift can be positive, but als§onclusiort”
can be negative, depending on frequencyl he nonlinearity
causes an increase in frequency of the surface wave in the
low frequency region and a decrease in the high frequency In this paper, we have presented a nonlinear effective me-
region in the surface-mode window. This feature of superlatdium method and used it to investigate the properties of non-

V. CONCLUSIONS
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FIG. 6. In the case of linearity, the second derivative of fre- FIG. 7. The variance of linear group velocity with frequency.
quency with respect to wave number versus frequency. C@ves Curvesa to d are related td,=1.0, 0.9, 0.8, and 0.7.
d are related td,=1.0, 0.9, 0.8 and 0.7, respectively.

films or magnetic multilayers, which means that the magne-
tostatic envelope surface solitons can be found in these kind

ear magnetization are not only available to investigating thé"c systefms. The dnofnllneanty cat)nTotlonIy cause an mcdrease n
magnetostatic waves, but also to the retarded waves of ma@je su(rj'ace-m(?[he relquenfcilﬁ u ?SO can dcalfjse a ecreasae,
netic superlattices and multilayers. Use of this theory re- epending on he vajue ot In€ surface-mode frequency, an

quires a condition that the wavelength of modes is mucIJfhe nonlin_ear effects are more obvious for the superlattice
larger than the period of the superlattiae> d, +d,. For the than the single magnetic film.

magnetic fractiorf; = 1.0, our system becomes a single mag-
netic film. Comparing the previous results with ours, we see
some differences resulting from the mistake in the previous
theory. The Lighthill criterion is not satisfied for nonlinear  This work was supported financially by the Outstanding
magnetostatic surface waves in a single magnetic film, so th€outh Science Foundation of Heinlongjiang Province. We
relevant envelope solitons cannot exist. It is very interestingappreciate helpful discussions with Professor D. R. Tilley
that this criterion can be satisfied in magnetic superlatticeand Shu-Chen Lu, as well as Associate Professor Hong Gao.

linear magnetostatic surface waves of magnetic multilayer
or superlattice films. The expressions of the dynamic nonlin
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