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Atomic clusters in icosahedralF-type quasicrystals

Denis Gratias, Fre´déric Puyraimond, and Marianne Quiquandon
LEM-CNRS/ONERA, BP 72, 29 Avenue de la division Leclerc, 92322 Chaˆtillon Cedex, France

André Katz
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We present a detailed study of the geometry of the atomic clusters encountered in icosahedralF-type
quasicrystals using the cell decomposition of the prototypic atomic surfaces introduced several years ago for
modelingi-AlCuFe. This includes an exhaustive and quantitative characterization of the geometrical features
of the two major~Bergman- and Mackay-type! atomic clusters usually considered as the building blocks of
these structures together with a study of the extended Bergman cluster proposed by M. Duneau~Clusters in
Quasicrystals, to be published in the Proceedings of the 7th International Conference on Quasicrystals, Stut-
tgart, Sept. 1999! as a template of self-overlapping atomic clusters describing all atoms of the structure and
show that this large cluster splits into a total of ten different configurations.
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I. INTRODUCTION

Stable icosahedral quasicrystals have been discovere
Tsai and co-workers1,2 in the ~Al,Cu,Fe! and~Al,Pd,Mn! ter-
nary systems a few years after the observation of metast
icosahedral structures in rapidly quenched~Al,Mn! alloys by
Shechtmanet al.3. Extensive efforts have been since devot
to decipher the atomic structure of these phases by mea
single grain x rays and neutron-diffraction technique~see, for
instance, Refs. 4–7!. Experimental results agree on the ba
fact that these stable quasicrystals are well defined lo
range-ordered solids with respect to Bragg diffraction~see,
for instance, Refs. 8–12!: the diffraction instruments with
the best available resolution show that quasicrystals ha
spatial coherent length close to that of standard silic
samples, thus ranking them among the best scatterering
ids, far above the usual intermetallic compounds. This ju
fies describing quasicrystals, in a first approach, as per
objects in the same spirit as describing perfect crystals. T
is the ideal quasicrystal model that we take as the only fo
of the present paper.

The present work is an additional contribution to previo
works by Katz and Gratias,13,15 Cockayne,14 Elser,16,17

Krameret al.,18 Papadopolos and co-workers,19,20 and, more
recently, Duneau21 in the quantitative characterization of th
geometrical features of the two major atomic clusters~Berg-
man and Mackay type! usually considered as the buildin
blocks of these structures. We designate as atomic clus
set of close atoms distributed on fully occupied high symm
try orbits and that can be considered as typical of the st
ture in the sense that they are found at a high frequenc
the solid. This cluster idea was the aim of the pioneer wo
on quasicrystalline structures of Guyot and Audier22 and
Elser and Henley.23 It gives a simple intuitive idea of wha
the quasicrystal looks like at atomic scale but it is, of cour
a simplified view of the atomic structure of quasicrystals a
if taken alone suffers severe deficiencies:

• it contains no information of how these units connect
overlap and how they develop quasiperiodically in space
0163-1829/2000/63~2!/024202~16!/$15.00 63 0242
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• a substantial fraction of atoms~often called the ‘‘glue
atoms’’! are not taken into account although they are o
great importance for the understanding of the dynam
properties of the structure;

• none of the basic properties like density, compositio
and diffraction spectra can be easily computed out of t
simple picture;

• it gives the impression of a structure being frozen w
unalterable atomic entities forming sort of an immutable m
lecular framework.

Because of these restrictions, we perform here a clu
analysis starting from the six-dimensional~6D! model pro-
posed several years ago by two of us15 for describing the
atomic structure ofi-AlCuFe. Our goal is twofold:

• quantitatively and exhaustively identify in details wh
type of atomic clusters develop with what frequency a
how they connect and/or overlap;

• perform the complete decomposition of the three m
atomic surfaces of the model into cells characteristic of e
configuration for distributing the atomic species on the va
ous sites of the clusters with respect to their local configu
tions consistently with quasiperiodicity.

