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Electrical transport of composite fermions at nÄ 3
2
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The resistivity is calculated for a two-dimensional electron gas at low temperatures in the fractional quantum
Hall effect regime at a filling factorn5

3
2 . The composite fermion picture enables us to use the integer

quantum Hall effect and Shubnikov–de Haas~SdH! conductivity models for a quantitative comparison with
experiment. We use the idea of parallel conduction of two gases. One gas, composed of electrons, fully
occupies one of the two spin levels of the lowest Landau level, and a second, composed of composite fermions,
partially occupies the other spin level. Two different formulas for the analysis of the SdH oscillations are used
for the weak effective magnetic-field region and the large magnetic-field region, respectively, and satisfactory
agreement with experiment is obtained. Comparison with then5

1
2 case is made.

DOI: 10.1103/PhysRevB.63.035313 PACS number~s!: 73.43.2f, 72.20.My, 73.21.2b, 73.40.Kp
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I. INTRODUCTION

The quantization of the Hall effect, discovered by v
Klitzing et al.1 in 1980, is a remarkable macroscopic qua
tum phenomenon which occurs in two-dimensional elect
systems and strong perpendicular magnetic fields. Un
these conditions, the Hall conductivity exhibits plateaus
integral multiples ofe2/h ~a universal constant!. The striking
result is the accuracy of the quantization~better than a par
per million! which is totally indifferent to impurities or geo
metric details of the two-dimensional system. Each platea
accompanied by a deep minimum in the diagonal resistiv
indicating a dissipationless flow of current. In 1982, the
was another surprise in the field. Working with much high
mobility samples, Tsuiet al.2 discovered the fractional quan
tization of the Hall conductivity. The physical mechanism
responsible for the integer quantum Hall effect~IQHE! and
the fractional quantum Hall effect~FQHE! are quite differ-
ent, despite the apparent similarity of the experimental
sults. In the former case, the role of the random impu
potential is quite decisive, while in the latter case electr
electron interaction plays a predominant role resulting i
unique collective phenomenon. The FQHE was realized
high-mobility two-dimensional electron gas~2DEG! in
GaAs/AlxGa12xAs heterostructures,2–5 and in high-mobility
Si metal-oxide-semiconducter field-effect transistors.6,7 The
FQHE was also observed in multiple-quantum-well hete
structures8 and in n-type Si/SiGe heterostructures.9 At very
low temperatures and high magnetic fields, an increas
number of Hall plateaus were observed, corresponding
fractional filling factors with odd denominators.

The major breakthrough in this problem was made
Laughlin,10 who proposed a Jastrow-type trial wave functi
for a n51/m filling factor, with m an odd integer. Based o
this wave function, he also proposed the low-lying elem
tary excitations to be quasiparticles and quasiholes of f
tional charge.

A very promising approach to understand a system n
even denominators is to attach to each particle an even n
ber of ‘‘flux quanta.’’ In this way a new quasiparticle calle
the ‘‘composite fermion’’~CF! was created. This is based o
the idea of the transmutability of the statistics for particles
0163-1829/2001/63~3!/035313~6!/$15.00 63 0353
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two-dimensional systems.11 It is possible to introduce a
Chern-Simons gauge field that interacts with the carriers,
sulting in a change of their statistics. The method is equi
lent to the attachment of a ‘‘magnetic flux tube’’ to eac
carrier. As a result the quantum-mechanical properties of
new particle are the same as those of the conventional
ticles.

Jain,12,13 following this idea and attaching even numbe
of flux quanta to each electron, successfully constructed
hierarchy of the FQHE through the equation

n5
n*

2mn* 61
, ~1!

where,n is the filling factor, 2m is the number of attached
flux quanta, andn* a positive integer. The remarkable pro
erty of this idea is that instead of the FQHE for the actu
carriers, at filling factorn, we study the IQHE for CF’s, a
filling factor p. As a result, the whole arsenal of ideas used
understand the IQHE are applicable to the FQHE. In a p
vious work,14 we presented calculations for the diffusio
transport coefficients for a 2DEG and a two-dimensio
hole gas, at low temperatures, nearn5 1

2.
For the interpretation of the experimental data of Lead

et al.15 and Duet al.,16 we used two different models, Isihar
and Smrc˘ka ~IS!17 and Englert,18 within the CF representa
tion. The IS model reproduces quite well the transport co
ficients, magnetoresistance~for electrons! and diffusion ther-
mopower ~for holes!, around a filling factor n5 1

2, at
temperatures lower than 0.3 K at the weak effect
magnetic-field region, where the Englert model fails. T
latter succeeds quite well in the large effective magnetic-fi
region, where the IS model fails, especially forrxy andSxx .

