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Exciton-exciton interaction in semiconductor quantum wells
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Analytical expressions of the effective exciton-exciton interaction in quantum wells are derived with a main
focus on the dependence of the interactions on the quantum-well width. Any modification in the strength of the
exciton-exciton interactions due to confinement is incorporated,ira measure of dimensionality of the
confined excitonic system. The flexibility of the derived expressions is shown in a systematic study of both the
direct and exchange terms of the exciton-exciton interaction in CdT€/&n,Te and GaAs/AlGa, _,As
guantum wells. Results show the appreciable sensitivity of interexcitonic interactiodde to changes in the
extension of excitonic radial distribution and strength at which local charges are neutralized, perpendicular to
the direction of the growth of well layers.
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. INTRODUCTION study of the axiomatic basfsin noninteger dimension in
. L . - mathematics, but in recent years the developments have been
The role of exciton-exciton interaction in determining the . X . . . .

. ) . L g more in physics. The use of a fractional-dimensional space in
properties of low-dimensional systems and in introducing a

variety of new physical effects has attracted much attentiony implifying the evaluation of energy levels of excitons in

R S 15
in recent years;’ due in part to interest in applications that quantum-well structures was first shown by Bteal.™ and

include duantum-well lasers and optical devit@ome ex.  -febvre et al1®1” Alternative methods of solving for the
q . ' oP . . exciton energies in the absence of external fields were either
amples of novel physical effects include nonlinear light scat- o o .
S 7 . Lo sensitive to the assumed form of variational wave functivns

tering in microcavitie$ caused by the exciton-exciton inter- or involved tedious and costly computatidisin recent
action, the increase in the exchange part of the exciton- . : Sty P -
exciton interaction with increasing confinement in semi.Years: the fractional-dimensional approach has been utilized
conductor quantum wirés,and the notable reduction in in studies of shallow-donor, impurity, and excitonic states

strength of exciton-exciton interaction with the well width in " se-m|conduct|ng qzuantum wells and in the analysis of ex-
citonic Stark effect:
quantum wells.

Theories of excitons in low-dimensional heterostructires 'T‘ our vyork_here, we present a unified appro.ach to
have generally utilized models of the exciton in which no Exciton-exciton interaction in quantum wells by treating the

assumption of the fixed exciton dimensionality is ma¥é? interaction between excitons as existing in fractional-
Such exact calculations of the excitonic problem in low-dimensional space. The exciton-exciton interaction operators

dimensional systems involve solving the Schrodinger equad'® deriyed in afractional-dimgnsional space. As a result, the
tion either in K space or in real space using improved nulntéraction operators are modified accordingly with changes
merical techniques. For example, a set of coupled equatiori8 the quantum-well width. Thus only a single parameter,
of a multicomponent envelope function based on a quadraknown as the degree of dimensionaliiyenoted bya), is
ture method>*? has been used to accurately predict low-needed to incorporate the effects due to changes in the
dimensional excitonic energies under realistic experimentavidths of the well or barrier regions on the strength of
conditions. Recently, lotét al® have also calculated accu- exciton-exciton interaction ag increases from 2 in an exact
rate exciton binding energies and oscillator strengths by ditwo-dimensional systente.g., infinite potential with zero
agonalizing the Hamiltonian on a large nonorthogonal basigvell width) to 3 in an exact three-dimensional systéraro
set. confinement The origin of the reduction in strength of

It is interesting to note that experimental studfedearly ~ exciton-exciton interaction with well width, which has re-
show the dimensional crossover of excitons as well widthsnained unclear in earlier worKswill be explained by the
are gradually decreased. In this regard, an alternative methdtdeory used in this work.
based on the concept of fractional dimensionality can be This paper is organized as follows. In Sec. Il, we provide
used to study the effects of a changing exciton dimensionitghe theoretical basis used to obtain expressions for the
and to simplify calculations of excitonic interactions in solid- exciton-exciton interactions in quasi-two-dimensional sys-
state materials. The fractional-dimensional model of the extems and we formulate the problem in fractional-dimensional
citon adopted in this paper is an approximate technique thaipace in Sec. Ill. We obtain analytical expressions of the
simulates the exact results by focusing on the change in exexciton-exciton interaction irwD space in Sec. IV and
citon dimensionality. This method is known to yield good present numerical results for CdTe/&u,_,Te and
estimates of the exciton interaction enefgy*’ GaAs/ALGa,_,As quantum wells, with comparison made

