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Variational study of the extended Hubbard-Holstein model on clusters of variable site spacing
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We study the complete extended Hubbard-Holstein Hamiltonian on a four-site chain with equally spaced
sites, with spacing-dependent electronic interaction parameters evaluated in terms of Wannier functions built
from Gaussian atomic orbitals. By successive application of generalized displacement and squeezing transfor-
mations, an effective polaronic Hamiltonian is obtained, containing a purely phonon-induced, long-range
intersite charge interaction. The phase diagrams forN51, 2, 3, and 4 electrons are determined by variational
minimization of the sum of the electronic and the phononic energy, paying special attention to the effects of the
above-mentioned phonon-induced long-range interaction. To characterize the physics of each ground state, we
evaluate how variations of the site spacing affect the behavior of several correlation functions of experimental
interest, with the aim of representing lattice deformation effects, either spontaneous or induced by external
pressure.
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I. INTRODUCTION

A model describing correlated electrons in a narrow ba
interacting locally with lattice deformations, the so-call
Holstein-Hubbard model, was studied intensively in the l
years both on infinite lattices1–9 and on small clusters.10–17

The classes of materials to which the model is assume
apply, such as, for instance, high-temperature supercond
ing cuprates or the manganites showing colossal magne
sistance, are characterized by rather strong electron-pho
coupling, so that a perturbative treatment is in general un
liable. In this case, one can apply to the interacting electr
phonon Hamiltonian a unitary ‘‘displacement
transformation18 generated by a suitably chosen an
Hermitian operatorD. From the displaced HamiltonianH̃
5eDHe2D, a nonperturbative effective Hamiltonian fo
phonon-dressed electrons~polarons! can be obtained by av
eragingH̃ over an appropriate phonon wave function. In r
cent years, the use of variationally optimized ‘‘squeeze
phonon states of the forme2Su0ph&, with u0ph& being the

phonon vacuum, proved to be advantageous3,9,11,19 over
methods using simple harmonic-oscillator states. Howe
as the operatorsD andSon a lattice withL sites each contain
L undeterminedc numbers, one for each phonon wave vec
q, such procedure requires to set all such 2L displacement
and squeezing parameters to their optimal values. A va
tional determination on an infinite lattice is therefore impo
sible, and one has to adopt perturbative techniques.20,21 For
this reason, the most popular approach has been to ne
theq dependence of the displacement parameters, by as
ing dq51 for any q. This is the standard Lang-Firsov ap
proximation~LFA!,22 which, however, has at least two lim
tations. On the one hand, it neglects any intersite pho
correlation, preventing the study of how the charge on
given site can also induce deformations on different si
possibly giving rise to extended polarons.23 On the other
hand, one can show24 that, for nondispersive phonons, th
0163-1829/2001/63~3!/035110~11!/$15.00 63 0351
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LFA leads to a vanishing of a purely phonon-induced int
site charge interaction~the ‘‘residual interaction’’ first intro-
duced in Ref. 25!, in principle present inH̃. One concludes
that the physics of the system is not faithfully represented
the LFA. If, instead of infinite lattices, one considers sm
clusters,10 the numerical complexity is reduced, and one c
rigorously take into account theq dependence of all the
variational parameters. In this way the limitations of the LF
can be avoided, and, in particular, the intersite correlati
between charges and deformations, as well as the effec
the purely phonon-induced interaction terms, can be satis
torily taken into account.

This is actually one of the points on which the prese
work focuses. Indeed, we shall first derive the effective p
laronic Hamiltonian from a bare Hamiltonian which, in th
electronic part, includes all the one- and two-body inter
tions compatible with a nondegenerate band of electrons,
has an electron-phonon coupling of the Holstein type. As
as the set of electronic interactions is concerned, the pre
work extends previous studies, where the only two-bo
electronic coupling terms included in the bare Hamiltoni
were the on-site and intersite Coulomb charge interactio
Then we shall exactly solve the effective model on a fo
site chain with a constant intersite distancea and closed
boundary conditions. Considering that in this case the w
vector q takes four values, given by2p/2a, 0, p/2a, and
p/a, the independent displacement and squeezing par
eters are six in total, asdp/2a5d2p/2a and ap/2a5a2p/2a .
They will be simultaneously and independently determin
by an exact diagonalization of the effective Hamiltonian, fo
lowed by a variational optimization of the ground-state e
ergy, for a given, but arbitrary, site spacing and a giv
shape of the Wannier functions, as discussed below. T
will allow us, on the one hand, to discuss the interplay b
tween charges and phonons both on the same site an
different sites, and, on the other hand, to properly take i
account the effect of the phonon-induced intersite charge
teraction.
©2001 The American Physical Society10-1
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Another aspect of the present work is that, as we mo
the dependence on the site spacing of all the electronic in
action parameters, we can study the phase diagram and
relation functions at any given filling as functions of th
intersite distance. Our results can therefore give qualita
indications relevant both to measurements under mecha
or chemical pressure, and to materials showing ‘‘stripes26

or other forms of spontaneously coupled charge and st
tural inhomogeneities,27 where regions with different lattice
parameters, and different electronic character, have bee
ported to coexist.

