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First-principles study of cation distribution in eighteen closed-shell
A II B2

III O4 and A IVB2
II O4 spinel oxides

Su-Huai Wei and S. B. Zhang
National Renewable Energy Laboratory, Golden, Colorado 80401

~Received 20 June 2000; published 9 January 2001!

Using a first-principles band-structure method, we have systematically studied the cation distribution in
closed-shellAIIB2

IIIO4 andAIVB2
IIO4 spinels where the group-II atoms are Mg, Zn, and Cd, the group-III atoms

are Al, Ga, and In, and the group-IV atoms are Si, Ge, and Sn. The total energies, the structural parameters, and
the band gaps of these compounds in both normal and inverse spinel structures are calculated. Compared with
previous model studies, we show that an atomistic method is crucial to correctly identify the stability of the
spinels and to calculate the anion displacement parameteru. The preference of cations with delocalized valence
d states~e.g., Zn! to form covalent tetrahedral bonds also plays a significant role in determining the cation
distribution in the spinels. Furthermore, the electronic structures of these spinel compounds depend strongly on
the cation distribution. For most of the spinels studied here, the calculated band gaps for the inverse spinels are
smaller than the corresponding normal spinels except for SnB2

IIO4.

DOI: 10.1103/PhysRevB.63.045112 PACS number~s!: 71.15.Nc, 61.50.Ah, 61.66.Fn
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I. INTRODUCTION

Spinel oxides are a group of compounds with the gen
formula AB2O4. They have the same general crystal stru
ture as the mineral spinel MgAl2O4. Many of the spinels
have interesting electronic and magnetic properties,1 thus
suitable for various technological applications, such
superconductors,2,3 magnetic cores,4,5 and high-frequency
devices.5 Since many of the spinels are common minera
they also have great geophysical interest.6–8 The
observation9–12 that some of the spinels~e.g., SnCd2O4,
SnZn2O4, and CdIn2O4! have large band gaps, and at t
same time also have high electroconductivity, make th
materials ideal for optoelectronic applications. CdTe so
cells using Cd2SnO4/Zn2SnO4 as transparent conductor lay
ers have achieved the highest cell efficiency known for t
system.13 These discoveries have rekindled the interest
study the fundamental physics in these systems.

One of the interesting features for spinels is the w
range of cation distributions found in this system. Some
the spinels~e.g., MgAl2O4! are know to have the ‘‘normal’’
distribution where1

8 of the tetrahedral voids in a face-cente
cubic ~fcc! close-packed oxygen sublattice are occupied
theA atoms and1

2 of the octahedral voids are occupied by t
B atoms~Fig. 1!. Other spinels~e.g., SnZn2O4! are known to
have the ‘‘inverse’’ distribution where the tetrahedral voi
are occupied by theB atoms and the octahedral voids a
occupied by bothA and B atoms. Intermediate phases wi
the formula (A12xBx)@AxB22x#O4 also exist. Here, cation
in the square brackets occupy the octahedral sites and ca
in the parentheses occupy the tetrahedral sites. The ca
inversion parameterx ranges from 0 for a normal spinel to
for an inverse spinel. For a completely random distributi
x5 2

3 . A list of the observed spinel oxides and sulfides, th
lattice parameters, and the cation inversion parameters
compiled in Ref. 6. Some of the results are listed in Tabl

Since the observation by Barth and Posnjak14 that not all
spinels have the normal spinel structure, the site prefere
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problem, namely, what is the stable cation distribution fo
specific spinel and why it is so, has attracted significant
tention in the last half century.4,6,15–21Most of the previous
studies used empirical models of electrostatic energy,4,15,22

ligand fields,23,24 or the ionic size of the cations19,20,25 to
explain the cation distributions. Although these models
helpful in providing some basic understanding of the cat
distributions in spinels, many exceptions exist that do
obey the ‘‘rules’’ derived from these models. For examp
using pseudopotential orbital radii, Burdett, Price, a
Price19 constructed a sorting map to identify the stable cat
distributions. They found that SnCd2O4 falls on the boundary
that separates normal spinels from inverse spinels. This
gests that the inverse energy

