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Impurity-induced ferromagnetism in a doped triplet excitonic insulator

Takashi Ichinomiya
Department of Material Physics, Faculty of Engineering Science, Osaka University, Toyonaka 560-8531, Japan

~Received 13 June 2000; published 9 January 2001!

The theory of impurities in excitonic insulator is investigated in the light of the recent experiments on
hexaborides. First, we study the bound state around the impurity and find that the bound-state emerges when
ReD is positive. Second, we study the continuum state using Abrikosov-Gor’kov’s approach. We find that the
energy gap is reduced strongly when ImD50. Finally, we solve Bogoliubov–de Gennes equations for exci-
tonic insulator numerically. We get the results consistent with the analytic ones. We also find that incomplete
ferromagnetism appears in doped triplet excitonic insulator with impurity. We make a short qualitative dis-
cussion on the ferromagnetism of doped hexaborides using our result.
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I. INTRODUCTION

The discovery of weak ferromagnetism in La-doped Ca6

is one of the greatest surprises in the recent study
ferromagnetism.1 This material shows ferromagnetism wi
high Curie temperature aboutTc;600 K and with small
magnetic moment. Zhitomirskyet al.2 claimed that the
theory of the excitonic ferromagnetism, which was origina
proposed by Volkovet al.,3 can account for this curious fer
romagnetism. Their proposal has brought renewed inter
in excitonic insulator, which was vigorously studied theore
cally in 1960’s.

After the proposal by Zhitomirskyet al., some authors
tried to improve their theory. Balents and Varma4 and
Barzykin and Gor’kov5 independently discussed that, to e
plain this ferromagnetism, the approximation of excitonic
sulator should be improved by considering the formation
superstructure or long-range Coulomb interaction.

The effect of impurities will also be important for th
excitonic insulator. In this paper, we study the effect of i
purities in excitonic insulators.

The destruction of excitonic insulator by the impurity w
discussed by Zittartz.6 He showed that the intraband scatte
ing by impurity reduces the energy gap just as the magn
impurity in superconductor. In this paper we study the int
band scattering by impurity. We show that the interba
scattering cause the formation of the bound states and
reduction of the energy gap. We also show that this interb
scattering breaks theU(1) symmetry of Hamiltonian. This is
due to the fact that the phase of the order parameter is d
mined by the difference of phase between conduction
valence bands. The reduction of the energy gap and the
ergy of the the bound state is controlled by the phase of o
parameter. The phase dependence of the energy gap an
bound state brings the ferromagnetic ordering of doped e
trons in a triplet excitonic insulator, because the phase
order parameter differs byp betweenD↑ andD↓ .

This paper is constructed as follows. In the next secti
we introduce the Hamiltonian and show the breaking
U(1) symmetry by the interband scattering. In Secs. III a
IV we investigate the effect of impurities on the bound a
continuum states. It is shown that the bound states em
only when ReD is positive and that the binding energy d
0163-1829/2001/63~4!/045113~7!/$15.00 63 0451
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pends on the phase of the order parameter. We also show
in the continuum states the energy gap is strongly suppre
when ReD50. In Sec. V we solve the Bogoliubov–d
Gennes equation for excitonic insulator numerically. The
sults support the analytic discussion above. We also find t
when f is close top/2, the magnetic moment of dope
electrons is reduced. In the last section, for summary
discussion, we discuss about the application of our result
the ferromagnetism in hexaborides.

II. BREAKING OF U„1… SYMMETRY BY INTERBAND
SCATTERING

First we study the following Hamiltonian:

H05(
k,s

~ek
aak,s

† ak,s1ek
bbk,s

† bk,s!

1
V

V (
k,k8,q,s,s8

ak,s
† bq2k,s8

† bq2k8,s8ak8,s

1
U

V (
k,k8,q,s,s8

ak,s
† bq2k,s8

† aq2k8,s8bk8,s . ~1!

Hereak,s andbk,s are annihilation operators of electrons
the lower and upper band,ek

a and ek
b are kinetic energy of

electrons, andV and U are exchange and direct interactio
between two bands. The nesting of Fermi surfaces betw
two of the electron bands brings the formation of exciton
order parameter.7

We introduce the interband scattering by impurityH imp as

H imp5( Vimpais
† bis1c.c. ~2!