The paper is organized as follows. In Sec. II, we defi
the model and derive the effective polaronic Hamiltonia
The results of the numerical analysis on a four-site clo
chain for different fillingsN51, 2, 3, and 4 are discussed
Sec. III. Sec. IV is devoted to conclusions.

II. MODEL AND THE EFFECTIVE HAMILTONIAN

Our model HamiltonianH5Hel1Hel-ph1Hph consists of
a generalized Hubbard Hamiltonian for correlated electr
coupled to phonons of frequencyVq . The bare electronic
Hamiltonian reads

Hel5(
j s

e jnj s2(
j l s

@ t j l 2Xjl ~nj ,2s1nl ,2s!#cj s
† cls

1U(
j

nj↑nj↓1(
j l

Vjl njnl1(
j l

Jj l Sj•Sl

1(
j l

Pjl ~cj↑
† cj↓

† cl↓cl↑1H.c.!, ~1!

wherecj s
† (cj s) creates~annihilates! an electron with spins

on sitej, andSj andnj are the total spin and charge on sitej,
respectively. Following the procedure reported in Ref.
the bare electronic interactionse, t, U, V, J, and X are pa-
rametrized by means of a Wannier function built fro
Gaussian functions f j (r )5(2G2/p)3/4exp@2G2(r2Rj)

2#
modeling the atomic orbitals on thej th site in the position
Rj . The Wannier functions, and by consequence the inte
tions, depend on the intersite distancea and the widthG21 of
the orbitals. The explicit expressions ofe, t, U, V, J, P, andX
that we use in this paper have been evaluated in the case
dimer, and are given in Ref. 16. This allows us to estimate
the electronic parameters in anab initio type scheme.

The interactionHel-ph between the electrons and th
phonons is assumed to be of the Holstein typeHel-ph
5G( j sujnj s , whereuj is the lattice deformation at sitej.
By introducing the characteristic lengthLq5A\/2MVq and
the renormalized electron-phonon couplinggq[GLq , in
second quantizationHel-ph takes the form

Hel-ph5(
q

gq~b2q
† 1bq!nq , ~2!

where nq5L21/2( j ,snj ,s exp@iqRj#, L being the number of
lattice sites. Finally, the free-phonon term
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Hph5(
q

\Vq~bq
†bq11/2! ~3!

completes the model Hamiltonian. The general procedur
obtain the effective polaronic Hamiltonian and to identify
ground state consists in the following steps.16

~i! A unitary transformation generated by a suitably ch
sen anti-Hermitian operatorD is used to map the mode
Hamiltonian H onto the ‘‘displaced’’ Hamiltonian H̃
5eDHe2D.18 We choose

D5(
q

dq

gq

\Vq
~b2q

1 2bq!nq , ~4!

where the parametersdq , defined on theL wave vectors of
the first Brillouin zone, measure the degree of ‘‘displac
ment’’ of the corresponding phonon mode. Their real-spa
expressionsd j l , associated with the coupling betwee
charge on sitej and phonons on sitel, are given byd j l
5(1/L)(qdq exp@iq(Rj2Rl)#. It is evident that assumingdq
51 for anyq ~as it is done in the LFA! implies thatd j l 50 if
RjÞRl , forcing the effective interactions to be strictly loca

~ii ! By averaging H̃ over the squeezed phonon sta
uCph&,

19,28 the phononic degrees of freedom are eliminat
yielding an effective polaronic Hamiltonian. The squeez
state is defined asuCph&5e2Su0ph&,

11,19,28whereu0ph& is the
harmonic-oscillator vacuum state, such thatbqu0ph&50, and
the squeezing generatorS, expressed in terms of theL varia-
tional parameters aq „or, in real space, a j l
5(1/L)(qaq exp@iq(Rj2Rl)#…, reads

S5(
q

aq~bq
†b2q

† 2bqb2q!5(
j ,l

a j l ~bj
†bl

†2bjbl !. ~5!

This procedure leads to an effective HamiltonianH* de-
scribing phonon-dressed electrons~which we shall generally
designate as polarons! having the form

H* 5(
q

\VqFsinh2~ap!1
1

2G1(
j s

e j* nj s

2(
j l s

@ t j l* 2Xjl* ~nj ,2s1nl ,2s!#cj s
† cls1U* (

j
nj↑nj↓

1(
j l

Vjl* njnl1(
j l

Jj l* Sj•Sl

1(
j l

Pjl* ~cj↑
† cj↓

† cl↓cl↑1H.c.!, ~6!

with the renormalized interactions

e j* 5e j2
1

L (
q

gq
2

\Vq
dq~22dq!, ~7!

U j* 5U j22S 1

L D(
q

gq
2

\Vq
dq~22dq!, ~8!
0-2
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Vjl* 5Vjl 2
1

L (
q

gq
2

\Vq
dq~22dq!eiq(Rj 2Rl ), ~9!

t j l* 5tt j l , Xjl* 5tXjl , Pjl* 5t4Pjl , Jjl* 5Jjl ~10!

t5expH 2
1

L (
q

S gq

\Vq
D 2

dq
2@12cos~qa!#e22aqJ .

~11!

~iii ! The eigenstates and eigenvalues of the polaro
Hamiltonian are determined by using an exact diagonal
tion method proposed in Ref. 29.