Then5 3
2 case is different than then5 1

2 case. This is due
to the fact that the magnetic field is inadequate to transfo
all the carriers to CF’s, as in then5 1

2 case. Our analysis is
based on the discrimination of the carriers in two differe
gases, showing parallel conduction. The first consists of e
trons which fully occupy one of the two spin levels of th
lowest Landau level, and the second consists of electr
which have been transformed to CF’s, partially occupyi
©2001 The American Physical Society13-1
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the other spin level. Based on the above we use IS and
glert models to interpret the experimental data for the re
tivity of Eisensteinet al.19

In the present work we calculate the resistivity, at lo
temperatures, nearn5 3

2. The present paper consists of th
following: A brief description of the models used togeth
with the physical assumptions, relevant to then5 3

2 case, is
presented in Sec. II for low- and high-magnetic-fields.
Sec. III we present our results, and we compare them w
the n5 1

2 case and with the experimental data.19 Finally, in
Sec. IV, we present our conclusions.

II. THEORY

In the simplest case studied by Jain, with the char
occupying only the lowest Landau level, we can underst
the fermion FQHE states as IQHE states atn51/2m for CF’s
in an effective magnetic fieldDB given by

DB5B2B1/25
2p\c

e

ne

n*
, ~2!

where ne is the fermion concentration,n* is now the CF
filling factor, and2e is the electron’s charge.

A very important result from the theory is that the co
ductivities for the electrons in the FQHE and for the CF’s
the IQHE areadded in parallel.11,20 This result is very cru-
cial in our attempt at a quantitative comparison with expe
ment. Then the resistivity tensor can be written as

r5Frxx
qp 2rxy

qp2rCS

rxy
qp1rCS rxx

qp G , ~3!

whererCS is the term in the nondiagonal resistivity, arisin
from the statistical potential,

rCS5
2p\s

e2
, ~4!

rxy
qp is the nondiagonal quasiparticle CF’s IQHE conductiv

term, rxx
qp is the quasiparticle diagonal conductivity of th

CF’s, ands is the number of flux quanta attached to ea
carrier.rxx andrxy are calculated using the same models
those we used to describe the carriers Shubnikov–de H
~SdH! oscillations and the IQHE resistivity tensor, substitu
ing only the carrier parameters for the CF ones, and rep
ing the actual magnetic field with the effective field given
Eq. ~2! used for the study atn5 1

2 .
The system under study consists of N electrons mov

on a plane (x,y) in the presence of an external magnetic fie
B5(0,0,Bz) perpendicular to the plane. We will consid
only the case when the magnetic field is so high that all
carriers populate the two lowest spin levels of the low
Landau level.

At n5 3
2, for this system, the effective field is approx

mated using, instead of Eq.~2!, the following equation21,22

DB53~B2B3/2!. ~5!
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We will treat the system under study as two different gas
showing parallel conduction. One gas is composed of e
trons which fully occupy one of the two spin levels of th
lowest Landau level, and the other gas is composed of e
trons which have been transformed to composite fermi
which partially occupies the other spin level.

As the actual magnetic field changes, the concentratio
each gas changes following the equation

ntot5nc f1nel , ~6!

wherentot is the total electron concentration,nc f is the com-
posite fermion concentration, andnel5eB/h is the fully oc-
cupied Landau-level electron concentration.

From Eq.~6!, and the fact that the electron concentrati
of the fully occupied spin level is field dependent, the fie
resulting in a filling factorn5 1

2 for the composite fermion
gas will also be field dependent, given by

B1/25
2hnc f

e
. ~7!

Thus the effective magnetic field for this gas will be given

DB5B2B1/25B2
2hnc f

e
. ~8!

In this model the two gases are conducting in paral
The total current in the case of a parallel connec
multilayer system is the sum of the currents in the differe
layers. Consequently, the total sheet conductivity is the s
of the sheet conductivities of the separate layers.23 If the
conductivity of layeri is given by

s̃ i5S Di 2Ai

Ai Di
D , ~9!

whereDi is the diagonal component of the layeri conduc-
tivity, and Ai is the nondiagonal component.

The total conductivity of the two-layer system is

s̃ tot5s̃11s̃25S ~D11D2! 2~A11A2!

~A11A2! ~D11D2!
D . ~10!