This interband scattering is important because this te
breaks theU(1) symmetry of the system. The Hamiltonia
~1! for the clean system is invariant under theU(1)3U(1)
transformation,ai→aie

if1 andbi→bie
if2. However, the in-

terband scattering term reduces this symmetry to the dia
nal U(1) symmetry because theU(1)3U(1) transformation
changes the impurity term as Vimpais

† bis

→Vimpais
† bisei (f22f1), unlessf1Þf2. This means that to
©2001 The American Physical Society13-1
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TAKASHI ICHINOMIYA PHYSICAL REVIEW B 63 045113
discuss the impurity effect, we must take the phase of e
tonic order parameter, which corresponds to^a†b&, into ac-
count.

Here we note that in real materials thisU(1) symmetry is
generally broken even without impurities due to other int
actions that are not included in the Hamiltonian~1!. The
interband pair scattering termV8aks

† ak82s
† bk82sbks is one of

such interactions. Therefore we suppose the phasef is de-
termined by such a term. It is interesting to study the sta
phasef and discuss the phase dynamics, however, thi
beyond the scope of this paper.

Volkov et al., noticed that localized states with uncom
pensated spin appears in the doped triplet excito
insulator.8 They concluded that the bound states appears o
whenD is positive. Their result means that the phase of
order parameter determines the existence of bound s
However, they assumeD to be real, which needs to be jus
tified by further study. In this paper, we treat the order p
rameter as the complex variable. Here we introduce the
citonic mean-field order parameterDss8 and write down the
mean-field Hamiltonian in pure excitonic system

HMF5(
s,k

ek
aaks

† aks1ek
bbks

† bks2 (
s,s8,k

~Dss8bks8
† aks

1Dss8
† aks8

† bks!2m(
s,k

~aks
† aks1bks

† bks!. ~3!

When we use the Hamiltonian~1!, the order parameterDss8
is defined as

Dss85V(
k

^aks
† bks8&2U (

k,s9
dss8^aks9

† bks9&. ~4!

This Hamiltonian is invariant under the transformationai
→aie

if1, bi→bie
if2, andDss8→ei (f22f1). It is convenient

to assume the order parameterDss8 to be real by choosing
the appropriate gauge. In this case, the impurity scatte
term ~2! shows phase dependence,

H imp8 5( Vimpe
ifais

† bis1c.c. ~5!

In the following two sections, we use Hamiltonians~3! and
~5!.

III. BOUND-STATE FORMATION AT AN IMPURITY

First, we study the bound state around the impurity
excitonic insulator. We here consider the one-impurity pro
lem. For simplicity, we assume the order parameterDss8 to
be diagonal,Dss85Dsdss8 . In the singlet excitonic insula
tor this assumption is correct. We note that in the trip
excitonic insulator we can justify this assumption if th
three components of the triplet order parameterD i
5(a,b(s i)abDab ( i 5x,y,z) are degenerate. In this case, w
can treat up spin and down spin separately. Then from
~3! the Green’s function in the mean-field theory is given
04511
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Gss8
0

~k,v!5S v2ek
a1m 2Ds

2Ds* v2ek
b1m

D 21

dss8 . ~6!

Assuming the impurity potential as pointlike, we can ca
culate the Green’s functionGss8(k,v,k8.v) using the
T-matrix approximation,

Gss8~k,v,k8,v!

5Gss8
0 dkk81(

s9
Gss9

0
~k,v!Gs9s9Gs9s8

0
~k8,v!,

~7!

Gss85Vss8
imp

1Vss9
imp (

k8
Gs9s-

0
~k8,v!Gs-s8 , ~8!

and

Vss8
imp

5S 0 Vimpe
if

Vimpe
2 if 0 D dss8 . ~9!