~iv! The optimal values of the displacement and squeez
parameters are determined variationally by minimizing
total energy of the electron-phonon system.

A detailed derivation of Eqs.~7!–~11! is given in Ref. 24.
We see that all the parameters butJ are renormalized to
some extent by the phonons. The one- and two-particle h
ping amplitudes (t j l* , Xjl* , andPjl* , respectively! depend on
the hopping reduction factort, whose value, once the opt
mal dq andaq are given, follows from Eq.~11!. The charge
mobility is thus controlled simultaneously, and compe
tively, by the displacement and the squeezing parameter

In the following, all the bare intersite coupling constan
will be assumed to be nonvanishing only between near
neighbor sites. We stress that, even under this assump
the effective intersite density-density interactionVjl* @Eq. ~9!#
acquires a phonon-dependent long-range contribution ge
ally extending beyond nearest-neighbor sites. If dispers
less phonons of frequencyV are assumed, then this phono
induced long-range part of the Coulomb interaction rema
nonvanishing only if theq dependence of the displaceme
parameters is explicitly accounted for. This interaction w
first discussed within the LFA, for dispersive phonons,
Ref. 25, but with no attempt of estimating its value. A mo
recent variational study,5 employing a nonfactorized
fermion-boson wave function in the context of a simple Hu
bard electronic Hamiltonian~i.e., such thatXi j 5Vi j 5Ji j
5Pi j 50), also found an analogous effective interaction.

III. RESULTS

The general procedure illustrated in Sec. II has been
plied to the case of a four-site chain with dispersionle
phonons of frequency\V50.1 eV, a value appropriate t
cuprates and manganites. The eigenvalues and eigenve
of the effective Hamiltonian have been exactly calcula
using the method outlined in Ref. 29. The knowledge of
the eigenvalues for givena andG allows one to identify the
ground state by the independent and simultaneous optim
tion of the wave-vector-dependent variational parameters
fining, for each phonon modeq, the degree of displacemen
(dq) and squeezing (aq). Once the optimal values of th
parameters are identified, the full eigenvalue spectrum ca
obtained. The value ofG might also have been obtaine
variationally, as in Ref. 16,35 but due to the increased com
plexity of the numerical analysis we have investigated
phase diagram only for three representative values ofG,
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equal to 0.8, 1, and 1.2 Å21. We find thatG21 roughly
scales asa in determining the main features of the pha
diagram. The differences in the phase diagram for differ
G values at givenN are only quantitative, and correspond
slight variations of the border lines between the differe
phases. In particular, we have found that for increasingN the
effects induced by variations ofG tend to become less an
less significant. Therefore, we will limit ourselves to the d
cussion of the results obtained in the caseG51 Å21. A
study of the half-filled case for fixeda and varyingG was
already published.30

Given the operatorsAi andBj , defined at sitesi andj, we
evaluate the correlation function~CF! ^AiBj& in the ground
stateuG& of the effective HamiltonianH* according to

^AiBj&5^Gu^0phueSeDAiBje
2De2Su0ph&uG&. ~12!

The nature of the ground state is investigated for differ
fillings by evaluating the dependence on the lattice cons
of the spin and charge CF’s,

xn
s5

1

L (
i

^Si•Si 11&, ~13!

xnn
s 5

1

L (
i

^Si•Si 12&, ~14!

xn
c5

1

L (
i

^nini 11&, ~15!

xnn
c 5

1

L (
i

^nini 12&, ~16!

with xn
s,c and xnn

s,c indicating the nearest and next-neare
neighbor CF’s for the spin~s! and charge~c! channels, re-
spectively. In addition, we have analyzed the behavior of
on-site, nearest- and next-nearest neighbor cha
deformation CF’s, given by

F loc5
1

L (
j

^nj~bj
†1bj !&, ~17!

Fa5
1

L (
j

^nj~bj 6a
† 1bj 6a!&, ~18!

F2a5
1

L (
j

^nj~bj 62a
† 1bj 62a!&, ~19!

respectively. It is easy to show that the above char
deformation CF’s can be expressed as weighted sums o
charge CF’s, with the real-space displacement parame
acting as weights. In the case of dispersionless phonons
expressions are

f loc5
g

2\V
~nd loc12daxn

c1d2axnn
c !, ~20!
0-3
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fa5
g

2\V
@~d loc1d2a!xn

c1daxnn
c 1nda#, ~21!

f2a5
g

2\V
~2daxn

c1d locxnn
c 1nd2a!, ~22!

wheren5N/L is the electron density, andd loc , da , andd2a
are real-space displacement parameters, associated wit
coupling of an electron to a lattice distortion on the sa
site, on the nearest-neighbor site, and on the next-nea
neighbor site. Recalling that for a four-site chain the wa
vectorq takes the four values2p/2a, 0, p/2a, andp/a, and
assumingd2p/2a5dp/2a anda2p/2a5ap/2a , one obtains that
the expressions ofd loc , da , and d2a in terms of the
q-dependent displacement parameters are

d loc[d i i 5
1
4 ~d012dp/2a1dp/a!, ~23!

da[d i ,i 115 1
4 ~d02dp/a!, ~24!

d2a[d i ,i 125 1
4 ~d022dp/2a1dp/a! ~25!

