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Optical properties of aligned carbon nanotube systems studied by the effective-medium
approximation method
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Using the effective-medium approximation~EMA!, which is valid for densely and randomly distributed
particle composites, we have investigated optical properties of a dense carbon nanotube system, in which the
nanotubes are parallel in orientation but random in position. The morphologies of both the Maxwell-Garnett
theory ~MGT! and the array model are not consistent with the dense and random character of this nanotube
system. Comparing with the MGT and the array model, the EMA can describe better the experimental data.
When the effect of the hollow core of the nanotubes are considered, the EMA results are still better and can
describe the experimental data quite well.
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I. INTRODUCTION

Tubular fullerenes have attracted much attention si
their discovery in 1991,1 and are made of a number of co
centric cylinders of plane graphite. Because the graphit
highly anisotropic and its optical responses are quite dif
ent in the directions parallel and perpendicular to the nor
axis of the graphite sheets, the carbon nanotubes are
highly anisotropic and their optical responses are very dif
ent in the directions along and normal to the nanotubes.
materials including aligned carbon nanotubes may h
highly anisotropic optical properties.

Recently, de Heeret al.2 discovered a method to produc
a thin film of aligned carbon nanotubes by drawing the tu
suspension through a ceramic filter and then transferring
deposited material onto a plastic surface. Scanning elec
micrographs of the surface show that the nanotubes
loosely and perpendicularly standing on the surface. A
the surface is lightly rubbed with a thin Teflon sheet or a
minum foil, the nanotubes densely lie along the rubbing
rection ~i.e., parallel to the surface and almost parallel
each other!. The films with the carbon nanotubes perpendic
lar and parallel to the surface are calledb aligned anda
aligned, respectively. Then, they measured the optical p
erties of these different tube aligned films. Thea-aligned
films are birefringent, reflecting differences in the dielect
function for light polarized along (s polarization! and normal
(p polarization! to the nanotubes.

More recently, in order to obtain the effective dielectr
function «e f f of the a-aligned nanotube film, Garcia-Vida
et al.3 proposed an array model in which infinitely long ide
tical nanotubes are arranged parallel on a square lattice
solving the Maxwell equations, they got Bloch waves pos
bly existing in the periodic system. Then, using the disp
sion relation, they obtained«e f f of the a-aligned film. For
comparison, they also calculated«e f f using the Maxwell-
Garnett theory4 ~MGT!, which describes effective dielectri
properties of a granular composite with one kind of partic
0163-1829/2000/63~3!/033401~4!/$15.00 63 0334
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embedded randomly in a large volume of a host compon
Both the array model and the MGT results can qualitativ
but not well describe the experimental data in Ref. 2.

The effective medium approximation~EMA! ~also called
Bruggeman’s theory!5,6 is another method to describe th
effective dielectric properties of composites in which the p
ticles of all components randomly mix together. This theo
has been widely used to explain the dielectric and opt
properties of composite materials,7–9 and proved valid at all
concentrations.

The purpose of this paper is to show that the experime
data reported in Ref. 2 can be better described by the E
than by the MGT or the array model in Ref. 3. The arrang
ment of this paper is as follows: In Sec. II, the basic ideas
the MGT and the EMA theories are given. In Sec. III, w
calculate the effective dielectric function«e f f of the
a-aligned nanotube film using the EMA method and co
pare the obtained results with those of the MGT and
array model. Conclusions are drawn in Sec. IV.

II. FORMULATION

A. Dipolar polarizability of a single carbon nanotube

A local dielectric tensor of a cylindrical carbon nanotu
can be described by

«~ r̂ ,f̂,ẑ!5« i r̂ r̂ 1«'~ ẑẑ1f̂f̂ !, ~1!

wherer̂ , f̂, andẑ are the base vectors of cylindrical coord
nates, and« i («') is the principal component of the dielec
tric tensor of graphite parallel~perpendicular! to the normal
axis of the graphite planes. This transfer procedure from
dielectric properties of planar graphite to nanotubes is ju
fied because both of them are mainlysp2 bonded.10

Under the quasistatic approximation, an external poten
of the formVm(r ,f)5V(r )eimf will lead to the polarizabil-
ity am of a single carbon nanotube per unit length10
©2000 The American Physical Society01-1
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am54p«0«eR
2m

3
~« il2« i !~« il1«e!r

2m82~« il2«e!~« il1« i !