After some calculation with the assumptionea(k)
52eb(k) and constant density of states, we get

Gss85Vss8
imp F12(

k
G0~k!VimpG21

, ~10!

and

(
k

G0~k!Vimp5dss8

pNFVimp

ADs
22~v1m!2

3S Dse2 if ~2v2m!eif

~2v2m!e2 if Dseif D ,

~11!

whereNF is the density-of-states at Fermi energy.
The determinant of matrixD512(kGss

0 (k)Vimp is given
as

detD5S 12
ṼDse2 if

ADs
22~v1m!2D S 12

ṼDseif

ADs
22~v1m!2D

2
Ṽ2~v1m!2

Ds
22~v1m!2

511Ṽ222
ṼDs cosf

ADs
22~v1m!2

, ~12!

where Ṽ5pNFVimp . From this expression, we find tha
when Re(ṼD cosf) is positive,D21 has poles atv52m

6A(12(4Ṽ2 cos2 f)/(11Ṽ2)2)Ds and two bound states ap
pear. On the other hand, when Re(ṼD cosf) is negative,
there exists no bound state. We conclude that the phas
the order parameter controls the energy and existenc
bound states. If we setD real and positive, there exist boun
states atv52m6(12Ṽ2)/(11Ṽ2)Ds when f50. Here
3-2
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IMPURITY-INDUCED FERROMAGNETISM IN A DOPED . . . PHYSICAL REVIEW B63 045113
we note that this bound state exists even ifVimp is very weak.
As f changes from 0 top/2, the energies of bound state
approach tov52m6D and at f5p/2 the bound states
touch the edges of the continuum.

It should be noticed there exists a great difference in
effect of impurities between the singlet excitonic insula
and the triplet one. In the singlet excitonic insulator,D↑
5D↓ and both up-spin and down-spin bound states have
same energy. On the other hand, in the triplet excitonic
sulator,D↑52D↓ and the bound states of up-spin and dow
spin electrons cannot exist at the same time. Therefore s
of the electrons doped into the triplet excitonic insula
align ferromagnetically. Forf5p/2, marginal bound state
exist for both spin states and the excitonic insulator rema
paramagnetic.

IV. REDUCTION OF ENERGY GAP BY IMPURITIES

In the previous section, we studied the formation o
bound state around an impurity. We found that a bound s
appears only when Re(ṼD cosf) is positive. However, the
impurity will also influence the continuum state. For e
ample, it is well known that magnetic impurities in a supe
conductor reduce the energy gap. Zittartz discussed the e
of intraband scattering by impurities in excitonic insulat
and found that it reduces the energy gap in exactly the s
way as magnetic impurities do in a superconductor.6 In this
section, we consider the reduction of energy gap by an in
band scattering term.

To study the suppression of the energy gap, we use
same technique as Abrikosov and Gor’kov9 used for a super-
conductor. For simplicity we again assume that the or
parameter is diagonal in spin space. We introduce the re
malized Green’s functionG̃

G̃ss8~k,v!5S ṽ2ek
a1m 2D̃s

2D̃s* ṽ2ek
b1m

D 21

dss8 . ~13!

Here ṽ and D̃ are the renormalized frequency and ord
parameter, respectively, and we recovered the translati
invariance of Green’s function of continuum states by av
aging over the impurity positions.

Using the Born approximation, we get

G̃ss8~k,v!215Gss8
0

~k,v!212Sss8~k,v! ~14!

and

Sss8~k,v!5nimpE d3k8

~2p!3
Vss9

imp G̃s9s-~k8,v!Vs-s8
imp .

~15!

Integrating overk8 we obtain
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Sss8~k,v!5
Vimp

2 nimppNF

AuD̃su22~ṽ1m!2

3S ṽ1m 2D̃s* e2if

D̃se22if 2ṽ1m
D dss8 , ~16!

where we assumedek
a52ek

b and constant density-of-state
as before. After some calculations we get the following eq
tions for ṽ and D̃s :

ṽ5v1
1

t

ṽ1m

AuD̃su22~ṽ1m!2
, ~17!

D̃s5Ds2
1

t

D̃s* e22if

AuD̃su22~ṽ1m!2
. ~18!

Here t51/nimpNFVimp
2 . If f50, these equations are th

same as those for magnetic impurities in a superconduc
Therefore iff50, the energy gap is strongly suppressed
impurities. Asf develops from 0, the energy gap increas
and atf5p/2, the energy gap becomes almost the same
that of pure excitonic insulator, because atf5p/2 Eqs.~17!
and ~18! have the same form as those for nonmagnetic
purities in a superconductor.

The density-of-states of electronsN(v) is given by

N~v!52
1

2p
Im E Tr G~k,v!

d3k

~2p3!

52NF Im (
s

S ṽ1m

uD̃su22~ṽ1m!2D . ~19!