FIG. 1. Crystal structure of normal spinelAB2O4. For clarity,
only two octants of the spinel cell are shown. Other octants
occupied alternatively by the tetrahedral~octant without dashed
lines! and octahedral clusters~octant with dashed lines! shown in
this figure.
©2001 The American Physical Society12-1
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DE5E~ inverse!2E~normal! ~1!

for SnCd2O4 is small. They also found that in the ma
CdIn2O4 falls in the middle of the inverse spinel region, su
gesting that the inverse energy for CdIn2O4 is very negative.
However, there are strong indication that SnCd2O4 is more
stable in the inverse structure26 while CdIn2O4 is more stable
in the normal structure,27 although an early study suggeste
that CdIn2O4 may have the inverse structure.28 Direct experi-
mental determination of the cation distribution in SnCd2O4
and CdIn2O4 using x-ray diffraction data26,27 is rather diffi-
cult because the atomic numbers of the cations are sim
thus the diffraction intensity is not sensitive to cation dist
bution. Furthermore, the virtual crystal approximati
~VCA!, which neglects the chemical identity of theA andB
atoms on a sublattice by assuming averaged type of a
^AB&, was often used in the early studies to describe
cation distribution in the inverse spinel structure. However
is not clear whether the VCA is valid for these spinel oxid

Using a first-principles band structure method within t
local density approximation~LDA !,29 we systematically
studied the site preference of cation distribution in 18 clos
shell AIIB2

IIIO4 ~2-3! and AIVB2
IIO4 ~4-2! spinels. Here, the

group-II atoms are Mg, Zn, and Cd, the group-III atoms a
Al, Ga, and In, and the group-IV atoms are Si, Ge, and
Since all the cations considered here have either fully oc
pied valenced state or no valenced state, the effect of the

TABLE I. Observed structure data for the closed-shell 2-3 a
4-2 spinel oxides studied in this paper. The data are compiled
Hill, Craig, and Gibbs in Ref. 6. For 0,x,

2
3 , the spinel is ex-

pected to have a positive inverse energyDE and the normal spine
is more stable. For23 ,x,1, the spinel is expected to have a neg
tive DE and the inverse spinel is more stable. The tempera
associated with thex values in this table is uncertain.

Compound a ~Å! u x

2-3 spinels
MgAl2O4 8.0832 0.3874 0.07
MgGa2O4 8.2800 0.3790 0.67
MgIn2O4 8.8100 0.3820 1.00
ZaAl2O4 8.0860 0.3886 0.03
ZnGa2O4 8.3300 0.3867 0.00
ZnIn2O4

CdAl2O4 8.0780
CdGa2O4 8.5700 0.25
CdIn2O4 9.1150 0.3850 1.00

4-2 spinels
SiMg2O4 8.0760 0.00
SiZn2O4

SiCd2O4

GeMg2O4 8.2496 0.3758 0.00
GeZn2O4

GeCd2O4

SnMg2O4 8.6000 0.3750 1.00
SnZn2O4 8.6574 0.3900 1.00
SnCd2O4 9.1430 0.3920 1.00
04511
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ligand field is negligible. We find that the LDA-predicte
site preference agrees well with available experimental d
We identify unambiguously that SnCd2O4 is more stable in
the inverse spinel structure while CdIn2O4 is more stable in
the normal spinel structure. Compared with previous mo
studies, we find that~i! the VCA does not predict reliably the
cation distribution in spinels. An atomistic method that i
cludes both realistic charge distribution and local atomic
laxations is needed to correctly predict the stability of t
spinels. ~ii ! The anion displacement parameteru depends
sensitively on the cation distribution.~iii ! The lattice con-
stant has only a weak dependence on the cation distribu
The nearest-neighbor~NN! bond length between the tetrah
dral cation and the oxygen atom is about 0.1 Å smaller th
the NN bond length between the octahedral cation and
oxygen.~iv! The preference of certain cations to form cov
lent tetrahedral bonds is a significant factor in determin
the cation distribution in spinels. Atoms with shallow occ
pied d orbitals such as Zn, Cd, Ga, and In prefer to occu
the tetrahedral site rather than the octahedral site.~v! The
electronic structures of these spinel compounds dep
strongly on the cation distribution. For most of the spine
studied here, the calculated band gaps for the inverse sp
are smaller than the corresponding normal spinels, excep
SnB2

IIO4 spinels. In the following, we describe in more deta
the spinel crystal structure and our calculation methods
discuss the significant physics of our calculated results.