The paper is organized as follows.
We first recall shortly the main physical and geometric

reasons for choosing the three main atomic surfaces tha
the basis of our model and the cell decomposition techni
that is used all along the paper for characterizing the re
space description. We then discuss the geometric prope
of the two major kinds of generated atomic clusters sim
to Bergman24 and Mackay25 clusters~noted, respectively,B
andM ) before extending the analysis to the cluster templ
~notedXB) recently proposed by Duneau.21 We finally show
that this template cluster splits into ten different configu
tions of the standard canonical triacontahedron.

II. BASIC MODEL

We use the cut method,26–36 for describing the atomic
structure of quasicrystals. In that scheme, the structur
©2000 The American Physical Society02-1
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represented by a periodic object in aN.3D space where
atoms are defined by atomic surfaces~also called acceptanc
windows! periodically distributed through anN-dimensional
lattice. For the case of the icosahedrali-AlCuFe and
i-AlPdMn phases, this configurational space is of dimens
6 and the structure is described by anF-type ~face-centered!
lattice ~subset of nodes of the primitive 6D lattice with th
sum of indices even! and 6D space groupFm35 or F235.
The atomic surfaces are 3D volumes aligned along a
subspace, calledE' that is perpendicular to the physical 3
subspace calledEi . The real 3D structure is obtained b
cutting the 6D object by any 3D subspace parallel toEi .
Atoms are generated inEi at the 3D locations where th
atomic surfaces intersect the cut subspace.

We use the 6D indexing scheme of Cahnet al.37 and label
the F-lattice nodes with respect to the underlying primiti
6D lattice. To define a rational node of the hyperlattice,
use the full notation of Cahnet al. in including the numbers
N and M characteristics of the lengths of the projected
vectors in Ei and E' : a 6D vector x5@N,M #:(n1 ,n2 ,
n3 ,n4 ,n5 ,n6) projects onEi and E' as 3D vectors with
lengths, respectively, uxiu5AKA(N1Mt) and ux'u
5AKAt(Nt2M ) where K is a geometric constantK
51/A2(21t)('0.371 748) andA is the 6Dprimitive lattice
parameter.

A convenient and simple model15 for F-type icosahedra
phases consists in choosing three main atomic surfa
bounded by mirror planes:

~i! one attached to the even nodesn5(0,0,0,0,0,0);
~ii ! a second attached to the odd nodesn85(1,0,0,0,0,0);
~iii ! a third one at the odd body centersbc51/2

(21,1,1,1,1,21).
The three atomic surfaces that agree well with the diffr

tion data, density, and stoichiometry8,10,15are a large triacon-
tahedronTn at the even nodesn, a truncated~to avoid short
distances with the former! triacontahedronTn8 of same ra-
dius at the odd nodesn8, and a small triacontahedronTbc at
the odd bodycenters~see Fig. 1!. This choice fulfills the con-
dition of existence of local rules38–43 and easy phason
relaxation44–47during growth~see, for instance, a discussio
in Ref. 48!.

We characterize the polyhedral atomic surfaces by a se
triangular facets in the elementary sector of the icosahe
symmetry. Each triangle is defined by three vectors inE'

that are projections of rational 6D lattice nodes. For exam
the triacontahedronTn is defined by one facet that is th
perpendicular projection of the three 6D nodesa5@7,
24#:(21,21,1,1,3,1)/2,b5@5,23#:(0,22,1,0,2,1)/2 and
c5@6,23#:(0,21,1,0,1,0). For the unit lengths inE' and
Ei , we choose the triacontahedronTbc as the unit volume in
E' andKA as the unit length inEi . This gives a normalized
description of the icosahedral phases independent on
chemical nature of the alloy. With these notations, the
Penrose canonical triacontahedron has volume 312t and,
for the present model,Tn has volume 518t, Tn8 516t, and
Tbc , of course, 1. The total volume of the model is 1
114t.
02420
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III. ATOMIC CLUSTERS