~similar expressions are obtained for the real-space squ
ing parametersa i j ). It is worth noting that in the case of
single electron~i.e., N51), Eqs. ~20!–~22! give a simple
relation of proportionality between the functionsF and the
parametersd evaluated at the same site distance.

In the numerical analysis forN>2 we paid special atten
tion to the effect on the phase diagram of the phon
induced charge interaction, by distinguishing the results
tained by including both nearest (Vi ,i 61* ) and next-neares
(Vi ,i 62* ) intersite charge interactions, from those obtained
Vi ,i 62* 50. The behavior of the correlation functions and t
renormalized electronic interactions, discussed in the n
sections, always refer to the cases ofVi ,i 61* andVi ,i 62* , both
nonvanishing, with the parameterG chosen equal to 1 Å21.
We have also verified that at any filling the parametersX* ,
P* , andJ* 5J are very small, and have no influence on t
phase diagram. Therefore, their behavior will not be sho
in the following. We shall analyze the results for the filling
N51, 2, 3, and 4 separately.

A. The CaseNÄ1

We treat this case mainly to test the reliability of o
approach as compared with other methods developed in
literature.1,5–7,12,17,25The phase diagram forN51 is shown
in Fig. 1.

The boundary separates two regions. In the lower one
polaron has a nonvanishing hopping amplitude, with the
formation involving, though very weakly, the first- an
second-neighbor sites. In the upper regiont* vanishes to-
gether withFa andF2a , so that the polaron is trapped an
the deformation is strictly local. This picture is in substant
agreement with the results presented in Refs. 7 and 12.

B. NÄ2, quarter-filling case

The phase diagram concerning the quarter-filling c
(N52) is plotted in Fig. 2 forG51 Å21 comparing the
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cases with and withoutVi ,i 62* . We can distinguish three
main regions: a disordered~D! phase without magnetization
a phase in which the two electrons behave as separated
larons ~SP! in a superposition of configurations of the 1-
1-0 type, and a phase characterized by the formation o
on-site bipolaron~OSB!, i.e., a superposition of configura
tions of the 2-0-0-0 type.

We see that in this case the Coulomb interaction betw
next-nearest-neighbor sitesVi ,i 62* affects the phase diagram
rather strongly. Indeed, while there is no significant effect
the boundary of the OSB region, the inclusion of the effe

FIG. 1. Phase diagram forN51 andG51 Å21. The labels MP
and TP stand for a mobile polaron and a trapped polaron, res
tively.

FIG. 2. Phase diagram forN52 andG51 Å21. The regions
labeled D, SP, and OSB are characterized by the presence of ch
and spin disorder, separated polarons, and on-site bipolarons
spectively.
0-4
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of Vi ,i 62* leads to a considerable enlargement of the D reg
at the expenses of the SP region, additionally changing
D-SP transition from sharp to smooth.

Let us discuss in more detail the D-SP crossover fo
small polaron binding energy, choosingg2/\V50.1 eV. As
one can see from Fig. 3~top panel!, the behavior of the spin
CF’s reveals a competition between different spin configu
tions in the ground state, without a clear predominance
one of them. In particularxnn

s is almost zero, whilexn
s is

negative in the D region, revealing a tendency toward
antiferromagnetic~AF! configuration. On the other hand, th
charge CF’s in the middle panel of Fig. 3 show that abov
critical value ofa ~in the case considered in the figure, equ
approximately to 2.8 Å), the charge distribution chang
giving rise to a pattern 1-0-1-0 of alternating singly occup
and empty sites which is characteristic of what we ha
called the SP region.

On the contrary, in the D region,xn
c andxnn

c are smoothly
changing witha, revealing the presence of a fluctuating r
gime with disordered charge distribution. Let us stress tha
the SP configuration there is no predominant characte
either ferromagnetic or AF correlations, since the sligh
negative values ofxnn

s cannot be considered as a sign of t
onset of an antiferromagnetic order. The displacement
rameters and the charge-displacement correlation funct
reveal additional interesting details of the transition.

FIG. 3. Spin ~top panel!, charge~middle panel!, and charge-
deformation ~bottom panel! correlation functions forN52 at
g2/\V50.1 eV.
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Actually, the bottom panel of Fig. 3 shows that there is
smooth, yet pronounced, change in the phononic regime
a approximately greater than 2 Å, thus well inside the
region. Indeed, for small values ofa, all the charge-
deformation CF’s are non-negligible and comparable. Th
when a is increased above 2 Å,F loc and F2a grow, both
converging to the value 0.25, whileFa decreases becomin
negligible abovea53 Å. The resulting smooth crossove
from the D phase to the SP phase shows that already in th
phase there are precursory effects of the charge orderin
the 1-0-1-0 type that characterizes the SP phase, stab
higher values of the intersite distance.

The corresponding behavior of the effective two-body p
rameters is shown in Fig. 4. In particular, it is interesting
note that a signature of the two phononic regimes in the
phase discussed above is clearly visible in the behavio
the next-nearest-neighbor interactionVi ,i 62* , which already
at a.1.7 Å turns from repulsive to attractive, while bothU*
andVi ,i 61* remain repulsive. This situation clearly promot
the SP type of charge order, which, however, can be sta
only when the effective hopping amplitudet* becomes neg-
ligible. It is worth pointing out that the D and SP states a
very close in energy, so that even a small interaction l
Vi ,i 62 can significantly influence the position of the pha
boundary.

