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Parametric luminescence of microcavity polaritons
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The spectral and dispersive emission properties are analytically determined for the two-dimensional system
of exciton-polaritons in microcavities excited by a resonant and coherent optical pump. New collective exci-
tations result from the anomalous coupling between one generic polariton state and its idler, created by the
scattering of two pumped polaritons. The corresponding parametric correlation is stimulated by the emitter and
idler populations and drives very efficiently the luminescence. The intrinsic properties of the collective exci-
tations determine a peculiar emission pattern.
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In their pioneering experiments, Weisbuchet al.1 discov-
ered a kind of two-dimensional quasiparticles, resulting fr
the strong coupling between quantum well excitons and c
fined photons in a semiconductor microcavity. These pe
liar particles, called microcavity polaritons, have a ve
sharp dispersion due to the very light mass of the ca
photon. Remarkably, this represents a condensed-matter
tem of small mass quasiparticles which can be manipula
through laser beams both in frequency and momentum sp
In principle, the low polariton density of states could allo
large occupation numbers at relatively small densities of p
ticles, well below the critical saturation value due to the f
mionic nonlinearities. In other words, the polariton syste
could exhibit bosonic properties.2 Furthermore, unlike un-
bound electron-hole pairs in ordinary semiconductor las
microcavity polaritons have a relatively short time of reco
bination into external photons. All these ingredients are
deed very promising for applications in the domain of
trafast all-optical switching and amplification.

Recently, Danget al.3 measured photoluminescence spe
tra from a II-VI microcavity excited with anonresonant
pump. A threshold was observed in the dependence of
polariton luminescence intensity as a function of the in
power. Similar results were reported by Senellart and Blo
in a III-V microcavity.4 These experiments have been inte
preted in terms of enhanced scattering of reservoir excit
into the emitting polariton modes. The origin of the enhan
ment has been attributed to bosonic stimulation due to fi
state occupation.

More recently, great insight into the subject has be
given by angle-resolved experiments underresonantexcita-
tion.5–8 In this kind of experiment, polaritons are optical
excited at a desired energy and momentum, allowing a di
control of the polariton dynamics. In particular, Savvidiset
al.5 have uncovered a kind of polariton parametric amplifi
through pump-probe experiments. The angular selec
rules for the parametric conversion of pumped polarito
into the probe and idler modes are unambiguously given
the energy and momentum conservation for the polar
scattering. In the case of an applied probe, the nonlinea
can be explained in terms of phase-matched wave-mixin
polariton matter beams.9 Remarkably, giant nonlinearitie
occur also when the probe beam is absent and the spon
ous emission is detected.5,6,8 Spectrally, the luminescenc
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shows a very peculiar distortion with respect to the bare
lariton dispersion.6,8 Moreover, the emission is characterize
by a finite angular width which appears to be an intrin
property of the system.6,8 Indeed, the whole phenomenolog
suggests that the interacting polariton matter provides a k
of collective excitations. The nature of these excitations a
the connection with the stimulated scattering mechanism
not yet known. The explicit solution of this intriguing prob
lem is the motivation and main result of our present inve
gation.

In this paper, we present a theoretical analysis of the
lariton nonlinear emission in the case of resonant and co
ent pumping. The coherence induced by the pump field
lows an anomalous coupling between a generic polar
state and its idler, originated by the fission of two pump
polaritons. The anomalous coupling gives rise to new coll
tive excitations. The luminescence is driven by the emitt
idler parametric correlation which is stimulated by the em
ter and idler populations. We establish how the intrin
properties of the collective excitations determine the r
emission features. In particular,~i! the peculiar dispersion
~ii ! the line-shape features and~iii ! the two-dimensional pat-
tern are provided by our results.

In order to investigate the nonlinear emission of micr
cavities in the strong exciton-photon coupling regime,
work directly in the polariton basis. The polariton states ha
a two-dimensional character and are described by the
plane wave vector and their spin. In the following, eachk
will be a two-dimensional vector in the quantum well plan
Moreover, we will consider the case of a circularly polariz
pump beam. Neglecting the spin relaxation, only t
polariton states with a definite circular polarization w
be retained. When showing numerical results, we will u
the angular coordinates (ux ,uy) defined by (kx ,ky)
5v/c(sinux ,sinuy), wherev is the emission frequency. Ac
tually, these coordinates represent the angles of the far-
images in current experiments.5,6,8 Since we consider the
situation of resonant pumping of the lower polariton bran
we can neglect the nonlinear contribution due to the up
branch. The destruction operator for a lower polariton w
in-plane wave vectork is pk5Xkbk1Ckak , wherebk andak
are the exciton and photon Bose operators, respectively,
Xk , Ck the corresponding Hopfield coefficients (Xk.0 and
Ck,0). The lower polariton Hamiltonian9 is H5HLP
©2001 The American Physical Society03-1
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1HPP
ef f1Hqm. The free termHLP5(kELP(k) pk

†pk contains
the lower polariton energy dispersionELP(k). The polariton-
polariton interaction term reads

HPP
e f f5

1

2 (
k,k8,q

lX
2

A
Vk,k8,q

PP pk1q
† pk82q

† pk pk8 , ~1!

wherelX is the two-dimensional exciton radius andA is the
macroscopic quantization area. The interaction potential

Vk,k8,q
PP

5$2~\VR/nsatlX
2 !~ uCk1quXk81uCk8uXk1q!