The F-type icosahedral phases are often designated
‘‘Mackay-type’’ structures~see for instance, Ref. 49! as op-
posed to ‘‘Bergman-type’’ structures like AlLiCu~see, for
instance, Refs. 50 and 51!. As already discussed by Katz an
Gratias,13 Elser,16, Kramer et al.,18 and Papadopolos an
co-workers,19,20 these structures can be~roughly! described
by two kinds of intricated clusters that are reminiscent
Bergman’s ~designated here byB clusters! and Mackay’s
clusters~designated here byM clusters!. Our aim is to fully

FIG. 1. ~top! The three main atomic surfaces of the model
E' : ~a! a large triacontahedronTn of volume 518t located atn
5(0,0,0,0,0,0),~b! a large truncated triacontahedronTn8 of volume
516t located atn85(1,0,0,0,0,0), and~c! a small triacontahedron
Tbc of volume 1 located atbc5(21,1,1,1,1,21)/2. The total vol-
ume of the atomic surfaces is 11114t leading to a density of sites
d in real space ofd(KA)35(11114t)/@4(314t)#'0.8882.~bot-
tom! 2D cut of the 6D space along~d! fivefold, ~e! threefold, and
~f!, ~g! twofold planes: the traces of the three basic polyhedra r
resenting the atomic surfaces are line segments parallel toE'.
Completed with segments parallel toEi , they represent 2D section
of the 6D hyperprisms defining the cell decomposition. The g
areas represent the cut of the hyperprisms corresponding to the
6D cell.
2-2
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TABLE I. The principal short interatomic distances and their origins in 6D space. The paralle
perpendicular distancesdi andd' are given in nm for the specific case of AlCuFe calculated with a 6D-lat
parameterA50.63146 nm~multiply by 1.0357 fori-AlPdMn!.

Type Sym~lattice! 6D vector di(nm) d'(nm)

n2n8 20(P) @6,23#:(1,0,0,21,21,0) 0.251286 1.06446
n2bc 12(I ) @3,21#:(1,1,21,1,21,1)/2 0.275958 0.722468
n2n 30(F) @8,24#:(0,21,1,0,1,1) 0.29016 1.22914