II. SPINEL CRYSTAL STRUCTURE

A normalAB2O4 spinel has a fcc lattice with space grou
Fd3̄m or Oh

7. When a fcc cubic cell of edgea and occupied
by A atoms is subdivided into eight octants with edgea/2
~Fig. 1!, four of the octants are occupied byAO4 clusters and
the other four of the octants are occupied byB4O4 clusters.
The A atom is centered on theAO4 tetrahedron cluster with
four nearest-neighbor O atoms, while theB atom is at the
corner of the octahedron cluster with six nearest-neighbo
atoms. The O atoms are positioned in the same way in
octants with oneA atom and threeB atoms as their neares
neighbors. There are only two structural parameters, the
bic lattice constanta and the anion displacement parame
u. The nearest-neighbor tetrahedral~tetra! bond lengthRtetra
and the nearest-neighbor octahedral~octa! bond lengthRocta
are given by

Rtetra5)~u20.25!a,

Rocta5A~u20.625!212~u20.375!2a. ~2!

At u50.3875, the two bond lengthsRtetraandRoctaare equal.
Furthermore, atu50.375, when the anions form a perfect fc
sublattice,

]Rtetra/]u5)a,

]Rocta/]u52a. ~3!
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Thus, whenu increases, the tetrahedral bond lengths incre
while the octahedral bond lengths decrease, and the tetr
dral bond length increases faster than the octahedral b
length decreases.

In an inverse spinel structure, the tetrahedral sites are
cupied byB atoms while the octahedral sites are occupied
equal numbers ofA and B atoms. Ideally, to describe th
inverse spinel structure one could use a large supercell
occupy the octahedral sites randomly byA and B atoms.30

However, this approach is computationally very expens
There is, however, a more efficient way to achieve the sa
result, i.e., using the ‘‘special quasirandom structure’’~SQS!
approach.31,32 This approach is based on the fact that t
physical properties of an alloy are uniquely determined by
atomic structure, and that the structure can be quantified
the ‘‘atomic correlation functions’’P̄k,m for atomic clusters
~k, m! with k vertices and up tomth neighbor.33 Hence, if we
occupy the octahedral sites in a relatively small unit c
~SQS! by A andB atoms in such a way so that its physica
most relevant atomic correlation functions are similar to t
for a random occupation, the calculated properties using
SQS will also approach the exact values for the random
loy. The SQS approach has been previously applied to II
~Refs. 34 and 35! and II-VI ~Refs. 36 and 37! zinc-blende
alloys as well as to fcc transition-metal alloys.38,39 In this
study we apply the SQS method for the inverse spinels.
used the same primitive unit cell as for the normal spin
The structures generated by randomly occupying the f
octahedral sites in the unit cell are all crystallographica
equivalent. It is interesting to note that this is the same str
ture observed for some long-range-ordered inverse spine4

III. METHOD OF CALCULATION

The band-structure and total-energy calculations are
formed using the first-principles local density approximati
as implemented by the general potential, all electron, rela
istic, linearized augmented plane-wave method.40 No shape
approximations are employed for either the potential or
charge density. We used the Ceperley-Alder exchange co
lation potential41 as parametrized by Perdew and Zunge42

Two specialk points~six equivalentk points for the inverse
structure! in the fcc Brillouin zone are used for the reciproc
space integration. Further increase of the number ofk points
changes the total energy difference by less than 0.01 eV.
well known that LDA underestimate the band gap. For
nately, however, the LDA errors are mostly canceled wh
we compare, in this paper, only the band gap difference
crystal structures of the same chemical compounds that d
only in their atomic distributions.