The initial investigations that led to the concept of with available experimental results in Sec. V. The conclu-
fractional-dimensional space in fact originated from thesions of this work are presented in Sec. VI.
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Il. HAMILTONIAN REPRESENTING EXCITON-EXCITON where the term¥\ ;. ;. o (i=1,2,3) correspond to exciton-

INTERACTION exciton scattering due to the Coulomb interactidgnamical

The Hamiltonian that yields information about the natures?atte”ng petween excitons. On the othgr hand,' th.e terms
(i=4,5,6) are due to exchange interactigkime-

of exciton-exciton interaction can be obtained by operating’ 1s.1s,1s,1s ' — X .
Usui transformatiof? on an electron-hole Hamiltonian. This Matic scatteringbetween excitons. These six terms are ob-
method, first developed by Hanamtftao incorporate the t@ined as

interactions between excitons, is used to obtain an effective

form for the exciton-exciton interaction Hamiltonian: Vis,ls,ls,ls(kvk,1q):(ﬂ q)z > D= yrk+ 7.9)
3) i’
ﬂzkz [Euv(k)BLkE)vk+% z V,u,u’vv’(kvk,vq) X(Dls(j,_’yhk,_’th)
nwv kI,U,/V,q
XD 15(j = yrk) X P 1g(j" = ynk),
. - A
X b1k+qbu’k'—qbu’k’bﬂk] : @ (6)
AT . . ’ C .
Here bM,.( crea.tes an gxcn_or_] with wave numberstate u, Vis,ls,ls,ls(kvk )= il . 2 D1(j — vrk— vh@)
ande,,, is the intraexcitonic interaction energy from tpgh (Q3)° i
to vth state.V,,:,,(k,k’,q) denotes the interexcitonic in- -, ,
mp' vy —
teraction energy wherg. and v (u’ and »’) denote the X Pys(]" = vk’ + vnQ)
initial (final) state of the excitons befor@ften the interac- X P 1o(j = Yrk) X D1(j’ = yrk'),
tion. q is the momentum transferred during the interaction
between two excitons. In general, the evaluation of the vari- ™

ous terms that constitute the interexcitonic interaction energy

is complicate@?® and involves intensive numerical tech- 3 ") = — 2Cq - _
niques for the evaluation of the magnitude of interactions for Vistsisaok’.0) (Q3)? ? Pus(] = vk =ma)
a given exciton momenta and effective mass. ., ,
In order to simplify the evaluation of the interaction term, X® (" = vk’ = 7¢Q)
Ve (KK',Q), we cons_ld(_ar that t_he excitons remain in the XDy — yrk) X P1e(j’ — k'),
1s state throughout their interactions, i.eu=u' =v="1’
=1s. We also limit the theory to the low-density limit of the (8

exciton density and thus assume the presence of only two

interacting excitons. The slquasi-two-dimensional exciton V4 KK )= — TP (=i — yk—
state with wave vectok is expressed 46 15151515k K", Q) Q)2 ? CiPasli =17 = 7nk = ynl)
|M: 1S,k> = kzk (I)ls( kevkh ,k)5ke, Kp Y|(a;|r_ykeao’kh|O,n>, X q)ls(j —k+ ')’ek/ - qu)
eth H Y ’
) XPg(j =" —k—q+ vek")
whereA is the surface area of the unit cell aain!ke (agk,) is XD 15(j — yrk), 9
the creation(annihilatior) operator of an electron in the con-
duction(valence band, denoted by (0) with wave vectok, 5 b 1 , .
(ky). The functiond (k. .kp.K) is given by Visasasas(kk'a)= =05 ? CiPas(i =" = vk
! - + 760 D1~ vk + 740)
Dasle i k)= [ O lremr)exifi(rk—ko) 1), 7P T
3) XPy(j—)"+d—ynk")
where XD yg(j = ynk), (10
me 1 (4 2
Ye= o <. 1t 7n , , L,
) (mg +mp) V?s,ls,ls,ls(k'k vQ):W > Ci®is(i =" = ynk—vn@)
3) i’
andmy andmy}; are the effective masses of the electron and ) ,
hole, respectively, and,4(ke .k, k) denotes the relative XPyo(j =K+ yek’ = 7eQ)
motion of the electron-hole pair in an exciton. X Dyo(j—k— g+ vek')
Utilizing the well-known commutation relations for hole
and electron operatdrsin Egs.(1)—(3), we obtain XD 14(j — vnk), (11
6 where C,, denotes the Coulombic interaction between elec-
Vie 15 1 15(K K Q)=Z Vi (k,k'.q) (5 trons and holes ing space and()l; denotes the three-
e = B dimensional crystal volume.