n2n8 60(P) @14,27#:(1,0,21,1,0,2) 0.383845 1.62599
n82bc 20(I ) @3,0#:(21,1,1,1,1,1)/2 0.406589 0.657874
n2n8 12(P) @2,1#:(0,0,1,0,0,0) 0.44651 0.44651
n2n 30(F) @4,0#:(0,1,0,0,21,0) 0.469488 0.759648
n2bc 60(I ) @7,21#:(1,21,1,1,1,3)/2 0.544584 1.04834
n2n 12(F) @12,24#:(1,1,21,1,21,1) 0.551916 1.44494
n2n 60(F) @12,24#:(21,0,2,0,1,0) 0.551916 1.44494
n82bc 60(I ) @7,0#:(21,1,3,21,21,21)/2 0.621074 1.00492
n2n8 60(P) @6,1#:(0,1,0,1,0,1) 0.647912 0.881156
n2bc 20(I ) @3,3#:(1,1,1,21,21,1)/2 0.657874 0.406589
n2n 60(F) @8,0#:(1,0,1,21,21,0) 0.663956 1.0743
n82bc 12(I ) @3,4#:(1,1,1,1,21,1)/2 0.722468 0.275958
n2n 30(F) @4,4#:(0,0,1,0,0,1) 0.759648 0.469488
n82bc 120(I ) @11,0#:(3,21,1,21,21,3)/2 0.778558 1.25973
n2n8 60(P) @10,1#:(0,0,2,21,0,0) 0.800131 1.1634
n2bc 60(I ) @7,3#:(21,1,3,1,1,1)/2 0.808219 0.861614
n2n 60(F) @12,0#:(1,0,0,1,0,2) 0.813177 1.31575
n2n 20(F) @12,0#:(21,1,1,1,1,1) 0.813177 1.31575
n82bc 60(I ) @7,4#:(21,3,1,1,21,1)/2 0.861614 0.808219
n2n8 60(P) @6,5#:(0,1,1,0,21,0) 0.881156 0.647912
n2n 12(F) @8,4#:(0,0,2,0,0,0) 0.893019 0.893019
n2n 60(F) @8,4#:(1,1,0,0,21,1) 0.893019 0.893019
n2n8 120(P) @14,1#:(0,0,1,1,1,2) 0.9277 1.38945
n2bc 60(I ) @11,3#:(3,1,1,21,23,1)/2 0.934685 1.14867
n2bc 60(I ) @11,3#:(1,21,3,21,1,3)/2 0.934685 1.14867
n2n 120(F) @16,0#:(1,21,2,21,0,1) 0.938976 1.5193
n2n 30(F) @16,0#:(0,2,0,0,22,0) 0.938976 1.5193
n82bc 60(I ) @11,4#:(1,21,3,1,1,3)/2 0.981223 1.10918
n2n8 60(P) @10,5#:(1,0,1,21,21,1) 0.998426 0.998426
n2n8 12(P) @10,5#:(1,1,0,1,21,1) 0.998426 0.998426
n2bc 60(I ) @7,7#:(1,1,1,1,21,3)/2 1.00492 0.621074
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quantify the relative frequencies of these clusters and clas
their intersections using our previous model as basic gen
tor for the cut method. Instead of generating any portion
the quasicrystal with arbitrary size using the cut algorith
we should analyze the atomic local configurations directly
E' where all the geometrical environments have a finite-s
image that can be calculated exactly. This is the cell52 or
Klötze53,54 decomposition that is based on the simple id
that two actually present atoms in the structure are issu
from two atomic surfaces the projection inE' of which have
a non empty intersection. Thus we study how atomic sur
faces projected inE' intersect each others suffices to det
mine what kind of clusters are present in the real structu
This work is considerably simplified by the fact that the ma
first interatomic distances~see Table I! are along three-,
five-, and two-fold directions. Hence we can draw the tra
02420
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~lines! of the atomic surfaces in the five-, three-, and tw
fold 2D planes of the 6D space as shown in Fig. 1 a
directly visualize the basic intersections between neigh
atomic surfaces.

A. First coordination shell

As shown on Table I and Fig.1, the three first atom
distances are, respectively,R35A623t along the threefold
directions~dodecahedron of radius 0.251 nm fori-AlCuFe!,
R55A32t along the fivefold directions~icosahedron of ra-
dius 0.275 nm fori-AlCuFe!, and finallyR25A824t along
the twofold directions~icosidodecahedron of radius 0.29
nm for i-AlCuFe!. The next distance is much farther awa
(A1427t in mirror planes! so that these three first distance
being close to each other, can reasonably be considere
the first coordination shell.
2-3
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The computation13 of the corresponding cells decompos
tion leads to a total of 34 local configurations distribut
according to 19 forTn , 14 for Tn8 as shown on Fig. 2 and
only one for Tbc ~not shown!. The characteristic environ
ments along three-, five-, and twofold directions are given
Tables II and III.

The first coordination shell forTn decomposes accordin
to

• Z̄n
(3)5(32136t)/(518t)'5.03 average atoms alon

the threefold directions atR3,
• Z̄n

(5)512/(518t)'0.67 average atoms along the fiv
fold directions atR5,

• and Z̄n
(2)5(32152t)/(518t)54t'6.47 average at-

oms along the twofold directions atR2.
For Tn8 , we obtain
• Z̄n8

(3)
5(32136t)/(516t)'6.136 atoms along the

threefold directions atR3

• and Z̄n8
(2)

5(38124t)/(516t)'5.224 atoms along the
twofold directions atR2.

Finally, for Tbc , we findZ̄bc512 atoms along the fivefold
directions~a full icosahedron! at R5.