The lattice vectors for both the normal and inverse spin
are kept to be cubic, but all the internal structural parame
are fully relaxed. A recent calculation by Mo and Ching30 for
MgAl2O4 showed that configuration dependence of phys
properties of the inverse spinel is small once the atoms
fully relaxed inside the unit cell. Thus, the error introduc
by the use of the finite SQS in our study is expected to
small. The effectiveu parameters for the inverse spinels a
obtained by fitting the averaged tetrahedral bond lengths
04511
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octahedral bond lengths to Eq.~2!.
The total-energy and band-structure calculations are

formed atT50. To calculate, at a given temperatureT, the
equilibrium cation inversion parameterxeq of a spinel
(A12xBx)@AxB22x#O4, we used the model of Navrotsky an
Kleppa.18 In this model, the free energy is

DG~x!5DH~x!2TDS~x!, ~4!

where the enthalpy termDH(x) and the entropy termDS(x)
is approximated by

DH~x!5xDE,

DS~x!52k@x ln x1~12x!ln~12x!1x ln~x/2!

1~22x!ln~12x/2!#. ~5!

Here,DE is the inverse energy of Eq.~1! andk is the Boltz-
mann constant. In writing Eqs.~4! and~5!, we have made the
following assumptions:~a! DH is a simple linear function of
x, ~b! the distribution of the cations on each sublattice
random,~c! the nonconfigurational entropy is negligible, an
~d! the volume change associated with the cation inversio
negligible. Note that the configuration entropyDS(x) is zero
at x50 for the normal spinel. It has a maximum value
1.91k at x5 2

3 ~random cation distribution!, and has the value
of 1.39k at x51 ~inverse spinel!. The equilibrium cation
inversion parameterxeq is the value at which the free energ
is minimum. Taking a derivative ofG(x) with respect tox
and using the expression of Eq.~5!, we have

xeq5
A918~c21!23

2~c21!
, ~6!

wherec5eDE/kT. Figure 2 depicts thexeq as a function of
DE/kT. We see thatxeq differs significantly from 0~normal
spinel! and 1~inverse spinel! only if 25,DE/kT,10.

IV. RESULTS AND DISCUSSIONS

Table II presents our calculated structural parametera
and u for both the normal~N! and inverse~I! spinel struc-
tures, the inverse energyDE, the equilibrium cation inver-
sion parameterxeq at T51200 K, and the inverse band-ga

FIG. 2. Calculated equilibrium cation inversion parameterxeq as
a function ofDE/kT using the model described in the text@Eqs.
~4!–~6!#.
2-3
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TABLE II. Calculated structural parametersa andu for normal ~N! and inverse~I! spinels, the inverse
energyDE, the equilibrium cation inversion parameterxeq at T51200 K, and the inverse band-gap reducti
DEg for the 18 closed-shell 2-3 and 4-2 spinel oxides. A positiveDE indicates that the normal spinel is mor
stable at low temperature than the inverse spinel. A positiveDEg indicates that the normal spinel has a low
band gap than the inverse spinel.

Compound
aN

~Å!
aI

~Å! uN uI

DE
~eV/molecule! xeq

DEg

~eV!

2-3 spinels
MgAl2O4 8.072 8.046 0.3887 0.3799 0.50 0.12 20.66
MgGa2O4 8.341 8.283 0.3862 0.3813 20.05 0.74 20.80
MgIn2O4 8.884 8.846 0.3803 0.3848 20.06 0.75 20.55
ZnAl2O4 8.073 8.080 0.3895 0.3790 0.92 0.02 20.77
ZnGa2O4 8.311 8.302 0.3863 0.3810 0.48 0.13 21.43
ZnIn2O4 8.868 8.848 0.3803 0.3848 0.26 0.31 20.94
CdAl2O4 8.330 8.360 0.3950 0.3756 1.30 0.00 20.75
CdGa2O4 8.579 8.573 0.3927 0.3776 0.90 0.02 21.32
CdIn2O4 9.130 9.112 0.3873 0.3815 0.54 0.10 21.07