For some typical values off, we plot the density-of-states in
Fig. 1. From this figure, we find that the reduction of th
energy gap is a maximum atf50. This is consistent with
the above discussion.

FIG. 1. Phase dependence of density-of-states whent5100.
3-3
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TAKASHI ICHINOMIYA PHYSICAL REVIEW B 63 045113
V. NUMERICAL SOLUTION OF
BOGOLIUBOV –de GENNES EQUATION

From the analysis in the previous sections, we found t
the phase of the order parameter determines the existen
the bound state as well as the reduction of the energy
These two effects are not independent. For example, for
finite concentration of impurities, the bound states will for
an impurity band. On the other hand, if the energy gap of
continuum is strongly reduced, the energy of the bound s
present for a single impurity model may be absorbed into
continuum for a finite impurity concentration. To study su
possibilities, in this section we solve the Bogoliubov–
Gennes~BdG! equations for excitonic insulator numericall
We confine ourselves to the triplet case, because in the tr
excitonic insulators impurity may invoke magnetic mome
as discussed in Sec. III. We also show that incomplete
romagnetism can appear.

We start from the following Hamiltonian:

HBdG5 (
^ i , j &,s

~2taais
† aj s2tbbis

† bj s!

2 (
i ,s,s8

~D i ,ss8bis8
† ais1c.c.!1Vimp( ~bis

† ais

1c.c.!2Ea(
i ,s

ais
† ais2Eb(

i ,s
bis

† bis . ~20!

The first term is the kinetic term of electrons. Here we
sume two-dimensional square lattice and the summatio
carried out with nearest neighbor^ i , j &. In the theory of the
excitonic insulator, it is often assumed thatek

a52ek
b , so we

take ta52tb51. In this case,ek
a522(coskx1cosky)2Ea

andek
b52(coskx1cosky)2Eb . The second term is the inter

action term. The order parameterD i ,ss8 is determined from
the Hamiltonian~1! as

D iss85V^ais
† bis8&2Udss8(

s9
^ais9

† bis9&. ~21!

While for U50 the triplet state and singlet state are deg
erate, and positiveU suppresses the singlet state. In the f
lowing numerical calculation we takeU large enough to sup
press the singlet state completely. The third term descr
the impurity scattering and the sum is carried out on
impurity site. The last two terms are the energy-gap te
which determines the overlap of two bands. In the followin
we setEa52Eb . Under this assumption, the Fermi surfac
of two electron bands coincide when we do not dope
electron. The size of the Fermi surfaces depends onEa . For
Ea,24t, ek

a,ek
b for any k, and the system is a band ins

lator. On increasingEa, the Fermi surface emerges neark
5(p,p) and the system becomes a semimetal. WhenEa

.4t it becomes a band insulator again, becauseek
b,ek

a .
We solve Eqs.~20! and ~21! numerically keeping the

number of electrons constant. First, we diagonalize the
~20! and calculate the eigenenergy and eigenstates. Nex
take the eigenstates with small eigenvalues, up to the num
of electrons. The order parameter is calculated by Eq.~21!.
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We repeat these procedures iteratively until the solution c
verges. We change the phasef by choosing the initial values
of D, and check the phase after convergence.

We set parametersU51.0, V52.0, Vimp51.0, andEa
52Eb50. The calculation is carried out on 17317 lattices.

First we consider the case when the impurities are in
duced into the nondoped excitonic insulator. In Fig. 2
present the triplet order parameterDz axis when one impurity
is introduced, setting the initial conditionf50, p/4, and

FIG. 2. Real and imaginary part of triplet order parameter wh
~a! f50, ~b! f5p/4, and~c! f5p/2.
3-4
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IMPURITY-INDUCED FERROMAGNETISM IN A DOPED . . . PHYSICAL REVIEW B63 045113
p/2. The order parameter is reduced at the impurity site.
note that in Fig. 2~b! f differs from p/4. This is due to the
fact that after iterationf deviates from the initial values
However, from Fig. 2 we find that the difference is small

To see the reduction of energy gap, we need finite c
centration of impurities. In Fig. 3 we plot the single-partic
spectrum neare50 when 10 impurities are introduced per
odically. We find that the bound states appear aroundE
50.2 whenf50. It should be noted that the all electrons
the bound state has up spin, as shown in the right of
figure. The number of localized eigenstates with nega
energy is the same as that of impurities. The energy of
bound states become large asf changes from 0 top/2, and
vanish atp/2, consistent with our discussion. We also no
that atf5p/4 the energy gap is larger than the case wh
f50. This is consistent with the result of Sec. IV. We no
that at f5p/2 the gap seems to be smaller than the c
when f5p/4. At f5p/2, the bound states touch the ed
of the continuum and hybridize with the continuum. T
energy of eigenstates is lowered by this hybridization.