After inverting the above equations, for the resistivity w
obtain

rxx5
D11D2

~D11D2!21~A11A2!2
~11!

and

rxy52
A11A2

~D11D2!21~A11A2!2
. ~12!

In the low-magnetic-fieldrange, the SdH oscillations o
the resistivityrxx , for a single subband, can be described
the model of Isihara and Smrc˘ka,17 which was corrected by
Coleridge and Stoner,24 who introduced different relaxation
times. For the calculation of the conductivity a constant d
sity of states ~DOS! g05m* /p\2 (m* is the effective
3-2



a
ns
th
re

ch

om
an

a
t-
vit

e

e

ite
re-

s
u
for

by

n-
the

d

s on

the

t of
of
e

ent

ELECTRICAL TRANSPORT OF COMPOSITE FERMIONS . . . PHYSICAL REVIEW B 63 035313
mass!, with a sinusoidal oscillating part superimposed, h
been used. The oscillating part of the DOS reflects the o
of the Landau levels, and leads to SdH oscillations of
magnetoconductivity. The conductivities in this model a
given by

sxx5
s0

11vc
2ts

2 S 11
2vc

2ts
2

11vc
2ts

2

Dg

g0
D , ~13a!

sxy5
s0vct

11vc
2ts

2 S 12
113vc

2ts
2

~11vc
2ts

2!vc
2ts

2

Dg

g0
D , ~13b!

Dg

g0
52(

r 51

`

e2pr /vctq
rX

sinh~rX !
cosS 2prEF

\vc
2pr D .

~14!

The complete theory was presented elsewhere.14,25

This model is valid for low and intermediate fields su
that vctq<1. Using the above expressions forvc and the
definition of the mobility (m5ets/m* ), we can substitute in
Eqs. ~13a! and ~13b! the termvcts , with mB, while in the
DOS the termvctq can be expressed asmqB. For larger
magnetic fields the localization of the electrons away fr
the center of the Landau level starts to play an import
role, and the above model will no longer be applicable.

In these model calculations both the scattering timets
5m* s0 /e2ne and the quantum lifetimetq are present. In
modulation-doped 2D systems they can differ by more th
an order of magnitude.26–29 In the case of short-range sca
tering, these two times are equal. The zero-field conducti
s05neme is determined by the scattering timets , while the
zero-field single-particle relaxation time or quantum lifetim
tq is present in the oscillatory part of the DOS.

For sufficiently large magnetic fieldsapplied to 2D sys-
tems, rxx becomes vanishingly small, andrxy shows pla-
teaus, in finite ranges of the magnetic field, whenEF lies
between two separated Landau levels.sxx andsxy for high
effective magnetic fieldsare given by

sxx5
e2

p2\
(
N,s

E dES 2
] f ~E!

]E D
3F GN

xx

GN,s
G2

@p2l 2GN,sDN,s~E!#2, ~15a!

sxy52
e

B (
N,s

E dE f~E!DN,s~E!. ~15b!

The complete theory was also presented elsewhere.14,25

The conductivity of the electrons which fully occupy th
lowest spin level of the lowest Landau level is given by

s̃el5S D1 2A1

A1 D1
D 5S 0 2

e2

h

e2

h
0

D . ~16!
03531
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On the other hand the total conductivity of the compos
fermions should be calculated from the inversion of the
sistivity tensor from Eqs.~3!; thus the conductivity of the
composite fermion gas is

s̃c f5S D2 2A2

A2 D2
D

5S rxx
qp

~rxx
qp!21~rxy

qp1rCS!
2

2
~rxy

qp1rCS!

~rxx
qp!21~rxy

qp1rCS!
2

~rxy
qp1rCS!

~rxx
qp!21~rxy

qp1rCS!
2

rxx
qp

~rxx
qp!21~rxy

qp1rCS!
2

D ,

~17!

where

r̃qp5S rxx
qp 2rxy

qp

rxy
qp rxx

qp D 5S sxx

sxx
2 1sxy

2
2

sxy

sxx
2 1sxy

2

sxy

sxx
2 1sxy

2

sxx

sxx
2 1sxy

2

D .

~18!

The contribution to the total resistivity of the electron
fully occupying the lowest spin level of the lowest Landa
level modifies the equation of the magnetoresistance used
then5 1

2 case. The total resistivity of the system is given
Eqs.~11! and ~12!.