~« il2« i !~« il2«e!r
2m82~« il1«e!~« il1« i !

, ~2!

wherer5r /R, m85m(«' /« i)
1/2 andl5m8/m. r andR are

inner and external radii of the nanotube and« i and«e are the
dielectric functions of the internal and external materia
respectively. In deriving this expression, no field was
sumed to be applied along the tube, and for external app
homogeneous field,m51.

Now we introduce the anisotropic nanotube’s equival
isotropic dielectric function. Suppose a solid cylinder with
isotropic dielectric function« and the same radius as th
nanotube’s external radiusR. If this isotropic solid cylinder
and the anisotropic nanotube have the same polarizabilityam
under the same applied voltage, we call« the anisotropic
nanotube’s equivalent isotropic dielectric function. For t
isotropic solid cylinder, its polarizabilityam8 can be easily
deduced from Eq.~2! by letting « i5«'5« andr50,

am8 54p«0«eR
2m

«2«e

«1«e
. ~3!

Then, if we letam8 5am in Eqs.~2! and~3!, we can obtain«,
the equivalent isotropic dielectric function of the anisotrop
nanotube.

B. Mean field theories

Assuming two kinds of solid particles in a binary com
posite have the isotropic dielectric functions«1 and «2, re-
spectively, the average electric fieldEW av and electric dis-
placementDW av of the composite can be written as

EW av5 f EW 11~12 f !EW 2 ~4!

and

DW av5 f «0«1EW 11~12 f !«0«2EW 2 , ~5!

wheref and 12 f are the volume fractions of the componen
1 and 2 in the composite, andEW 1 and EW 2 are the average
electric fields in components 1 and 2. The effective dielec
function «e f f of the composite can be defined as

«e f f[DW av /~«0EW av!. ~6!

1. MGT

Whenf is very small, each particle of component 1 can
treated as being embedded in a large medium of compo
2. Therefore, the fieldEW 2 in component 2 is only slightly
disturbed and approximately homogeneous, and by u
Laplace’s equation, the average inner electric field in
particles of component 1 can be written as

EW 15
«2

«21L~«12«2!
EW 2 . ~7!

Here,L is the depolarization factor of the particles along t
principal axis that is parallel to the electric fieldEW av . In a
given dimension, the more slender the particle, the sma
the factorL. In three dimensions~3D!, when the particle is
03340
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spherical,L51/3; and in 2D, when the particle is discal,L
51/2. Then, from Eqs.~4! to ~7!, we get

«e f f5«21
f «2~«12«2!

«21L~«12«2!2 f L~«12«2!
. ~8!

This is the famous Maxwell-Garnett formula, which is ge
erally used to treat dilute problems as it is derived from
dilute system. When«251, L51/2, andr50, Eq. ~8! re-
duces to Eq.~5! in Ref. 3.

2. EMA

Whenf is not very small, the particles of the two comp
nentsrandomlymix together and the near neighbors of eve
particle in the composite include the two kinds of particle
We can no longer treat the particles of one componen
being embedded in the other one, and it is impossible to
an exact result including the detailed interaction between
particles of the two components. An alternative way is
imagine that each particle in the composite is embedde
an infinite uniform medium with an effective dielectric func
tion «e f f , which will be obtained by a self-consistent proc
dure. The electric field outside each particle is treated as
average fieldEW av that is homogeneous, and has taken in
account the complex interactions between the randomly
persed particles.11 Also, by solving the Laplace’s equation
the average electric fieldsEW 1 and EW 2 in the two kinds of
particles can be written as

EW 15
«e f f

«e f f1L~«12«e f f!
EW av ~9!

and

EW 25
«e f f

«e f f1L~«22«e f f!
EW av . ~10!