045321-2



EXCITON-EXCITON INTERACTION IN . . . PHYSICAL REVIEW B63 045321

lll. FORMULATION IN FRACTIONAL-DIMENSIONAL the relation 1/(1- x)Y~exp(—xy) for x<? to Eq. (16) so
SPACE that the excitonic wave function is reduced to an exponential
The exciton-exciton interactions discussed in Sec. Il carfo™:

be generalized to fractional-dimensional space by consider- a1 2,441
ing that the exciton state vectfq. (1)] is operational in an O,(k)=F'(a)ag? exp{( kag
a-dimensional space a=<3). Thus all position ) and 2 2

momentum vectorsk(q) are taken to exist imD space and \yhereF’(«) can be easily determined using the normaliza-
Q,, the volume in aneD space, is given by the Hausdorff ion relation

Yy

measure,
a2 2 [P1(kP=0,. (18)
Qa(|r|):—a|r|ai (12) K
r 1+§ It is important to note that the range of exciton wave vector

[k=(1/2ag)] for which Eq.(17) is valid generally lies close

whereI'[x] is Euler's gamma function. to the band edge where excitons are initially creztédat
It is to be noted that the Coulombic field lines passlow carrier temperatures.

through the semiconductor material that surrounds the well,

and hence the Coulomb potential retains its three- IV. EXCITON-EXCITON INTERACTION IN aD SPACE

dimensional expressionrlin fractional-dimensional space.

Using the spatial integral relation iaD space®

27T(a—l)/2 . -
f drz—f r“‘ldrf dosin® %26, (13
aD 0 0

In order to compare the direct and exchange energy terms
of the exciton-exciton interaction iaD space, we define the
exciton-exciton interaction strengtil', as

r T Wi:( @ lsés,ls,ls’ (19)
(ag)” a
the Coulomb potentiaCy in an @D space is derivedsee - P P 5,16
Appendix A as where the exciton binding enerdy, is given by
4R
o 1 € a=—y2 (20)
Ci=Glag, oot (14) (a—1)
o and Ry is the effective exciton Rydberg.
whereG(a) is given by It is to be noted that the quantity/' in Eq. (19) can be
shown to be dimensionless using E¢8)—(11), (14), and
1 a-2 (16). The magnitude ofW' is dependent on the ratio
— a—1__(al2)—(1/2) _
Gla)=| 2% "ar F( 2t ” (15 (Q,/(ag)?), which is determined by the degree of proximity

of the two interacting excitons. It is difficult to study the
Thus we have generalized, in Eq. (14) by introducing a  effect of exciton density o', as we are considering only
noninteger dimensiow. Cy reduces to the well established two interacting excitons. Thug/ increases with increased
forms of 2me?/Q,e4q and 4me?/Q3e09?, respectively, in  closeness of the interacting excitons, as expected. It is thus
the exact two-dimension&D) and 3D limits. possible to obtain a wide range of values ¥ depending
For the expressions in Eq&)—(11) to apply in anaD  on how close the two interacting excitons are, as will be
space, we use theslstate of an isolated exciton in aeD  shown in subsequent calculations.

space(see Appendix B Substituting Eq.(17) in Egs. (6)—(8), and transforming
the discrete sum over the wave vectors into a spatial integral
q)ls( k) _ (477_)(a/4)—(1/4)(a_ 1)(a/2)+(1/2) using
[ Ja—1 ag? Q,
X r 2 a—1 2\ (a+1)21 E — af dq, (21)
T e T (2m*Jan

we obtain an explicit analytical expression for the sum of
(16)  direct energy terms\Vv:+ W2+ W3:

whereag is the three-dimensional Bohr radius of the exciton. (a—1)20D at1
Once again, Eq(16) yields the expected forms in the exact W1+W2+W3=—[ p( _ T(thaB)z

three-dimensional and two-dimensional linfifsThe direct (qag)@™ b

use of Eq.(16) in Egs. (6)—(11) would, however, result in 5
computational difficulties due to the multiple integrals that —exp( _ il( qag)? } (22)
are involved. In order to simplify the evaluation, we apply 4 Vel '
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The derivation of the exchange energy terms is less — =20
straightforward and requires use of the integfral S e 0=23
-------- o=2.6
1 1 o e =3.0
| exi(®)~ 5Tt ) @3 ’
o 2F P .
where erfg) is the error function. Using Eq$9), (10), (17), =
and (23), we derive the sunw*+W® as c\;
3772(a—2)(a_ 1)4 (a—l)/Z\/T =
4 5_ _ - =L
Ww { p 2(a+1) ‘
a+1 ) )
xexp — ——[(ynaap) "+ (vedas)’]
Oo“ = 1 ‘ 2 ‘ 3 ‘ 4