III. RESULTS

In order to compare our calculations with the experime
tal data quantitatively we have to know the exact value of
CF effective mass for each sample. Halperinet al.20 and Am-
brumenil and Morf30 calculated the effective mass, an
found values aroundm* 50.3me , where me is the free-
electron effective mass. They also found that this depend
the electron concentration. Halperinet al. also predicted that
the CF effective mass is field dependent. Geeet al. also
found that the effective mass depends on the angle and
confining potential in tilted fields.31

In Fig. 1 we present the calculated diagonal componen
the resistivity in comparison with the experimental data
Eisensteinet al.19 for both theoretical models. The effectiv
mass used ism* 50.43me . The mobility used in our calcu-
lations was obtained from the experimentalrxx values atn
5 3

2 . Although the diagonal conductivityD1 of a fully occu-
pied Landau level is zero, as is the nondiagonal compon
3-3
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V. C. KARAVOLAS AND G. P. TRIBERIS PHYSICAL REVIEW B63 035313
of the composite fermion conductivityA2, the totalrxx at
n5 3

2 , given by Eq.~11!, is

rxx5
D11D2

~D11D2!21~A11A2!2
5

D2

~D2!21~A1!2
, ~19!

where the nondiagonal conductivity isA1 nonzero and equa
to e2/h. Thus the above result for therxx is different from
the quasiparticlerxx

qp at zero magnetic fields,

rxx
qp5

D2

~D2!21~A2!2
5

D2

~D2!2
, ~20!

where D25nem. This behavior is different from then5 1
2

case, where the entireBe f f50 rxx comes from the quasipar
ticle contribution. Thus we cannot use the semiclassical
mula

rxx5
1

nem
~21!

to obtain a value for the composite fermion mobility, b
cause if we consider that the total number of electrons
transformed to composite fermions, the mobility obtain
from Eq. ~21! is 27 m2/V s. If we consider that the electron
transformed to composite fermions are those which parti
occupy the upper-spin Landau level, the mobility obtained
81 m2/V s. It is the idea of parallel conduction, introduce
above, which leads to Eq.~19!, that permits one to use thi
equation to obtain the correct value for the mobility, i.
9 m2/V s ~Table I! for a consistent interpretation of the e
perimental data.

It is obvious from Fig. 1 that the range of the validity o
the Isihara-Smrc˘ka model is limited to a small range aroun
B5B3/2. This can be understood from the criterion of vali
ity of the specific model:24

FIG. 1. Calculatedrxx at 0.025 K compared with experimenta
data of Eisensteinet al. ~Ref. 19! for different theoretical models
The squares represent the experimental data, the full line show
theoretical calculations using the Isihara-Smrc˘ka model, and the
dotted line shows the theoretical calculations using the Eng
model.
03531
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Be f fmq<1. ~22!

For these filling factors the effective magnetic field increa
more quickly than the differenceB2B3/2 @Eq. ~8!#. Thus, for
a quantum mobilitymq52.1 m2/V s ~Table I! the B2B3/2
range where the above model is valid is less than 0.2
where no peaks are observed. Consequently we canno
this model to extrapolate for larger field values to obtain
observed peaks in the experimentalrxx behavior aroundn
5 3

2 . On the other hand, the Englert model completely fa
near B5B3/2, but it explains the higher field oscillation
quite well, and with it we obtained the magnitude of th
observed peaks with considerable accuracy.

Our calculation was performed assuming that the comp
ite fermion gas is not spin polarized. It was previously sho
that a transition from spin-polarized to spin-unpolarized g
occurs aroundn5 8

5 up ton5 4
3.

21,22Thus it is not unphysical
to assume that the composite fermion gas forn5 3

2 is always
spin unpolarized. We have used the free-electron value
the effective spin splitting parameter (g* 50.42). We believe
that the fact that our agreement is worse at positive effec
fields compared with the agreement at negative effec
fields is due to our assumption forg* . Du et al.21 proposed a
field-dependent effective spin-splitting factor. Such a fac
would have to include another parameter in our calculati
and we decided to neglect it.