Substituting Eqs.~9! and ~10! into Eq. ~4!, we obtain the
following equation:

f
«12«e f f

«e f f1L~«12«e f f!
1~12 f !

«22«e f f

«e f f1L~«22«e f f!
50.

~11!
Equation~11! is the EMA formula. The derivation here i
similar to that in Ref. 12. As a kind of mean-field theor
both Eqs.~8! and ~11! are generally used to study rando
composites.

III. RESULTS AND DISCUSSIONS

In this part, we will discuss the optical properties of th
a-aligned carbon nanotube films using the EMA meth
@Eq. ~11!# and compare the obtained results with the MG
results@Eq. ~8!# and the array model results in Ref. 3. Sin
the scanning electron micrographs show that the nanotu
are about parallel oriented for thea-aligned film, we can
distinguish different situations fors and p polarization of
light.

A. For s-polarized light

For s-polarized light, the electric fields are along th
nanotubes. We letL50, «15«' , and«251, and then, Eqs.
~8! and ~11! reduce to
1-2
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«e f f
s 5 f «'1~12 f !. ~12!

Considering the hollow character of the tubes, we must
place the volume fractionf of the whole nanotubes in Eq
~12! by f 8 representing the volume fraction of the mere
solid parts of the nanotubes. We assume all the structure
the nanotubes are the same and their internal and exte
radii arer and R. The solid part volume fractionf 8 can be
expressed as

f 85~12r2! f , ~13!

wherer5r /R. Then, the imaginary part of«e f f
s is

Im «e f f
s 5 f 8 Im «' . ~14!

Therefore, f 8 can be roughly estimated by comparing t
maximum of known Im«' and experimental Im«e f f

s . Taking
R55 nm and the internal radiusr to be 0.25–2 nm, the
value of f '0.6– 0.7 was obtained in Ref. 3.

B. For p-polarized light

For p-polarized light, its electric fields are perpendicul
to the nanotubes. Because the lengths of the nanotube
much longer than their diameters, thea-aligned nanotube
film can be treated as a 2D random system. Then, in Eqs~8!
and~11!, we let«1 denote the equivalent isotropic dielectr
function of a single anisotropic carbon nanotube obtain
from Eqs.~2! and~3!, «2 denote the dielectric function of th
air outside the nanotubes, andL51/2.

First, we assume all the nanotubes are solid cylinders.
haver50 in Eq.~2!, and then, from Eqs.~2! and~3!, «1 has
its simple expression,

«15A« i«'. ~15!

Using Eq.~8!, the MGT results of«e f f
p are obtained and

shown in Fig. 1 for different volume fractionsf of carbon
cylinders. The triangles are experimental data. In our ca

FIG. 1. The real and imaginary parts of the effective dielec
function «e f f for p-polarized light for MGT method for differen
values off. Long-dashed lines aref '0.74. Solid lines aref 50.72.
Dashed lines aref 50.65. The triangles up and down represent
imaginary and real parts of the experimental data in Ref. 2.
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lations, we have used the dielectric functions of graphite
tabulated in Ref. 13. It can be seen from Fig. 1 that both r
and imaginary parts of the«e f f decrease with the decreasin
of f except in the vicinity ofE55 eV, where the real part o
«' of graphite is negative. In the paper of Garcia-Vidal, th
take the diameter of the nanotubes to be 10 nm and
distance between the nanotubes~i.e., period of the array
model! to be 10.3 nm,~i.e., f '0.74). The curves of their
MGT results are shown as long-dashed lines. Whenf is 0.72,
the peak of the imaginary parts of the MGT results appro
mately matches that of the experimental data in magnitu
Comparing with those at other volume fractions, the discr
ancies of the real and imaginary parts between the M
results and the experimental data seem to reach the minim
at this volume fraction. Even so, the discrepancies are
large. Besides their magnitudes, the real parts of the M
results have distinct peaks in regions of 4.0,E,4.5 eV, but
this is not true for the experimental data. So, the MGT the
can only roughly describe the trend of the experimental d