The average coordination numbers for each atomic
face areZ̄n5(76188t)/(518t)'12.17 for Tn , Z̄n85(70
160t)/(516t)'11.36 forTn8 , and, of course,Z̄bc512 for
Tbc . This leads to a total average coordination number
Z̄T5(1581148t)/(11114t)'11.81.

FIG. 2. First neighbor cell decomposition forTn and Tn8 ~see
Tables II and III!. The four first cells are common toTn andTn8 .
02420
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The average radii of the first coordination shells areR̄n
5@(32136t)R3112R51(32152t)R2#/(76188t) for Tn ,
R̄n85@(32136t)R31(38124t)R2#/(70160t) and, of
course R̄bc5A32t. The global average radius isR̄
50.2756 nm fori-AlCuFe ~0.2854 nm fori-AlPdMn!. These
values are much closer to those usually encountered
simple fcc metals~for instance, in aluminumZ512, R̄Al
50.28 nm! than those encountered in amorphous metals
semiconductors: the present model is a compact structur

TABLE II. The coordination numbersZ for the first coordina-
tion shell decomposition ofTn ~see Fig. 2!. The average coordina

tion number isZ̄n5(76188t)/(518t)'12.17.

Cell Volume
Total
at. %

Z
~threefold!

Z
~fivefold!

Z
~twofold!

Z
total

C1 2312t 0.701 7 0 0 7
C2 1328t 0.1656 7 0 1 8
C3 242126t 0.2047 7 0 2 9
C4 26216t 0.3312 7 0 3 10
C5 68242t 0.1265 7 0 3 10
C6 242126t 0.2047 7 0 4 11
C7 216110t 0.5359 7 0 5 12
C8 255134t 0.0391 6 0 4 10
C9 1328t 0.1656 5 1 5 11
C10 1328t 0.1656 6 0 5 11
C11 1328t 0.1656 5 1 6 12
C12 36222t 1.1983 6 0 6 12
C13 214116t 35.327 5 1 7 13
C14 824t 4.5401 5 0 6 11
C15 2614t 1.403 5 0 7 12
C16 724t 1.5685 6 0 5 11
C17 216110t 0.5359 5 0 5 10
C18 1026t 0.867 4 0 5 9
C19 2816t 5.076 4 0 6 10

TABLE III. The coordination numbersZ for the first coordina-
tion shell decomposition ofTn8 ~see Fig. 2!. The average coordina

tion number forTn8 is Z̄n85(70160t)/(516t)'11.36.

Cell Volume Total at. % Z~threfold! Z~twofold! Z total

C18 2312t 0.701 7 0 7
C28 1328t 0.1656 7 1 8
C38 242126t 0.2047 7 2 9
C48 26216t 0.3312 7 3 10
C58 26216t 0.3312 7 3 10
C68 216110t 0.5359 7 4 11
C78 4t 19.2323 7 5 12
C88 1 2.9715 6 5 11
C98 1428t 3.137 5 6 11
C108 216110t 0.5359 5 5 10
C118 2816t 5.076 4 6 10
C128 1026t 0.867 4 5 9
C138 2614t 1.403 6 5 11
C148 622t 8.213 6 6 12
2-4
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As shown on Fig. 2, there are only three cells with f
icosahedral symmetry: a small triacontahedronT0 ~cells C1

andC18 in Tables II and III! of volume 2t23, centered atn
andn8 andTbc ~volume 1! that forms a unique cell by itself
Studying these three cells leads us to decipher which kin
high-symmetry atomic clusters are present in the struc
and how they distribute in space with respect to each ot
as will be discussed next.