) a+l
erfl( \/Tyeq ag

Yedag FIG. 1. Direct interaction terms*+W?+W?) [Eq. (22)] as a

function of (gag) for =2, 2.3, 2.6, and 3 in CdTe/4€6d,_,Te
a+l . .
erfi guantum wellsg is the momentum transferred between two inter-
5 Yndas
+ (24)

acting excitons.
Ynd3s width is altered. It is expected that the strength at which local
andW?® is obtained as charges are neutralized changes withwhich in turn influ-
ences the interaction between excitons.
B B [ ma It is important to note that while the individual terms of
Wo= _[2(3a 3)77](01 v —— W di h f - . .
2(a—1) iverge, the sum of the contribution remains finite for all
values ofgag as shown in Figs. 1-3. The interaction terms
% _ il 5 5 give no contributions beyondag=4. The sum of the ex-
ex 2 [(7hd38)"+ (veqa)”] change terms of the exciton-exciton interaction are generally
larger than the sum of the direct terms. From E&9), it can
a—1 be seen that the direct channel of exciton-exciton interaction
N (e~ m)aas vanishes forq=0 as well as for the specific case of,
X e—yn0a : (25  =m,. However, the direct terms should not be neglected in
Yo Yn)H% materials wherey,— 1 or y,—0.
As we are mainly interested in the effects of confinement TO evaluate a mean value foW,(qag) over the range
on the exciton-exciton interaction, the excitons involved in0<gag<4, we use
the interactions are assumed to possess equal wave vectore

erfi

i.e.,k=k’ in Egs.(6)-(11), for the purpose of simplificaton. . g;gg Ei ;)O)
However, the calculations can be extended to excitons with .. e =206 (% 2:5)
unequal wave vectors, but numerical methods will be re- T =30 (x 1)
quired to evaluate the strength in exciton-exciton interaction.
20 -
V. RESULTS AND DISCUSSION ~e %
Lo CdTe/zZn, Cd, , Te

=
A. CdTe/Zn,Cd;_,Te quantum mg
+
<
=

In Figs. 1 and 2, we have plotted the direav/{+W?
+WA) [Eq. (22)] and exchange term3A¢*+W°+WP®) [Eq.
(24) plus Eq.(25)] of the exciton-exciton interaction as a or
function of (qag) for =2, 2.3, 2.6, and 3 in CdTe/
Zn,Cd,_,Te quantum wells usiffg m,=0.1m, and m )
=0.76m,, wherem, is the free-electron massqég) is a 0 ‘ 1
measure of the momentum transferred between two colliding a
excitons. The total contributioWV,,= W+ W?+W?3+ W4 99s
+W°+W? is plotted in Fig. 3. The figures clearly show that g 2. Exchange interaction term&Vf+W5+W®) [Eq. (24)
the strength of exciton-exciton interaction is reduced as th@jus Eq.(25)] as a function of §ag) for a=2, 2.3, 2.6, and 3 in
dimensionalitya is decreased. The notable sensitivity of theCdTe/Zr}CdlfxTe quantum wells. For the sake of clarity, we have
interexcitonic interactions ta: can be attributed to changes multiplied the interaction terms corresponding to each different
in the extension of excitonic radial distribution as the well by the scale factor indicated in the figure.
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— =20 (x10) 35
--------- =23 (x5) I
b~ a=2.6 (x2.5) 3.0 [
S — 0=3.0 (x1)

25

20 2

- N, ) 'E
g L "-,‘_ CdTe/zn, Cd, , Te §.92~° "

o ]

CdTe/Zn Cd, , Te

o | ‘ ...... “" | . ‘ . 0 20 0 60 80 100 120
0 1 2 3 4 Well width (100 A)

qag

FIG. 4. Solid circles denote experimental valBef. 7) of the
FIG. 3. Total of direct and exchange terMé,, [Eq. (22) plus  exciton-exciton interaction as a function of well width. The solid
Eq. (24) plus Eq.(25)] as a function of §ag) for =2, 2.3, 2.6, line represents the numerical values V) [Eq. (26)] in
and 3 in CdTe/ZpCd, _,Te quantum wells. CdTe/ZnCd, _,Te quantum wells, evaluated using known values
of exciton binding energies as function of the well widkef. 30.