1~6e2/elX!Xk1qXk8%Xk82qXk ,

with nsat57/(16plX
2) being the exciton saturation densi

ande being the quantum well dielectric constant. Notice th
Vk,k8,q

PP is positive and represents a repulsive interaction. T
cavity system interacts with the external electromagn
field through the standard quasimode coupling Hamilton
Hqm5*dV$(kgCk pk

† ak,V1H.c.%. The operatorak,V de-
structs an external photon with in-plane wave vectork and
frequencyV. The spectrum of the polariton luminescence

PL~k,t,v!}uCku2 ReE
0

1`

dte2 i (v2 i01)t^pk
†~ t1t!pk~ t !&,

~2!

wherepk(t) is the time-dependent polariton operator. He
and in the following we use the Heisenberg representatio
time-dependent operators and take expectation values o
stationary state. In the steady-state regime, the two-time
relation^pk

†(t1t)pk(t)& depends only on the relative timet,
and not ont. This implies that the stationary spectrum can
calculated at a fixed timet5t0 when the steady-state regim
is achieved. For simplicity, we chooset050 and
hence PL(k,v)}uCku2 Re$^ p̃k

†(v)pk(0)&%, where p̃k(v)

5*0
1`dtei (v1 i01)tpk(t).

An applied cw-optical pump with in-plane wave-vectorkp
drives a polariton polarization^pkp

(t)&5e2 ivptu^pkp
&u,

wherevp is the laser frequency resonant with the lower p
lariton mode. We are interested in the generic polariton
eratorpk(t) with kÞkp. The polariton-polariton interaction
couplespk(t) to the pumped mode and to the idler polarit
operator pkidler

(t), where k idler52kp2k. This corresponds

to the fission process$kp ,kp%→$k,k idler%. Disregarding
the pump noise, we can perform the replacem
pk

†(t)pkidler

† (t)pkp
(t)pkp

(t).pk
†(t)pkidler

† (t)^pkp
(t)&2. Further-

more, we neglect multiple scattering, that is interaction
tween modes other than the pumped one~i.e., $k,k8%→$k
1q,k82q%). The limit of validity of this approximation will
be discussed later on. With these assumptions, the He
berg equations of motion read

i\
d

dt S pk~ t !

pkidler

† ~ t !e2 i2vptD
5M̂ k

parS pk~ t !

pkidler

† ~ t !e2 i2vptD 1S Fk~ t !

2Fkidler

† ~ t !e2 i2vptD , ~3!
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where the coupling matrix is

M̂ k
par5S ẼLP~k!2 igk

Ek
intP kp

2

2Ek
intP kp

!2 2\vp2ẼLP~k idler!2 igkidler

D . ~4!

The off-diagonal term contains the energyEk
int

5(Vkp,kp ,k2kp

PP 1Vkp,kp ,kp2k
PP )/2 and the pump-induced polar

ization Pkp
5(lx /AA)^pkp

&. We point out that uPkp
u2

5nplX
2 is thecoherent densityof pumped polaritons in units

of lX
22 . The diagonal process$k,kp%→$k,kp% produces the

renormalization of the energy dispersion~blueshift!, namely
ẼLP(k)5ELP(k)12Vk,kp,0

PP uPkp
u2. Notice the equality of the

diagonal elements ofM̂ k
par is equivalent to the exact energ

conservation for the process$kp ,kp%→$k,k idler%. Finally, the
coupling to the external photons is responsible for a radia
damping gk52pg2uCku2/\ and a Langevin forceFk(t)
5*dV gCk

!e2 iVtak,V(0).
From the coupled equations for the operatorspk(t) and

pk
†(t), we can obtain the physical quantities of interest. L

us consider the polariton occupation numberNk(t)
5^pk

†(t)pk(t)&. From the equations forpk(t), we get

~d/dt!Nk~ t !52~2gk/\!Nk~ t !1~2/\!Im$^pk
†~ t !Fk~ t !&

1Ek
intPkp

2 e2 i2vpt^pk
†~ t !pkidler

† ~ t !&%. ~5!