4-2 spinels
SiMg2O4 8.039 8.106 0.3692 0.3887 0.56 0.09 20.81
SiZn2O4 8.083 8.124 0.3682 0.3882 0.05 0.59 20.45
SiCd2O4 8.617 8.670 0.3612 0.3916 0.74 0.04 20.81
GeMg2O4 8.266 8.338 0.3762 0.3567 0.20 0.38 0.03
GeZn2O4 8.325 8.360 0.3756 0.3861 20.36 0.97 20.06
GeCd2O4 8.851 8.895 0.3682 0.3899 20.05 0.74 20.32
SnMg2O4 8.566 8.642 0.3833 0.3835 20.17 0.87 0.81
SnZn2O4 8.631 8.658 0.3830 0.3833 20.64 1.00 0.60
SnCd2O4 9.134 9.164 0.3760 0.3873 20.71 1.00 0.14
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reductionDEg for the 18 compounds. Table III lists our ca
culated tetrahedral and octahedral cation-oxygen nea
neighbor bond lengths. In this paper, we do not consider
possible existence of other structures that, for some of th
compounds, may have lower total energy than
spinels.26,43,44

A. Comparison with experiment

Comparing the calculated results in Table II and the
perimental data6 in Table I we find the following results.

TABLE III. Calculated tetrahedral~tetra! and octahedral~octa!
nearest-neighbor cation-O bond lengths for the cations studie
this paper. Results are averaged over different spinel compo
and the standard deviations are also given.

Bond Rtetra Rocta

Mg-O 1.9660.02 2.0560.03
Zn-O 1.9760.02 2.0760.03
Cd-O 2.1460.03 2.2460.03
Al-O 1.8260.02 1.9360.02
Ga-O 1.8960.02 2.0060.02
In-O 2.0760.02 2.1660.02
Si-O 1.6660.02 1.8360.02
Ge-O 1.8160.02 1.9460.02
Sn-O 1.9960.02 2.0860.02
04511
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e
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~i! The calculated lattice constants are within 1% of t
experimental values, except for CdAl2O4. Since the cited
experimental value6,17 of 8.078 Å for CdAl2O4 is smaller
than the one for ZnAl2O4 ~8.086 Å!, while the atomic size of
Cd is much larger than Zn, we believe that the cited exp
mental value is possibly incorrect.

~ii ! The calculated anion displacement parameteru de-
pends sensitively on the cation distribution. For example
normal spinel structure, theu parameters for ZnAl2O4 and
SnCd2O4 are 0.3895 and 0.3760, respectively, while at
verse spinel structure the effectiveu parameters are 0.379
and 0.3873, respectively. If we use the measured or ca
lated cation inversion parameterx and assume theu param-
eter varies linearly withx, the calculatedu are in good agree-
ment with experimental data,6 considering the fact that the
uncertainties in the measuredu parameter and the inversio
parameterx are relatively large. We notice that the discre
ancy between the calculated values and the measured v
for the Sn compounds is somewhat larger than the o
compounds.

~iii ! The calculated cation inversion energyDE for most
of the 2-3 spinels are positive, i.e., they are more stable
the normal spinel structure, except for MgGa2O4 and
MgIn2O4, which are slightly negative, thus, more stable
the inverse spinel structure. For 4-2 spinels, all the Si spin
and GeMg2O4 are more stable in the normal spinel structu
while the other 4-2 spinels are more stable in the inve
spinel structure. These results are consistent with experim

in
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tal observations6 except for CdIn2O4. Our calculatedDE
50.54 eV/molecule for CdIn2O4 is strongly positive, sug-
gesting that it should have a normal spinel structure.
early experiment by Skribljak, Dasgupta, and Biswas28 con-
cluded that it was probably inverse. However, more rec
estimates of Shannon, Gillson, and Bouchard27 concluded
that it was probably a normal spinel. The difficulty in ide
tifying the crystal structure of CdIn2O4 experimentally is due
to the fact that the atomic numbers of Cd and In differ on
by 1, thus the x-ray diffraction intensities of normal an
inverse CdIn2O4 spinels are very similar.

~iv! By measuring experimentally the inverse parametex
as a function of temperature, one can invert Eq.~6! to esti-
mate the inverse energyDE. Using this approach, the exper
mentally estimated inverse energyDE for the mineral spinel
MgAl2O4 is 0.48 eV,45 which can be compared with the calo
rimetry date of 0.3960.09 eV.18 The experimentally esti-
mated value for MgGa2O4 is DE520.11 eV.45 These values
are in good agreement with our calculated values of 0.50
20.05 eV, respectively, for MgAl2O4 and MgGa2O4.