4
{(Weop =g J 0 Wiol(Gag)da. (26 tions of excitons via scattering by other excitons due to a
. reduced spatial extension of the excitonic wave function in
We evaluate Eq(26) using Eqs(22)—(25) so as7to compare  thinner wells, as is seen in Fig. 3. It is interesting to note that
our theoretical results with those of Mayetral,” who mea-  \ypjle the exciton-exciton interaction decreases with decreas-
sured the strength of exciton-exciton interaction of the Iow—ing well width in quantum wells, it increases with decreasing
est exciton state in CdTe/Z8d,_,Te quantum wells as a \yjre width as shown in recent experimental resfiltsis to
funct|on_ qf the quantum-well width using degenerate-four-pe noted that unlike quantum wells, quantum wires have
wave mixing(DFWM) at low temperatures. larger values of exciton binding energies. This is the result of
It is important to note that the definition ¥ in Eq.(19)  the enhanced Coulomb coupling between electrons and holes
that determineg Wy in Eq. (26) is consistent with the gye to their localization in the nanostructure. It is likely that
quantity used by Mayeet al.” to measure the strength of the presence of this additional confining potential may play
exciton-exciton interaction. For low density of excitons, an important role in interaction between excitons. However,
Mayeret al’ considers that the homogeneous linewiBitis  the study of the effect of strong confinement effects on
proportional toyazE N, wherey is the quantity that mea- exciton-exciton interaction involves a theoretical appréach
sures the strength of exciton-exciton interaction arid the  that is based on a generalization of the well-known semicon-
exciton density.y (defined for a strict two-dimensional sys- ductor Bloch equations to the case of a multisubband wire
tem) is similar toW' in Eq. (19) (applicable to a generalized structure. This approach requires the incorporation of a full
dimension. Other thanl’ and W' having the same dimen- three-dimensional multisubband description of the electron-
sions, our method of computing the matrix elements ofhole Coulomb interaction. This is not a trivial procedure and,
exciton-exciton scattering/y 151515, iN EQ. (19) is similar  therefore, a theoretical relation betwedh, and wire width
to the approach of Brauet al* as adopted by Mayeet al.”  has not been explored in this work.
Although v andW' are similar, they are not exactly equiva-  The quantitative agreement between the theoretical and
lent and may differ by a small factor, which is expected notexperimental results in Fig. 4 is reasonable, in view of sev-
to affect the significance of comparison of our results witheral underlying assumptions used in order to obtain analyti-
the experimental results of Mayet al.’ cal expressions folV,;. For instance, we have neglected the
The values ofa at the various well widths, needed to distortion of the Coulombic interaction due to differences in
computeW,;, were obtained using experimental valtfesf  the dielectric constants between the well and barrier regions.
exciton binding energies at known values of the well width,The effects of exciton scattering by acoustic and optical
in CdTe/ZnCd, _,Te quantum wells and Eg20). While we  phonons as well as the influence of phase-space filling ef-
have used empirical values of to obtain Fig. 4, other ef- fects and Coulomb screening effeftsn the process of in-
fective theoretical methods of determining this important paterexcitonic scattering have not been included in our work.
rameter have been described in earlier wdfié:?2 Also our calculated results would be influenced by the as-
In Fig. 4, the experimental data show a notable reductiorsumption, in Sec. IV, that the interacting excitons are as-
of the strength of exciton-exciton interaction with well sumed to possess equal wave vectors, keek’ so as to
width, which is in good qualitative agreement with our the-obtain analytical solutions in Eq922), (24), and (25).
oretical results. This reduction of interaction strength withThough these factors are expected to introduce a small de-
well thickness can be attributed to the decrease in cross segree of error in our calculated values of the strength of
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— X=02 the potential depth increasesas increased, which results
e X=0.3 in a corresponding decrease in dimensionaditpf the con-

"""" X=04 Dt fined exciton.