This equation shows that the polariton populationNk(t)
is driven by the anomalous quantum correlation
^pk

†(t)pkidler

† (t)&. The anomalous correlation evolution read

i\~d/dt!^pk
†~ t !pkidler

† ~ t !&

5@2ẼLP~k!2ẼLP~k idler!2 i ~gk1gkidler
!#

3^pk
†~ t !pkidler

† ~ t !&1^pk
†~ t !Fkidler

† ~ t !&1^Fk
†~ t !pkidler

† ~ t !&

2Ek
intPkp

!2ei2vpt@11Nk~ t !1Nkidler
~ t !#. ~6!

Notice that the emitter-idler correlation̂pk
†(t)pkidler

† (t)&
has a generation term proportional to the Boson enhan
ment factor@11Nk(t)1Nkidler

(t)#. This means that there is
spontaneousinhomogeneouscontribution and a stimulation
term due to the emitter and idler populations.

In order to obtain the frequency spectrum of the station
luminescence, we have to come back to the equations
pk(t) and pk

†(t). In the frequency space~through the trans-

formation*0
`ei (v1 i01)tdt), the coupled equations read

\vS p̃k~v!

p̃ kidler

† ~2vp2v!D
5M̂ k

parS p̃k~v!

p̃ kidler

† ~2vp2v!D
1S F̃k~v!1 i\pk~ t50!

2F̃ kidler

† ~2vp2v!1 i\pkidler

† ~ t50!D . ~7!
3-2
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Neglecting the noise sourceF̃k(v) due to the externa
photons, the solution of this linear inhomogeneous system

p̃k~v!5
D~v!i\pk~ t50!1Ek

intPkp

2 i\pkidler

† ~ t50!

~\v2E1,k!~\v2E2,k!
, ~8!

with D(v)5\v1ẼLP(k idler)1 igkidler
22\vp . The com-

plex pole energies E1,k and E2,k are the eigenvalues of th

parametric matrix M̂k
par and describe the new collective e

citations of the microcavity system. From the steady-stat
version of Eq. ~2! „namely through Re$^ p̃k

†(v)pk(0)&%
5Re$^pk

†(0)p̃k(v)&%… , we can obtain the stationary lum
nescence as a function of the steady-state populationNk

s

5^pk
†(0)pk(0)& and parametric correlation amplitudeAk

s!

5^pk
†(0)pkidler

† (0)&. The result is

PL~k,v!}uCku2 ReH i
D~v!Nk

s1Ek
intPkp

2 Ak
s!

~\v2E1,k!~\v2E2,k!
J . ~9!

Simple algebra shows that steady-state solutions of E
~5!,~6! are^pk(t)pkidler

(t)&5A k
s e2 i2vpt andNk(t)5Nk

s . The
anomalous correlation amplitude reads

A k
s5

Ek
intPkp

2 dk

udku22@~gk1gkidler
!2/gkg idler# uEk

intPkp

2 u2
, ~10!

with dk5@2\vp2ẼLP(k)2ẼLP(k idler)2 i (gk1gkidler
)#.

Moreover, the steady-state population is

Nk
s5~1/gk!Im~Ek

intPkp

2 Ak
s!!. ~11!

FIG. 1. Lower polariton energy dispersionELP2Eexc(0) ~meV! versus
the anglesux anduy ~deg!. A sketch is shown for a parametric fission of tw
pumped polaritons.
04130
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Of course,Nkidler

s 5Nk
sgk /gkidler

. As we will show below, the

PL signal~as well as the parametric amplitudeA k
s and popu-

lation Nk
s) diverges when the pump densityuPkp

u2 reaches a
threshold value. In fact, above threshold, the pump polar
tion can be no longer treated as a parameter. This means
the equation of motion for the pumped mode has to be
cluded, accounting for the pump depletion. Moreover, wh
the transfer from the pump wave vector to the other o
becomes very massive, multiple scattering can be no lon
neglected. Hence,the results here presented are valid on
below the threshold of the parametric luminescence.