In Fig. 2 we present theoretical results ofrxy versus the
magnetic field, using both models, for the same values of
parameter as those used to obtain Fig. 1. From Eq.~14! it is
clear that the important factor in the oscillations is the qu
tum mobility. Thus, from these data, we can deduce
quantum mobility value but not the effective mass. It is o
vious that the Englert model reproduces the plateaus in
nondiagonal resistivity quite well, while the Isihara-Smrc˘ka
model does not. The plateaus are at the correct positions,
rxy has the expected values, frequently observed
experiments.25 Our model explains quite well both the diag
onal and nondiagonal behaviors of conductivity, in contr

FIG. 2. Calculatedrxy at 0.025 K compared with experimenta
data of Eisensteinet al. ~Ref. 19! for different theoretical models
using the same values of the parameters as those used in Fig. 1
full line shows the results for the Isihara-Smrc˘ka model, and the
dotted line shows the results for the Englert model.
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ELECTRICAL TRANSPORT OF COMPOSITE FERMIONS . . . PHYSICAL REVIEW B 63 035313
with previous analysis, which was based only on the c
struction of the FQHE states hierarchy and explained o
the rxy behavior.19,21 Our agreement with the experiment
data is very good, especially at negative effective fields.

The parameters used for the calculations are shown
Table I. Because of the fact that the scattering is of med
to short range, the mobility is only four times larger than t
quantum mobility. This explains the value ofGN,xx

2 being
0.9. Andoet al.32 found that this parameter is Landau lev
dependent when the scattering is not short ranged. In
attempt to limit the number of parameters used in our ca
lations, we assumed thatGN,xx

2 has the same value at eve
Landau level. This is not artificial because Andoet al.’s re-
sult showed that only the lowest Landau level, for which t
Englert model is not working well, shows a constantGN,xx

2

51.0 while the other Landau-level valuesGN,xx
2 are between

0.5 and 0.9.
Again the Isihara-Smrc˘ka model works quite well at low

effective fields, but shows some peculiar behavior (rxx,0)
at higher fields. The Englert model shows the opposite
havior. Thus one has to be quite careful which one of
models one uses, attempting to analyze experimental da
extract values of the effective mass. The validity of t
Isihara-Smrc˘ka model is rather limited, especially at hig
effective fields.24

In Table II we present the corresponding parameters
the n51/2 case. A meaningful comparison~although the
data refer to different temperatures! can be made between th
data of Leadleyet al.15 and Eisensteinet al.,19 given that
their nCF(Be f f50) values are close enough. In both cas
the effective-mass values are close, as well as the value
the quantum mobility (mq). The difference in the mobility

TABLE I. Parameters used for the calculation of the resistivit
of Eisensteinet al. ~Ref. 19! aroundn5

3
2 .

Figs. 1 and 2
Fitting parameters

GN,s ~meV! 0.1ABe f f /mq

lN,s ~meV! 0.025ABe f f /mq

GN,xx 0.9
Physical parameters

m (m2/V s) 9.0
mq (m2/V s) 2.10
ne (31015 m22) 2.3
m* (me) 0.43
nCF (Beff50)(31015 m22) 0.77
s-

03531
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of

(m) values is consistent with the corresponding values
GN,xx . GN,xx , for then5 3

2 case, is closer to unity than in th
n5 1

2 case, indicating a scattering of shorter range,32 i.e.,
smaller scattering times33 and consequently lower mobilities
The difference in the values of the Landau-level broadeni
GN,s , indicates the different quality of the samples.

IV. CONCLUSIONS

Our theoretical results show a very good quantitat
agreement with the experimental data for the electronic m
netoresistance atn5 3

2 and at temperatures 0.025 K. For th
interpretation of the experimental data, we used two differ
models~Isihara-Smrc˘ka and Englert! within the CF represen-
tation, and we investigated their range of validity.

The Isihara-Smrc˘ka model reproduces quite well th
transport coefficient behavior in the low effective field r
gime, where the Englert model fails. The latter model s
ceeds quite well at high effective magnetic fields, where
Isihara-Smrc˘ka model fails, especially forrxy .

In order to extract values the composite fermion effect
mass or mobilities, we have to take into account the non
agonal contribution of the lowest-Landau-level conducti
ties.
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s TABLE II. Parameters used for the calculation~Ref. 14! of the
resistivities for the data of Leadleyet al. ~Ref. 15! and Duet al.
~Ref. 16! aroundn5

1
2.

Leadleyet al. Du et al.
Fitting parameters

GN,s ~meV! 1.5ABe f f /mq 1.0ABe f f /mq

lN,s ~meV! 0.25ABe f f /mq 0.25ABe f f /mq

GN,xx 0.6 0.6
Physical parameters

m (m2/V s) 12.10 5.74
mq (m2/V s) 2.25 1.0
ne (31015 m22) 0.6 2.25
m* (me) 0.51 0.90
nCF (Beff50)(31015 m22) 0.6 2.25
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