B. B clusters generated byTbc

We characterize the body center configuration by proje
ing together inE' , Tbc , and the nearby atomic surface
along two-, three-, and fivefold directions. The global d
composition is shown on Fig. 3 and Table IV. We first o
serve from Fig. 1 that there are no perpendicular projecti
of Tbc that intersect along the twofold direction at short d
tances. On the contrary, the projection inE' of Tbc trans-
lated by @3,21#:(1,1,21,1,21,1)/2 in a fivefold direction
with respect toTn falls entirely into the projection ofTn : if
Ei passes throughTbc , it necessarilypasses throughTn and
all other polyhedra of the same orbit aroundbc. This makes
a total of 12 intersections defining 12 atomic sites surrou
ing the central site issued fromTbc . They form a complete
icosahedron of radiusR5 ~0.275 nm for AlCuFe!. We desig-

FIG. 3. B-cluster cell decomposition and associated volum
~see Table IV!. ~a! the atomic surfaceTbc located at@3,21#:(1,1,
21,1,21,1)/2 ~fivefold direction! projected ontoTn . The cellC2

corresponds to the twelveTbc that fall insideTn generating the
B-icosahedron inEi ; ~b! the atomic surfaceTbc located at@3,0#:
(21,1,1,1,1,1)/2~threefold direction! ontoTn8 . The cellsC28 , C38 ,
andC48 correspond to the 20Tbc falling insideTn8 thus generating
the B dodecahedron inEi .
02420
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nate this 13-atom cluster aB icosahedron. Conversely, look
ing atTn ~see Fig. 3!, we see that 12 atomic surfacesTbc fall
inside Tn and adjust each other with no overlap. Therefo
any point ofTn inside one of these small triacontahedra ge
erates a site inEi that belongs toone and only one Bicosa-
hedron: theB icosahedra do not overlap. The fraction ofTn
sites which are taken into account in theB icosahedron is
given by the ratio of the volumes of the 12Tbc divided by
the volume ofTn , i.e. 12/(8t15)'66.87%: two-thirds of
the Tn sites belong to aB icosahedron.

None of the two other distances of the first neighbor c
ordination shell lead to possible intersections. The next d
tance around abc site is along the threefold directions a
@3,0#:(21,1,1,1,1,1)/2 corresponding, inEi , to a dodecahe-
dron of radiusA3 ~0.406 nm fori-AlCuFe!. Here again, we
observe thatTbc falls entirely insideTn8 . Eachbc site is
surrounded by a complete dodecahedron that we designa
a B dodecahedron. However, contrary to the previous ca
the Tbc polyhedra overlap each other by pairs. Their inte
sections are shown on Fig. 3~cell C38): a certain fraction of
Tn8 sites belong simultaneously totwo B dodecahedra. To
find how they are connected we consider the symmetry
ments of any pair of interpenetratingTbc’s. The symmetry
group is mmm and share 2mm with Tn8 . Hence theB
dodecahedra are connected bytwo ~the order ofmmm in
2mm is 2) vertices forming anedgeof theB dodecahedron.
We designate byB dodecahedron~1! (B3 unshared in Elser’s
notations! the vertices of the dodecahedron that belong
one only dodecahedron and byB dodecahedron~2! (B3
shared in Elser’s notations!, those that belong to two adja
cent ones.

The fraction ofTn8 sites which belong to one~at least! B
dodecahedron is given by the volume of the union of
interpenetratingTbc , i.e., 2024t so that (2024t)/(6t
15)'91.97% of theTn8 sites belong to aB dodecahedron.
The fraction ofTn8 sites that form the connected edges b
tween theseB dodecahedra is given by the volume of th
intersection two by two of theTbc which is 4t. Therefore
4t/(6t15)'47.84% of theTn8 sites are involved in the
dodecahedron-dodecahedron connections.

s

TABLE IV. B-cluster basic decomposition onTn andTn8 ~see
Fig. 3! and correspondence with Elser’s notations. The cellC58 cor-
responds to a fraction only of theM2 sites of frequency (212
18t) suggested by Elser~see discussion!.

Cell Elser notations Volume Total at. %

On Tn (n1)
C1 P 2212t 3.67304
C2 B5 12 35.6586
C3 M3 2516t 13.9907

On Tn8 (n0)
C18 M0 2614t 1.40298
C28 B3 unshared 1026t 0.867086
C38 B3 shared 4t 19.2323
C48 B3 unshared 1022t 20.0994
C58 M2* 2916t 2.10446
2-5
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Together,B icosahedra andB dodecahedra define a 33
atom cluster, shown in Fig. 4~a!, that we call aB cluster as it
is reminiscent of the Bergman polyhedron encountered
certain complex intermetallic phases. Eachbc site of the
real-space structure is the center of aB cluster.