For sake of illustration, we present our analytical resu
by using GaAs parameters for a realistic microcavity str
ture with Rabi splitting equal to 7 meV. We consider th
situation of zero exciton-photon detuning, i.e.,Eexc(0)
5Ecav(0). For simplicity, we consider a k-independent po
lariton linewidthgk'0.4 meV~for large k, the decreasing o
the radiative width is usually compensated by nonradiat
broadening!. The two-dimensional dispersion of the lowe
polariton branch is shown in Fig. 1. We consider a pum
which resonantly excites the polariton branch at the criti
wave-vector such asELP(0)1ELP(2kp)52ELP(kp), allow-
ing the particular polariton fission$kp,kp%→$0,2kp% ~with
increasing pumping, one has to consider the renormali
dispersionẼLP instead ofELP). Figure 2 contains the con
tour plot of the quantityuELP(k)1ELP(k idler)22ELP(kp)u in
k space (kp is along thex direction!. The white-dashed line
represents the zero value contour, i.e. exact energy conse
tion for the fission$kp,kp%→$k,k idler%. Remarkably, the con-
servation is only weakly forbidden in a large squeezed p
tion of k space~dark region! aroundkp . This implies that the
parametric coupling is efficient on a broad angular ran
This is actually found in Fig. 3~a!, where a typical contour
plot of the photoluminescence~log scale! is shown as a func-
tion of the angleux (uy50) and of the emission energy
Moreover, Fig. 3~b! shows the two-dimensional pattern o
the spectrally integrated emission~linear scale!. The depres-
sion of the emission at large angles is due to the vanish
cavity fractionuCku2.

FIG. 2. Contour plot ofuELP(k)1ELP(kidler)22ELP(kp)u ~meV! as a
function ofk5v/c(sinux ,sinuy). The white dashed line represents the ze
value contour, i.e., exact energy-momentum conservation for the pro
$kp ,kp%→$k,k idler%. Thex direction is that of the pump wave vectorkp.
3-3
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To determine the dependence on the pump intensity,
just need to analyze the evolution of the eigenvaluesE6,k .
For a givenk satisfying exactly the energy-momentum co
servation for the parametric scattering the Re(E6,k)
5ẼLP(k). Moreover, the imaginary part of the pole ener
E2,k becomes smaller at the expense of the other poleE1,k .
Consequently, the photoluminescence spectrumPL(k,v)
gets spectrally narrower. The threshold density for the pa
metric luminescence is defined by Im(E2,k)50, i.e.,
EintuPkp

u25Agkgkidler
. For this value, the PL signal, th

parametric correlation amplitudeAk
s , and steady-state popu

lation Nk
s diverge and therefore the pump depletion has to

included. All these features can be seen explicitly in Fig.
With increasing pump density the line shape of the emiss
aroundk50 blueshifts and narrows@Fig. 4~a!#. The output
intensity ~see the log-log plot inset! shows a threshold be
havior as a function of the coherent density of pumped
laritons np5uPkp

u2/lX
2 . Notice that when the polariton

dampinggk is small enough, the threshold densitynthr can

FIG. 3. ~a! Contour plot of the parametric photoluminescence~log scale!
as a function of the angleux ~deg! and energy~meV! for the pumped density
np50.03nsat and uy50. The dashed-line is the unperturbed dispersion
the lower polariton branch.~b! Two-dimensional pattern of the spectrall
integrated emission.
04130
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be orders of magnitude smaller than the exciton satura
density nsat . With the realistic material parameters em
ployed here, we haventhr'0.05nsat .

Finally, Fig. 4~b!, shows explicitly the energy dispersion
of the collective excitations. When the energy conservat
for the parametric fission is well satisfied, Re„E6(k)…
.ẼLP(k). On the other hand, when the energy conservat
is strongly broken and consequently the parametric lumin
cence is negligible, Re„E2(k)… and Re„E1(k)… bifurcate,
tending to the diagonal elements of the matrixM̂ k

par , i.e.,
ẼLP(k) and 2\vp2ẼLP(k idler). In the intermediate case
consistently with experiments, the dispersion Re„E6(k)…
shows peculiar features such a change of sign of the in-p
group velocity8 around2kp and a flattening6,8 aroundk50
~see also the emission spectra in Fig. 3!.

In conclusion, we have theoretically described the pa
metric luminescence of microcavity polaritons, showing t
subtle interplay between parametric correlation and stim
lated scattering. The collective excitations resulting from
anomalous emitter-idler coupling produce a very peculiar
minescence pattern in frequency and momentum space,
ing a key to recent experiments.5,6,8 Further investigations
are in progress for the regime above threshold not treate
this paper, but investigated in experiments.10

We wish to thank J.J. Baumberg, B. Deveaud, R. Houd´,
M. Saba, P.G. Savvidis, R.P. Stanley, F. Tassone, and
Weisbuch for fruitful discussions.

f

FIG. 4. ~a! Normalized emission line shape around k50 (ux5uy50;
angular acceptance of 2 deg! for 5 densities~A-E!. Inset: log-log plot of the
emission intensity versus pumped density (nsat units!. ~b! Dispersions
~meV! versusux ~deg! for uy50 at the highest pump density. Thin dashe
line: unperturbed polariton dispersionELP . Thick dashed line: blueshifted

dispersionẼLP . Thick solid line: Re(E6) with Re(E2)<Re(E1). The bi-
furcation occurs when the violation of the energy conservation is la
enough and implies negligible parametric emission.
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