B. Analysis of the general trends

From our systematic studies we observe the follow
trends.

~i! In Table III, we see that the cation-O bond lengths, a
thus, the ionic atomic sizes of the cations in the same gro
increase as the cation atomic number increases. That is
atomic size increases from Mg to Zn to Cd, from Al to Ga
In, and from Si to Ge to Sn. It is interesting to note that in t
more covalent zinc-blende compounds~e.g., MgSe, ZnSe
AlAs, and GaAs! Mg-anion bond lengths are larger than Z
anion bond lengths, and Al-anion bond lengths are lar
than Ga-anion bond lengths.46 In Ref. 19, the pseudopoten
tial orbital radii used by Burdett, Price, and Price ha
r (Mg).r (Zn), which is not consistent with the ionic rad
derived here.

~ii ! The ionic atomic size decreases as the atomic vale
increases, i.e., it decreases from Mg to Al to Si, from Zn
Ga to Ge, and from Cd to In to Sn. This is because
cations with higher valence, the net charges of the io
cores are larger after removing the valence electrons. Th
fore, cations with higher valence are more tightly bound
the nucleus and thus have a smaller ionic radius.

~iii ! The octahedral cation-O bond length is;0.1 Å larger
than the tetrahedral bond length. This is because the oct
dral site is more open than the tetrahedral site. Our res
agree reasonably well with the empirical results
Shannon25 and that of O’Neill and Navrotsky.20 However,
our results do not agree with Mo and Ching’s results30 who
find a much larger difference of 0.5 Å in MgAl2O4.

~iv! For 2-3 spinels, the calculated lattice constant for
normal spinel structure is generally slightly larger than
one for the inverse spinel structure. For 4-2 spinels, the
posite is true, i.e., the lattice constant for the normal spine
always smaller than the one for inverse spinel. This is
cause when a larger group-II atom~e.g., Cd in SnCd2O4 or
Mg in MgAl2O4! occupies the tight tetrahedral site, the la
tice constant tends to expand a little to accommodate
04511
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larger atom, despite the fact that most of the changes
accommodated by the displacement of the anions and
ensuing change of the parameteru.

~v! uN for 2-3 spinels~;0.387! are larger thanuN for 4-2
spinels~;0.373!. This is because theAII-O tetrahedral bond
lengths are similar to theBIII -O octahedral bond lengths fo
2-3 spinels~Table III!. Thus, the O atom will displace from
its ideal position at u50.375 towards the positionu
50.3875 where the tetrahedral bond length and the octa
dral bond length are equal. On the other hand, for
spinels, theAIV-O tetrahedral bond length is much small
than theBII-O octahedral bond length~Table III!. Therefore,
the averageuN is close to the ideal value ofu50.375, where
the ratio between the tetrahedral bond length and the oct
dral bond length is)/2.

~vi! For 2-3 spinels, compounds with largeAII atoms, and
thus largeuN ~e.g., CdB2O4! tend to have the normal spine
structure~i.e., large positiveDE!. For 4-2 spinels, the situa
tion is reversed. Compounds with largeAIV atoms ~e.g.,
SnB2O4! tend to have the inverse spinel structure~i.e., large
negativeDE!.

~vii ! For compounds with similar structural paramete
e.g., MgB2

IIIO4 and ZnB2
IIIO4, the inverse energyDE for

ZnB2
IIIO4 is much larger than for MgB2

IIIO4. This indicates
that Zn, which has shallow occupied valenced states, prefers
to occupy the tetrahedral site. Similar situations exist in 2
Al and Ga spinels, and in 4-2 Mg and Zn spinels. We fi
that Zn and Ga have a stronger preference to occupy
tetrahedral site. In general, atoms with shallow occupied
lence d states~Zn, Cd, Ga, and In! prefer to occupy the
tetrahedral site.