The B clusters are connected together along twofold
rections ~icosidodecahedron! by @4,4#(1,1,0,0,0,0) transla-
tions at distancesR52t ~0.759 nm fori-AlCuFe!. The de-
composition ofTbc by itself ~see Fig. 5 and Table V! for this
translation leads to 15 cells that are identical to those
tained for the first neighbors shell between twoTn’s trans-
lated from each other by@8,24#(1,1,21,0,21,0) @compare
Figs. 1~f! and~g!#, but with an overall~linear! scaling factor
of 22t in E' and t11 in Ei . The average coordinatio
number isZ̄B54t'6.4721. Hence theB clusters connec
together in the same way asTn atomic sites do, but with a
length scalet2 larger.

As already noted by Elser16,17 and Krameret al.,18 they
distribute on the even nodes of at-scaled canonical 3D
Penrose tiling. When observed in Fig. 6 along a direct
perpendicular to a fivefold direction, they appear as layer
three alternating thicknessesL5AA2(t11)/(t12), L/t
and S5L/t2 following a quasiperiodic sequence. This s
quence can be generated by copyingTbc on the nodes of the
2D lattice defined by (5,21,21,21,21,1)/5 and
(0,2,2,2,2,22)/5 that results from the projection onto th
fivefold 2D plane of the 6D structure. Each length appe
with frequencies 1/2 forM, (t21)/2 (30.9%) forL and (2

FIG. 4. ~a! 33 atomsB cluster; ~b! 50 atomsM cluster ~the
central dodecahedron contains only seven atoms!. Observe that
these two clusters are only similar to the Bergman and Mac
clusters encountered in several complex intermetallic phases.

FIG. 5. Cell decomposition ofTbc by itself translated by
@4,4#(1,1,0,0,0,0)~see Table V!. These 15 cells are directly calcu
lated from those obtained by the first neighbors shell of twoTn

displaced by@8,24#(1,1,21,0,21,0) and rescaling by 22t.
02420
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2t)/2 (19.1%) forS. This feature is of greatest importanc
to understand the sequence in the terrace steps observ
scanning tunnel microscopy~STM! studies of quasicrysta
surfaces.20

y

TABLE V. The coordination numbersZB for the B clusters
network~see Figs. 5 and 6!. TheB clusters connect inEi only along
twofold directions at distancesR52 from center to center and shar
an edge of the external dodecahedron. A small fraction~cell C1) of
1.3155% of theB clusters have no connections with the others; th
are the centers of~full ! icosidodecahedra of radiusR52A2 of B
clusters.

Cell Volume B cluster % ZB~twofold!

C1 255134t 1.3155 0
C2 2332144t 0.31056 1
C3 27541466t 0.38387 2
C4 4662288t 0.6211 3
C5 12202754t 0.2372 3
C6 27541466t 0.38387 4
C7 29871610t 0.0733 4
C8 2332144t 0.3106 5
C9 22881178t 1.005 5
C10 6442398t 2.2472 6
C11 2332144t 0.3106 6
C12 2332144t 0.3106 5
C13 24201260t 68.8837 7
C14 216110t 18.034 6
C15 1328t 5.5728 5

FIG. 6. B clusters network inEi . These clusters are stacked
flat layers perpendicular to the fivefold directions of thicknessL
5AA2(t11)/(t12), L/t andS5L/t2 distributed according to a
Fibonacci-like sequence.
2-6
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To compute how much of the atomic structure is d
scribed by theB clusters, we sum up all volumes that ha
been explored in constructing the cluster. These are the
ume ofTbc (1) plus a volume of 12 inTn and a volume of
2024t in Tn8 . Hence the total fraction of explored sites
(111212024t)/(11114t)'78.83% of the total numbe
of sites in the structure.