08 -
VI. CONCLUSION

0.7 . . . .
GaAs/Al, Ga,  As In conclusion, in this paper we have presented analytical

ol % qag=1 expressions of the effective exciton-exciton interaction in
' e quantum wells. We have focused on the dependence of the
e interactions on the quantum-well width by using a parameter

a, a measure of the dimensionality of the confined excitonic

e system. The use of is convenient as it incorporates the

, L tunneling effect. Hence excitons assume a more three-

00 02 04 06 0.8 1.0 12 14 dimensional character either at very small or large well
Well width (100 A) widths, with a more distinct two-dimensional character at a
critical well width, depending on the material composition.

FIG. 5. W as a function of well width in GaAs/AGa, _,As Results show the notable sensitivity of interexcitonic in-
quantum wells at ¢ag)=1, and for aluminum concentratiox,  teraction toa due to changes in the extension of excitonic
=0.2, 0.3, and 0.4 in the barrier region. radial distribution and strength at which local charges are

neutralized, perpendicular to the direction of the growth of
exciton-exciton interaction, the overall gross features as ilwell layers. Numerical results of the exciton-exciton interac-
lustrated in Fig. 4 generally remain intact. tion in GaAs/ALGa, _,As quantum wells show that a mini-

It is to be noted that due to the shallow potential barriersmum in the strength of exciton-exciton scattering occurs at a
of CdTe/ZnCd,; _,Te quantum wells, the exciton dimension- critical size of the well width, depending on the quantum
ality, for a fixed well width, is larger compared to CdTe/ Well and barrier material compositon.
Mn,Cd; _, Te quantum wells where excitons are better local- " conclusion, we have shown that dimensionalityof

ized due to higher potential barrigfsThis provides a suit- excitons can effectively be used to determine the strength of

able explanation for the smaller strength of exciton-excitonexc'ton'exc'ton interaction in semiconductor quantum wells.

interaction in CdTe/MgCd, ,Te quantum wells as mea- Our work is expected tp prowdg useful |nS|gh§s and_stlmula}te
. . . further developments in experimental work involving exci-
sured in an earlier experimental wotk.

tons in low-dimensional systems.

WTOTAL

04

B. GaAdAl,Ga;_,As quantum well APPENDIX A

In Fig. 5, W,y is plotted as a function of well width in The derivation of Eq(14) is based on two integrafé:
GaAs/ALGa ,As quantum wells atjag=1, and for alumi-
num concentratiork=0.2, 0.3, and 0.4 in the barrier region, T cosx min2b 1l 2 b L .
usingm,=0.067m, andm;,,=0.38m, . The values ofr at the fo e sin® xdx= a I'[b+3Jp(a);
various well widths needed to compuié,; were obtained
using experimental valu&sof exciton binding energie&, , .
in GaAs/ALGa _,As quantum wells and Eq20). It is to be Reb=—3 (A1)
noted that the value ofg@g) =1 is chosen arbitrarily, and d
the gross features in the figure remain the same for a widd"
range of values of).

While the interexcitonic interactiokV,,; increases gradu-
ally with «, the quantum-well width does not experience a * 3 dx=2%a—(c+1)
similar monotonic increase witk, due to the spreading of 0 b(ax)dx=2"a
excitonic wave functions into the barrier regions. This r §+ 5 5)
spreading effect becomes increasingly significant at narrow
well widths as tunneling becomes prominent. In the ultimate
limit of zero width, the exciton assumes a three-dimensional APPENDIX B:
character. The dimensionality has been shown to reach its i
lowest value (2.2-2.3) at some intermediate well !N order to derive Eq(16), we use the form obti,(r) for
width (~15—40 A) that depends on the well and barrier & isolated exciton in an-dimensional space:
materiald® in GaAs/ALGa,_,As quantum wells. Accord-
ingly, W in Fig. 5 decreases with the well width to a mini-
mum at a critical well width, before increasing at further
increase in the well size. The critical well width becomes
smaller as the concentrationis increased. This is because whereF(«) is

—
|
+
|
_|._
|

F{ 2 r
Uis(r)=F(a)exp — —— —

a1 ag|’ (B1)
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2a+1,n.(1—a)/2 172

%

2

1
Fla)=

— (B2)
)(a_l)a+l ag

Equation(16) is then evaluated using E¢B1) and the

PHYSICAL REVIEW B63 045321

relatior?®>°
a+1l
drefzw\rlce72wi q-r— 2 ¢
oD 77,(0(-%—1)/2 (C2+q2)(a+l)/2'

(B3)
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