Considering values of the polaron binding energyg2/\V
greater than approximately 0.7 eV, we have that the incre
of a induces a transition from the disordered phase to a n
charge ordered phase, in which the local effective interac
U* becomes strongly attractive, thus leading to the form
tion of an on-site localized bipolaron. The nature of the O
region and the driving mechanism leading to its formati
are clarified by the behavior of the renormalized electro
parameters. As one can see from Fig. 5, in the OSB phase
on-site Coulomb interaction is so strongly renormalized t
it becomes attractive, while at the same time the kinetic
ergy vanishes. These behaviors ofU* and t* lead to the
formation of a localized on-site bipolaron.

FIG. 4. Renormalized electronic interaction parameters forN
52 andg2/\V50.1 eV.
0-5
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We have also found that in the OSB phase bothxn
s and

xnn
s vanish for anya, so that the phase is characterized by

absence of both spin correlations and local moments. In
dition, the charge correlation functionsxn

c and xnn
c are also

identically vanishing, while F loc is the only charge-
deformation CF which is different from zero. These resu
clearly indicate that in the OSB phase the charge, toge
with its accompanying deformation, is completely localiz
on one of the chain sites, in a superposition of configurati
of the 2-0-0-0 type. This was also verified by checking th
in the ground-state wave function all the components of
1-1-0-0 type have negligibly small amplitudes.

It is interesting to compare the present results with ot
studies on the behavior of two fermions coupled to latt
deformations. The main issue discussed in the literature
clarify under which conditions a bound state of two polaro
i.e., a bipolaron, either on-site or intersite, is stable, and p
sibly itinerant. In the largeg2/\V region, dominated by the
negative value ofU* , our result of an essentially localize
on-site bipolaron agrees with those in the literature.12 We
have also verified that, even imposing the vanishing of
bare intersite charge repulsionVi j , the OSB region is not
changed.

In the low g2/\V region, we do not find mobile intersit
bipolarons, at variance with other studies.5,6,8,12,13,17,31In as-
sessing the stability of either type of bipolaron, it is ve
important to take into account the bare contributionVi ,i 61 to
the effective intersite charge interactionVi j* . In papers in
which a stable intersite bipolaron was found, this term, t
is repulsive and usually rather large~a sizeable fraction of
U), was however neglected,5,8,12,13,17or explicitly assumed
to be renormalized to an overall attractive value.6 Another
recent paper31 emphasized the physical relevance of the
tersite bipolarons. Within its LFA treatment of the lon
range Fro¨hlich electron-phonon interaction with dispersiv
phonons, the bareVi j is included, but the equivalent of ou

FIG. 5. Renormalized electronic interaction parameters forN
52 at g2/\V50.9 eV.
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Vi j* is estimated, on a purely phenomenological basis, to
very small, even between nearest neighbors.

Our main conclusion about the formation of a bipolar
and, in particular, on its size, is that, when the complete
of bare two-particle interactions is taken into account,
N52 only on-site bipolarons are possible, this taking pla
in the range of parameters corresponding to the OSB reg
of Fig. 2. When stable, the OSB has a localized charac
due to the simultaneous vanishing of the effective sing
particle hoppingt* and the effective pair hopping amplitud
P* . Hence our results do not support the presence of inter
mobile bipolarons for realistic values of the interaction
even if, on the other hand, they cannot definitely be ruled
in infinite lattices.

Besides the limitations of dealing with a cluster, o
might also question the approach that we adopt here
evaluateVi j ,16 yielding rather high values of the bare inte
site repulsion that, for physically reasonable values of
phonon frequencyV and the coupling strengthg, can be only
partially compensated for by the phonon renormalizati
However, even if the absolute magnitudes of the various
teractions we evaluate are model dependent, their ra
should be of more general applicability. Indeed, it is know
that in several classes of physical systems the nea
neighbor Coulomb interaction is a significant fraction of t
on-site one. This is, for instance, the case of the highTc
superconducting copper oxides, where theoretical estim
of Vi ,i 11 ~Refs. 4 and 32!, give a repulsive value of the orde
of 0.2 eV.

C. NÄ3, one-hole case

The phase diagram forN53 is shown in Fig. 6. We star
by discussing phases that are stable at low values of
polaron binding energy, looking at the behavior of the c
relation functions forg2/\V50.1 eV.

FIG. 6. Phase diagram forN53 andG51 Å21. The regions
labeled NM, CO, and FR are characterized by vanishing magn
zation, charge order, and frustrated magnetic order, respective
0-6
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As one can see from the upper panel of Fig. 7, the beh
ior of xn

s shows little change asa is varied, and is always
negative. On the other hand,xnn

s is positive and close to zer
for a smaller than.2 Å, and then it changes sign asa is
increased, going to a saturation value of about20.125. As
far as the charge channel is concerned, we see from
middle panel of Fig. 7 thatxn

c exhibits slight variations with
a, with a smooth increase concentrated in a range going
proximately from 2 to 3 Å. On the other hand, up toa
'3 Åxnn

c is larger thanxn
c , first growing ~up to a'2 Å)

and then smoothly decreasing toward the saturation value
that bothxn

c andxnn
c reach fora.3 Å.