C. Electrostatic energy

To understand the general trends discussed above, e
cially trend~vi!, we have studied the electrostatic energy
these spinels and compared with previous models.15,22,47The
electrostatic energy has long been considered to be one o
most important factors in determining the cation distributi
in spinels, especially for the closed shell spinels studied h
Verwey and Heilmann15 performed the first calculation o
the electrostatic energy

EM52M ~e2/a!, ~7!

of normal and inverse spinels as a function ofu. Here,M is
the Madelung constant. A large Madelung constant mean
lower electrostatic energy. Verwey and Heilmann us
nominal charges~Q52, 3, 4, and22 for group-II, -III, -IV,
and O atoms, respectively! and the VCA to describe the in
verse structure. They concluded from their electrostatic
ergy calculation that all 2-3 spinels should be stable in
normal arrangement, while all 4-2 spinels should be stabl
the inverse arrangement. This ‘‘rule’’ clearly does not agr
with the experimental observation of Table I or the theor
ical calculations of Table II. Latter calculations by Herman
Weenk, and Van Gool,47 and by Thompson and Grimes22

revealed some numerical error in the earlier work.15 They
show that for 2-3 spinels, normal distribution is favored
u.0.3805, while for 4-2 spinels inverse distribution is f
2-5
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vored if u.0.3875. The calculated Madelung constants
plotted in Fig. 3. We find from Fig. 3 that the Coulom
energy47,22 explains qualitatively trend~vi! above. For ex-
ample, for the 2-3 normal spinel, the Madelung constant
creases withu, while for the 2-3 inverse spinel the Madelun
constant decreases withu @Fig. 3~a!#. For the 4-2 spinel, the
trend is reversed@Fig. 3~b!#. The electrostatic model thu
explains why the 2-3 spinel with a largeu prefers the norma
structure, while the 4-2 spinel with a largeu prefers the
inverse structure.

However, this simple electrostatic model cannot be u
to predict the inverse energy quantitatively for the followi
reasons: First, nominal charges are used, while in reality
charge on each atom is screened and depends on the
environment.48 Second, the VCA is used to describe t
charge distribution in the inverse spinel structure. To see
effect of the VCA charge distribution, we have calculated
Madelung constant using the actual nominal ionic charge
each site instead of the averaged one. In this calculation
keep the atoms at their VCA positions. Figure 3 compa
the calculated Madelung constants. We find that the V
always underestimates the Madelung constant. The erro
proportional to (QA2QB)2. Therefore, the error is fou
times larger in 4-2 spinels than in 2-3 spinels. When

FIG. 3. Calculated Madelung constants@Eq. ~7!# as a function of
the anion displacementu for the normal~solid line! and inverse
spinels for~a! 2-3 spinels and~b! 4-2 spinels. The inverse spine
are calculated with~dashed line! or without ~dotted line! the VCA
charge distribution. The VCA atomic positions are used in b
calculations.
04511
e
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cal
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correct ionic charge is taken into account, the criticalu value
at which the Madelung constants for the normal and inve
spinels are equal is shifted fromu50.3805 tou;0.383 for
2-3 spinels and fromu50.3875 tou;0.382 for 4-2 spinels.
Third, the electrostatic model assumes implicitly that the
fective u parameters for the normal and inverse spinels
the same and that cations are at their ideal positions. We
that, in most cases, this assumption is not valid. For som
the spinels~e.g., ZnAl2O4 and SnCd2O4! theu parameters for
the normal and inverse spinels are very different. If we u
the u parameters for the normal structure, we would exp
from the electrostatic model that both ZnAl2O4 (uN
50.3895) and SnCd2O4 (uN50.3760) would have the nor
mal spinel structure~Figs. 3 and 4!. However, if we use the
u parameters for the inverse structure, we would expect fr
the electrostatic model that both ZnAl2O4 (uI50.3790) and
SnCd2O4 (uI50.3873) would have the inverse spinel stru
ture ~Fig. 3!. This analysis indicates that one cannot jud
a priori the stability of spinels from a singleu parameter.