Then, we use the EMA theory by substituting Eq.~15!
into Eq. ~11!. From the calculation, we found that, with
drop of f, the EMA results decrease just like the MGT r
sults. In Fig. 2, we plot the EMA results of«e f f in solid lines
at f 50.67, where the peak of its imaginary parts matches
experimental data in magnitude. Obviously, the EMA resu
can describe the experimental data better than the MGT
sults. Those redundant peaks in the real parts of the M
results emerge no longer in those of the EMA results. As
the array model, Garcia-Vidalet al.3 shifted the real parts o
the experimental data approximately by an amount of o
We redraw the original curves of Garcia-Vidalet al.’s array
model results~long-dashed lines! in Fig. 2 for comparison. It
is clear that their results are far from satisfactory.

The above results can be understood as follows. It is w

FIG. 2. The real and imaginary parts of the effective dielect
function «e f f for p-polarized light for the array model, MGT, an
EMA methods. Long-dashed lines: array model results atd
510.3 nm ~i.e., f '0.74). Dashed lines are MGT results atf
50.72. Solid lines are EMA results atf 50.67. The triangles up and
down represent the imaginary and real parts of the experime
data in Ref. 2.
1-3
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known that morphology plays an important role in determ
ing the optical properties of particle composites. For e
ample, properties are quite different between compos
with one kind of particles being dominantly surrounded
the other host component and composites with two kinds
particles randomly distributed. Obviously, both the arr
model and the MGT have morphologies consistent with
former composites, and therefore can give better desc
tions, while the EMA describes the latter composites bette14

In the a-aligned nanotube film in the experiment, the nan
tubes might frequently contact each other. The air outside
nanotubes would be isolated by these contacting nanot
and can be considered as ‘‘particles’’ of the air. So the m
phology ofa-aligned film is more like the latter one. There
fore, it is reasonable that the EMA better describes
a-aligned film because of the consistent morphologies of
theory and the system.

Second, we consider hollow tubes by assuming they h
the same ratior of inner to outer radii. SincerÞ0, Eq.~15!
can no longer be used, and«1 has to be obtained from Eqs
~2! and~3!. According to the basis ideas of MGT and EMA
«e in Eqs.~2! and~3! should be replaced by«2 for MGT and
«e f f for EMA. From the calculation, we found that th
equivalent isotropic dielectric function of a single nanotu
changes lightly whenr,0.2. Then, we chooser50.4 for
calculation. When the peaks of the imaginary parts of
theoretical results match that of the experimental data,
find, for both EMA and MGT methods, that the proper vo
ume fractions are at aboutf 50.68, which is consistent with
the estimation off for s-polarized light~see Sec. III. A,f
'0.6–0.7). Both the EMA and MGT results in this case a
shown in Fig. 3. Comparing with Fig. 2, all the curves in F
3 have similar trends to those in Fig. 2, but they are close
the experimental data. The EMA can describe the exp
mental data quite well, especially in higher energy region

IV. SUMMARY AND CONCLUSIONS

By using the EMA theory, which is valid for densely an
randomly distributed particle systems, and treating the na
tubes as solid cylinders with the equivalent isotropic diel
tric functions, we have calculated the optical properties
ev
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the a-aligned nanotube systems and compared the EMA
sults with the MGT and the array model results. Our nume
cal calculations show that the EMA results can describe w
the experimental data and are better than those of the a
model and the MGT. In addition, we have included the eff
of hollow tubes, and found both the EMA and MGT resu
are improved and, further, that the EMA results are bet
indicating that the effect of the larger internal radii of th
nanotubes cannot be neglected.
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FIG. 3. The real and imaginary parts of the effective dielect
function «e f f for p-polarized light obtained by the MGT and EMA
methods for the hollow tubes withr 52 nm andR55 nm. Dashed
lines are MGT results at aboutf 50.68. Solid lines are EMA results
at aboutf 50.68. The triangles up and down represent the ima
nary and real parts of the experimental data in Ref. 2.
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