Now we turn to the case when electrons are doped. W
doped into a triplet excitonic insulator, electrons will alig
ferromagnetically iffÞp/2. In the case of LaxCa12xB6, La
acts as both the impurity and electron donor. Therefore
consider the case when the number of impurities and do
electrons are the same. In Fig. 4 we plotni ,↑2ni ,↓ when 10
electrons and impurities are doped forf50, 7p/16, and
p/2. Whenf50, we can see that localized magnetic m
ment appears around the impurity. Total magnetic mom
amounts to 10, which means that all doped electrons h
spin up. On the other hand, whenf5p/2, no magnetic mo-
ment appears. Therefore we can conclude whenf5p/2 the
doped triplet excitonic insulator is paramagnetic. These
sults are also consistent with our discussion. In the middle
these two limits, there may exist incomplete ferromagneti
In Fig. 4~b!, we show the same plot forf57p/16. We can
see that magnetic moment become small, being 6 in to
This incomplete ferromagnetism is considered as follows

FIG. 3. Phase dependence of energy spectra neare50. Phasef
is set to 0,p/4, andp/2. The right figure shows the spectrum
up-spin and down-spin electrons separately, whenf50.
04511
e

-

e
e
e

n

e

n

e
ed

-
nt
ve

-
of
.

l.
If

the concentration of impurities is finite, associated impur
bound states form an impurity band. Since the bound-s
energy approachesD as f→p/2, this impurity band has a
finite overlap with the continuum state forf sufficiently
close top/2. In this case the ferromagnetic moment due
doped electrons will be reduced.

VI. CONCLUSION AND DISCUSSION

On the basis of the results of the preceding sections,
first discuss the weak ferromagnetism in doped hexabori
As discussed in this paper, doped triplet excitonic insula
with impurities shows ferromagnetism if phasef is between
2p/2 andp/2. The incomplete ferromagnetism can also o

FIG. 4. Spatial pattern of magnetization when~a! f50, ~b! f
57p/16, and~c! f5p/2, when the number of electrons and th
number of impurities are both 10.
3-5
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TAKASHI ICHINOMIYA PHYSICAL REVIEW B 63 045113
cur when the energy gap becomes smaller than the bo
state energy. Here we discuss the possibility that the fe
magnetism of La-doped CaB6 is caused by impurities. We
assume that CaB6 is the triplet excitonic insulator. When w
dope La, it acts as impurity and causes interband scatte
As discussed in this paper, in the presence of interband s
tering up spin and down spin does not compensate bec
of the emergence of localized moment iffÞp/2. Therefore
ferromagnetism emerges, which becomes incomplete w
the reduced energy gap is smaller than the highest energ
the impurity band. Here we discuss the possibility of t
impurity-induced ferromagnetism by this mechanism.

First, we notice the ferromagnetism emerges only wh
excitonic order is spin triplet. It is well known that a dire
interaction term suppresses the singlet order, while excha
interaction stabilizes both singlet and triplet order by
equal amount. Therefore only a triplet order parameter w
be realized when direct interaction is large enough. It see
natural to assume that the exchange interaction is the s
order as the direct interaction. As shown in Sec. V, trip
excitonic insulator is realized whenU and V are the same
order.

Second, the phase of order parameter must not bep/2, in
other words, the minimum of the total energy is achiev
whenfÞp/2. In our discussion, we do not discuss the va
of f that minimizes the total energy. In our numerical c
culation the change of energy by phase is very small.
noted in Sec. II in real materials there exist some other
teractions, which is not discussed here, such as interband
scattering. These interactions also depend on the phase
cause these interactions exist even without impurities,
think that the stable phasef will be determined by such a
term. Further study will be needed to determine the stablef,
however, there exists no reason to restrictf5p/2.