Figure 4 shows the effect of atomic relaxation on t
Madelung constants for some of the spinels. For each c
pound, the Madelung constant is calculated at three confi
rations:~a! at the normal spinel structure,~b! at the inverse
unrelaxed structure, and~c! at the fully relaxed inverse
atomic position~solid dots!. The arrows in Fig. 4 point to the
u parameters associated with each compound at the no

h

FIG. 4. Similar to Fig. 3. The solid dots are the results calc
lated for MgGa2O4, MgIn2O4, ZnAl2O4, SiMg2O4, SnZn2O4, and
SnCd2O4 using the LDA calculated, fully relaxed atomic position
2-6
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spinel structure. For the inverse unrelaxed structure, at
are switched but no further atomic relaxation from the n
mal spinel positions is allowed. That is, the inverse spine
assumed to have the sameu parameter as the normal spine
Our calculated results are used for the fully relaxed inve
spinel atomic positions. For the 4-2 spinels with large cat
size mismatch~e.g., SiMg2O4 and SnCd2O4, reflected by
their large differences between theu parameters for the nor
mal and inverse structure in Table II!, the effects of atomic
relaxation on electrostatic energy are very large. SnCd2O4
has a large Madelung constant in the inverse spinel struc
only after the atomic relaxation. The relaxation effect is ne
ligible for SnZn2O4, because Zn and Sn have very simil
atomic size~Table III!, which is also reflected by its nearl
identical u parameters for normal (u50.3830) and inverse
(u50.3833) structures. The relaxation effects for the 2
spinels are also relatively small because the charge di
ences between the cations are smaller in 2-3 spinels tha
4-2 spinels. In both cases, we find that the electrostatic
ergy differences between normal and inverse spinels bec
much smaller after atomic relaxation.

D. Change of the band gap

To see how the cation distribution affects the electro
structure of a spinel, we have calculated the difference of
direct band gap at the zone center~G! between normal and
inverse spinels.

DEg5Eg~ inverse!2Eg~normal!. ~8!

The results are given in the last column of Table II. We fi
that for most of the spinels studied here, the calculated b
gaps for the inverse spinels are smaller than those of
normal spinels, i.e.,DEg is negative. This can be understoo
by noticing that in the inverse structure, the local symme
is reduced by the distribution of atoms and atomic rel
ations. This lowering of local symmetry causes further le
repulsion within the valence band and within the conduct
band, pushing up the valence-band maximum and pus
down the conduction-band minimum states, thus lower
the band gap. This effect is similar to that observed in se
conductor alloys, where due to symmetry-lowering-induc
band repulsion, the alloy band gap is smaller than the c
R

B.

y
.
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position averaged band gap.32 However, for SnB2
IIO4 ~also

for GeMg2O4!, due to the small change in the anion displac
ment u as well as the charge transfer from Sn to group
cations in forming the inverse structure~the Sn 5s orbital
energy is about 5 eV lower than the group-II cations!, the
band gap for the inverse structure islarger than the one for
the normal structure. The effect of the cation distribution
the change of the band gap can be large. For exam
DEg521.32 eV for CdGa2O4 and DEg50.81 eV for
SnMg2O4. Thus, in principle, one can control the band g
by controlling the cation inversion parameterx. This pro-
vides an opportunity for band-gap engineering of these m
terials for specific technological applications.

V. SUMMARY

Using a first-principles band-structure method, we ha
systematically studied the cation distribution in closed-sh
AIIB2

IIIO4 andAIVB2
IIO4 spinels. Our predicted site preferenc

agrees very well with available experimental data. We id
tify unambiguously that SnCd2O4 is more stable in the in-
verse spinel structure, while CdIn2O4 is more stable in the
normal spinel structure. Compared with previous mo
studies, we find that~i! an atomistic method that include
both realistic charge distribution and atomic relaxations
needed to correctly predict the cation distribution in the
spinels. ~ii ! The anion displacement parameteru depends
sensitively on the cation distribution.~iii ! The preference of
some of the cations to form covalent tetrahedral bonds
significant factor contribution in determining the cation d
tribution of the spinels. Atoms with shallow valenced states
such as Zn and Ga as well as Cd and In prefer to occupy
tetrahedral site rather than the octahedral site. Our predi
changes in the band gaps as function of the cation distr
tion provides a basis for band-gap engineering of these
terials for specific technological applications.
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