As far as the charge-deformation CF’s are concerned,
see from the bottom panel of Fig. 7 thatF loc is the largest at
anya, with F2a manifesting a significant increase exactly
the range of intermediate values ofa in which xnn

c reach its
maximum. In additionFa turns out to be the smalles
charge-deformation CF at anya, becoming equal toF2a
only abovea'3 Å.

Combining the results for the CF’s, we conclude that foa
lower than '2 Å in the nonmagnetic~NM! region, the
charge is distributed with fluctuating configurations of
most empty and almost doubly occupied next-near
neighbor sites. This causes bothxnn

c andxnn
s to be negligible.

Then, asa is increased beyond 2 Å up toa'3 Å, there is,

FIG. 7. Spin ~top panel!, charge~middle panel!, and charge-
deformation ~bottom panel! correlation functions forN53 at
g2/\V50.1 eV.
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consistently with the behavior ofF2a , a crossover region
which can be seen as a precursor of the charge orde
2-0-1-0 type, which characterizes the ground state of the
tem at higher values ofg2/\V. Finally, the charge distribu-
tion tends to become uniform as the system, fora.3 Å,
enters the region that we label as ‘‘frustrated magnetis
~FR!. Indeed, therexn

s andxnn
s converge to the same unsa

urated negative value, which expresses a tendency of
spins to align antiferromagnetically both on nearest- a
next-nearest-neighbor sites. The FR zone is also chara
ized by a reduction in the extent of the deformation arou
each occupied site, as indicated byF2a becoming the small-
est charge-deformation CF.

The renormalized electronic parameters~not shown! vary
smoothly witha. They never change sign, with the excepti
of the long-range charge interaction which, always ve
small, changes from positive to negative near the NM-
boundary.

Let us now consider larger values of the polaron bind
energy, investigating in particular that part of the phase d
gram, corresponding to values ofg2/\V between approxi-
mately 0.25 and 0.7 Å, where a charge ordered~CO! phase
develops between the NM and the FR regions for interme
ate values ofa. This will be done with a special attention t
the character of the CO phase, by analyzing the behavio
the CF’s at the representative valueg2/\V50.4 eV. As one
can see from the upper panel of Fig. 8, for values ofa falling
in a range going approximately from 2.2 to 3.7 Å, the sp
CF’s xn

s and xnn
s are zero, indicating the absence of loc

moments and magnetic correlations in the ground state.
the other hand, by looking at the behaviors ofxn

c andxnn
c in

the same range of values ofa, we can see that charge corr
lations are vanishing on nearest-neighbor sites and ten
the maximum value compatible with the filling on nex
nearest-neighbor sites. This is a clear indication of the de
opment of an ordered configuration where the charge is f
distributed on next-nearest-neighbor sites.

The same general trend can be inferred from the cha
deformation CF’s, shown in the lower panel of Fig. 8. W
see that correlations between the charge and the defo
tions in the CO region become strongest between seco
neighbor sites, with the first-neighbor one being the small
This can be interpreted as a further indication that the gro
state is given by a superposition of the charge configurati
1-0-2-0 and 2-0-1-0, together with the symmetrically relat
0-1-0-2 and 0-2-0-1 configurations. This degeneracy of
ground state, related to the fact that we cannot have a t
broken-symmetry state in finite-size systems, is also the
son why in the CO regionxnn

c is equal to 1, rather than bein
equal to 2. The whole picture is also consistent with t
behavior of the renormalized electronic parameters, featu
a non-negligible negative value ofVi ,i 62* both in CO and in
FR regions.

The filling N53 can be viewed as the case of one hole
a half-filled configuration. There are two different predi
tions on the related ground state in the limit of largeU* /t* .
According to Nagaoka’s theorem, a ferromagnetic~FM! state
should set in whenU→` with t remaining finite, while,
0-7
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according to Refs. 2, 6, 13, and 15, the hole would b
polaron in an antiferromagnetic background, where
phonon-induced localization would take place at a low
value ofg2/\V due to concurrent effect of the ordered sp
arrangement. In our approach we find that forN53 none of
the two magnetic ground states mentioned above is sta
Conversely, in what we have called the frustrated region
magnetic effect prevails, this region being characterized
FM and AF correlations of comparable amplitude. While o
can only speculate on the fact that we do not find an
ground state, guessing that it is a finite-size effect, the rea
why we find no FM order is that the conditions under whi
Nagaoka’s theorem holds are never satisfied. Indeed the
no parameter regime where the phononic renormaliza
yields U* @t* , with t* remaining at the same time finite.

D. NÄ4, half-filled case

In Fig. 9 we report the phase diagram at half-filling f
G51 Å21, both with and without the phonon-induced nex
nearest-neighbor interaction. For intermediate to largea we
see that an antiferromagnetic phase is stable for smallg2/\V
while a charge ordered state of 2-0-2-0 type is stable
largeg2/\V. For smalla and irrespective ofg2/\V, a non-
magnetic ground state characterized by the absence of
spin correlations is found to be stable, wedging in betwe
the AF and CO regions at smallg2/\V up to a;2.5 Å.