Third, the minimum of the energy gap must be smal
than the energy of the impurity band. In our calculation
means thatf is close top/2. However, it should be notice
that there exists other origins of the reduction of the ene
gap. For example, intraband scattering by impurities also
creases the energy gap, as discussed by Zittartz.6 In this pa-
per we assume La acts as the interband scattering pote
However, there exist other impurities or disorder
LaxCa12xB6. These impurities and disorder will also acts
impurity potential. If this scattering is large enough, the e
ergy gap will be reduced such that the energy of the bo
states is larger than the gap. We conclude that the minim
of the gap can be smaller than the energy of the bound st

One may think that our model is too simplified to descri
the La-doped hexaborides. In the following we briefly co
ment on the physics neglected in our model.

First, we only consider one pair of Fermi surfaces, wh
shows complete nesting without doping. However, the b
calculation of CaB6 shows that there exist three pairs of im
completely nested Fermi surfaces. Balents and Varma4 dis-
cussed that in CaB6 we must consider the possibility of th
co-existence of gapped and ungapped Fermi surfaces. In
case, the bound state discussed in Sec. III will becom
virtual bound state. Therefore ferromagnetism will occur.
the other hand, the formation of Larkin-Ovchinnikov-Fuld
04511
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Ferrel ~LOFF! state discussed by Barzykin and Gorko5

modifies our result. If a LOFF state appears, order param
D shows spatial modulation, such asD(r )5D exp(iqr ). In
this case, total magnetic moment will diappear, because
direction of local magnetic moment depends on the phas
impurity site.

Another important point we have neglected is the symm
try of the energy band. Band calculation shows that the c
duction band and the valence band have different sym
tries, X38 and X3. When we substitute Ca by La at a sing
site, the symmetry will be reduced. However, if we set t
impurity site as the origin of the coordinate axes, the ro
tional and parity symmetries are not changed. This lead
the conclusion that interband scattering by La is forbidden
the symmetry. Therefore for our theory we must assume
symmetry is lowered at the impurity site. For example, if t
impurity locates at a less symmetric position, these symm
tries break down and intraband scattering is permitted. T
disorder of the lattice that breaks these symmetries will a
act as the interband scattering potential.

The readers will also notice that intraband scattering
neglected in our model. However we can show that
bound state can survive even if intraband scattering ex
When one impurity causes both interband and intraband s
tering, the energy of a localized state is determined by

~11Ṽimp
2 2Ṽimp82 !@D22~v1m!2#

12Ṽimp8 ~v1m!22ṼimpD cosf50, ~22!

whereṼimp8 5pNFVimp8 andVimp8 is the strength of intraband

scattering. If uṼimp8 u,Ṽimp cosf, Eq. ~22! has two bound

states whenṼimpD cosf.0. In this case the discussio
above is not qualitatively modified. On the other han
uṼimp8 u.Ṽimp cosf, Eq. ~22! has one bound state, indepe

dent of the sign ofṼD cosf. However here we note the
energy of bound state differs between positive and nega
D. Therefore we conclude the ferromagnetism will also s
vive, though some modification will be needed.

So far there is no direct evidence of this impurity-induc
incomplete ferromagnetism in the hexaborides. However
note that we can account for the experimental inconsisten
on the value of the saturation moment of LaxCa12xB6 by this
scenario. For example, in the first paper of Fisket al., the
saturation moment is about 0.07mB per electron whenx
;0.005, while Terashimaet al., reports that the saturatio
moment is about 0.25mB with same doping, more than thre
times larger than that of Fisk.10 We can explain this discrep
ancy by the difference of the density of impurities. Mo
careful experiments on the magnetism will be needed to
the present theory. The measurement of the local magn
moment will give much information about this.

In summary, we have investigated the effect of the imp
rity in the excitonic insulator. The effect depends on t
phase of the order parameter. The bound state appears
ReD is positive, and the energy of the bound state depe
3-6
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on the phase of the order parameter. On the other hand
reduction of the energy gap of continuum state becom
maximum when ImD50. Numerical solution of the BdG
equation supports these discussions. Based on these re
we proposed a new mechanism of incomplete ferrom
netism and applied it to the hexaborides. Our theory qua
tively explains experiments, though further study will b
needed.
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