FIG. 8. Spin ~top panel!, charge~middle panel!, and charge-
deformation ~bottom panel! correlation functions forN53 at
g2/\V50.4 eV.
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We can also see that taking into account the effect
Vi ,i 62* leads to quantitatively significant modifications of th
phase diagram. Indeed, even if the negative value ofVi ,i 62* is
rather small for lowg2/\V values, it causes an appreciab
expansion of the NM region toward higherg2/\V and a
values, with a corresponding reduction of the CO and
regions, due to the fact that for increasingg2/\V ~or a)
Vi ,i 62* becomes negative, and thus opposite in sign toVi ,i 61* .

Let us now discuss how the system responds as the v
of a is increased, forg2/\V50.1 eV. As shown in Fig. 9,
the system passes from the NM regime to the AF regim
The position and nature of this transition can be easily id
tified by looking at the behavior of the correlation functio
plotted in Fig. 10.

For a lower than.2.2 Å, xn
s and xnn

s are close to zero
and almost coinciding, which corresponds to a regime w
out significant magnetic correlations. On the other hand,
higher values ofa one hasxn

s'20.5, which corresponds to
an antiparallel configuration of spins on first neighbors, a
xnn

s '1/4, which indicates a configuration of parallel spins
next-nearest neighbors. This behavior ofxn

s andxnn
s clearly

shows that the ground state has antiferromagnetic corr
tions. The middle panel of Fig. 10 gives indications on t
charge distribution. In the NM region we can see that ev
though the site occupation is still fluctuating because of
itinerancy of the carriers, nonetheless there is some precu
of the CO phase, as a consequence of the fact that the va
of xnn

c are considerably higher than those ofxn
c . Conversely,

in the AF regionxn
c andxnn

c become constant and equal to
thus indicating that there is one electron per site on the
erage.

The same qualitative trend is found in the charg
deformation CF’s, shown in the bottom panel of Fig. 10.
small a the charge-related deformation also appreciably
fects first- and second-neighbor sites. Then, as the NM

FIG. 9. Phase diagram forN54 andG51 Å21. The regions
labeled NM, CO, and AF are characterized by vanishing magn
zation, charge order, and antiferromagnetism, respectively.
0-8
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boundary is approached,F loc tends to stay constant, whil
F2a grows considerably andFa becomes small, resulting in
a behavior that can be considered as a precursor of the
state. When the AF state sets in, all three charge-deforma
CF’s come to coincide at a rather large value, indicating th
in a regular pattern of site occupancy, all orders of neighb
are equally affected. In terms of the size of the polarons,
can say that forN54 they tend to show an extended cha
acter, i.e., the associated deformation develops beyond
site where the charge is located.

The behavior of the renormalized electronic parame
~not shown! is such that in the AF regiont* is vanishingly
small, driving the system in a regime of electron localizati
where the mechanism of superexchange dominates. C
versely, in the NM region, the hopping term is only weak
renormalized, because the localization effect due to the
placement is counteracted by the squeezing, so that the
trons are rather mobile. Moreover,U* andVi ,i 61* are com-
parable in magnitude, thus preventing the formation of lo
pairs as well as of long-range ordering. In terms of
equivalentt-J model, the NM ground state does not sho
any well-defined spin or charge order sincet* remains large
enough to have two concurrent effects: on the one han
opposes a complete charge disproportionation, and, on
other hand, it gives rise to a kinetic exchange proportiona
2t* 2/(U* 2Vi 61* ), strong enough to allow for some mag

FIG. 10. Spin~top panel!, charge~middle panel!, and charge-
deformation ~bottom panel! correlation functions forN54 at
g2/\V50.1 eV.
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netic coupling effects. As in the previous cases, the ene
difference between the NM and AF states is small enough
the tiny negative value ofVi ,i 62* to have a sizable effect on
the position of the phase boundaries.

When g2/\V50.4 eV, a reentrant behavior can be d
duced from the phase diagram in Fig. 9 asa is increased.
This is made evident by the behavior of the correlation fu
tions in Fig. 11. Fora between approximately 2 Å an
3.6 Å, xn

c is equal to zero~middle panel!, while xnn
c assumes

the largest value (;4), clearly indicating a CO configuration
of alternating empty and doubly occupied sites. As expec
in this same range ofa the spin correlation functions~upper
panel! are zero since configurations, with zero and two el
trons on each site prevent the formation of magnetic m
ments. As far as the charge-deformation CF’s are concer
we see that in the charge-density-wave~CDW! region the
largest values are taken byF2a , with the nearest-neighbo
CF Fa always remaining very small, and the on-site CFF loc
taking values which are intermediate betweenF2a andF loc .
This can clearly be considered as a further evidence of
formation of a CO state of the 2-0-2-0 type. Whena lies out
of this intermediate range, the correlation functions beh
essentially as in the caseg2/\V50.1 eV.

The renormalized electronic parameters~not shown! fully
support this picture. In the CDW region the electron mobil
is equal to zero,Vi ,i 62* is attractive, andVi ,i 61* is repulsive

FIG. 11. Spin~top panel!, charge~middle panel!, and charge-
deformation ~bottom panel! correlation functions forN54 at
g2/\V50.4 eV.
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and comparable in magnitude toU* . This evidently tends to
promote configurations with alternating empty and dou
occupied sites. To the extent that the effects of includingVi j*
can be neglected, our results qualitatively agree with ot
studies.3

We end this section by noting that discontinuities in t
correlation functions and the renormalized parameters, s
in the above figures, should not be interpreted as a signa
of a real first-order localization transition. Rather they ar
consequence of a drawback affecting all variational metho
which, as is well known, can only provide an upper bound
the true ground-state energy. This leads to a violation of
exact results demonstrated by Lo¨wen,33 according to which
the self-trapping transition generated by an interacting te
of the Holstein type is an analytical crossover for any va
of the electron-phonon coupling, and not an abrupt~nonana-
lytical! phase transition.

IV. CONCLUSIONS

The method that we have used to obtain an effective
laronic Hamiltonian from the generalized Holstein-Hubba
Hamiltonian, based on the use of displacement and squ
ing transformations, while allowing technically simple calc
lations, still permits us to grasp some basic physical effe
such as, for instance, the phonon-induced renormalizatio
the electronic interaction parameters. In this respect, this
proach might be of interest, for instance, in the theoret
analysis of high-Tc superconductivity, where it can provid
clues to select among electron-phonon models or pu
electronic models. If, in the comparison between theory
experiments, one refers to phonon-renormalized, and
bare, interactions, then even phenomena such as the iso
effect could find an explanation within the framework of
model with only electronic degrees of freedom. An improv
ment of the approach followed here may be obtained by s
ably dealing with two limitations, that is,~i! the factorization
of the fermion-boson wave function into separate fermio
and bosonic factors, and~ii ! the use of a squeezed phono
wave function~whose intrinsic limitations have been di
cussed in Ref. 14! for the elimination of the phononic de
grees of freedom. Further studies in this direction
planned for the near future.

The results we have presented support our claim tha
working out an effective Hamiltonian through displaceme
and squeezing transformations, it is important to take i
account the momentum dependence of the displacemen
squeezing parameters, to avoid losing a significant part of
physical content of the model. We have indeed shown
the effective phonon-induced intersite charge interaction
one obtains24,25 by going beyond the LFA should be car
fully taken into account, as it has appreciable effects on
phase diagram, particularly forN54 and 2. This latter case
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is particularly significant, because theoretical studies4,34 of
the occurrence of doping-induced inhomogeneities in
charge distribution in both colossal magnetoresistance m
ganites and superconducting cuprates point to the importa
of the long-range charge interaction, but have difficulties
justifying its presence in metallic systems, where it sho
vanish beyond a very short distance due to the scree
induced by the itinerant carriers. Differently from the pure
electronicVi j , the effectiveVi j* can be seen as an indepe
dent parameter providing the needed long-range interac
through a mechanism depending basically on the phon
and only weakly on the doping. In real systems such as
superconducting cuprates, this mechanism can be ascrib
the Holstein-type electron-phonon coupling generated by
ion dynamics out of the conducting layers. Additionall
Vi ,i 62* can vary both in amplitude and, most importantly,
sign, depending on the phononic state and on the value o
lattice constant.

From a more general point of view, our results show th
there exist, forN52 and 3, regions of the phase diagra
where the ground state of a hole-doped correlated sys
with strong electron-phonon interaction, on the one hand,
appreciable coexisting spin and charge correlations, wh
on the other hand, is such that the carriers retain their itin
ancy to a large extent. This suggests that the debate
whether charge or spin fluctuations in the normal state
responsible for high-temperature superconductivity might
viewed from a different perspective, namely, by consider
that, under appropriate conditions, both fluctuations can
exist, possibly cooperating to build the superconduct
phase.

A significant result is that, forN>2, in the disordered
regions of the phase diagrams for low values ofa and
g2/\V, we find wide subregions characterized by strong p
cursory charge-ordering effects, whose amplitude can cha
very rapidly with the lattice parameter. The effect is partic
larly evident in the caseN52. This might be of interest with
respect to the recently reported27 microscopically coexisting
charge and structural dishomogeneities in underdoped
optimally doped La22xSrxCuO4 samples.

Finally, we have been able to model the effects of a va
ing lattice spacing. This might be of relevance in all cases
which compression~or expansion! of the lattice causes shar
phase transitions. In particular, our results show that in
range ofa where a given state is stable, even if that st
does not show a fully developed symmetry-breaking or
parameter~CO or AF!, still the behavior of some correlatio
functions may be characterized by drastic changes as the
distance is varied.
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27E.S. Božin, G.H. Kwei, H. Takagi, and S.J.L. Billinge, Phys. Re
Lett. 84, 5856~2000!.

28H. Zheng, Phys. Rev. B38, 11 685~1988!.
29C. Noce and M. Cuoco, Phys. Rev. B56, 13 047~1996!.
30M. Acquarone, M. Cuoco, and C. Noce, Int. J. Mod. Phys. B13,

1183 ~1999!; M. Acquarone, M. Cuoco, C. Noce, and A. Ro
mano, Physica B284-288, 1561~2000!.

31A.S. Alexandrov, Phys. Rev. B61, 12 315~2000!.
32L.F. Feiner, J.H. Jefferson, and R. Raimondi, Phys. Rev. B53,

8751 ~1996!.
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