C. M clusters generated byT0 at n

Similarly to the previous section, we search for proje
tions in E' of the atomic surfaces that have a nonem
intersection withT0 located at the even nodes.

From Fig. 1 and as shown in Fig. 7, we find a nonem
intersection betweenT0 and Tn8 displaced by the threefold
translation @6,23#:(1,0,0,21,21,0) thus defining theM
dodecahedron of radiusR3 ~0.251 nm for i-AlCuFe!. As
shown on Fig. 7~a!, this intersection is only partial: the 20T0

aroundn8 give a total intersection volume of 7(2t23) in-
stead of 20(2t23) if they would be fully embedded inTn8 .
This means that theM dodecahedron of the coordinatio
shell around ann site generated byT0 is occupied by 7 atoms
only over the 20 vertices of the dodecahedron. This is c
sistent with the fact that the edges of the dodecahedron h
a too short length for being physically acceptable as in
atomic distances~0.175 nm fori-AlCuFe!. These seven at
oms distribute on the dodecahedron such as never occup
simultaneously first neighbor sites and opposite sites.
shown by Lyonnardet al.,55 there are 100 possibilities tha
group into two prototypes with respect to icosahedral sy
metry, one with local symmetry 3 of multiplicity 40 and on
with a mirror of multiplicity 60.

The next intersection corresponds to translatingTn8 by
@2,1#:(0,0,1,0,0,0) along a fivefold direction, defining th
M-icosahedron inEi of radius A21t ~0.4465 nm for
i-AlCuFe!. As shown on Fig. 7~b! It leads to a full immer-
sion of T0 in Tn8 , exactly like for the case of the full icosa
hedron of theB clusters but deflated by a factort. Node sites
generated byT0 have a full icosahedral shell issued fromn8
sites. Atoms on thisM icosahedron belong to one and on
one such shell.

The next nonempty intersection is found withTn being
translated along twofold direction by@4,0#:(0,1,0,0,21,0)
defining theM icosidodecahedron inEi of radius 2 ~0.469
nm for i-AlCuFe!. Here again@see Fig. 7~c!#, T0 is entirely
contained into the projection ofTn thus leading to a fully
occupied icosidodecahedron.

Together these shells form a cluster of 50 atoms49 @see
Fig. 4~b!#, that we call aM cluster as it is reminiscent of th
Mackay polyhedron. The fraction of atoms belonging to aM
cluster is calculated by summing the volumes of the ato
surfaces that have been explored: 2t23 for the central atom,
7(2t23) for the atoms of the partial dodecahedro
12(2t23) for the icosahedron, and 30(2t23) for the
icosidodecahedron: 50(2t23). This represents a fractio
of 50(2t23)/(14t111)'35.0744% of the atoms of th
structure.
02420
-

l-

-
y

y

-
ve
r-

ing
s

-

ic

,

TheM clusters are disconnected from each other but t
significantly intersect withB clusters. This can be quantifie
by examining the intersections inE' between the cells of the
B clusters and those of theM clusters: all seven atoms o
their inner dodecahedra are common toB dodecahedra, 11
atoms over 12 of theM icosahedra belong toB dodecahedra,
and 21 atoms of theM icosidodecahedra belong toB icosa-
hedra.

D. M 8 clusters generated byT0 at n8

The very same analysis can be performed starting fromT0
located onn8 instead ofn. The decomposition leads to th

FIG. 7. M-clusters cell decomposition: theM cluster consists of
seven atoms~a! among the 20 of a dodecahedron issued from
partial intersections ofT0 with theTn8 atomic surfaces1 12 atoms,
~b! on a full icosahedron issued fromTn8 atomic surfaces1 20
atoms,~c! on an icosidodecahedron issued fromTn andT0 itself.
2-7
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same polyhedra as those of theM clusters by exchangingn
and n8 leading toM 8 clusters identical toM clusters with
respect to their geometry. They represent the same frac
of the atoms of the structure.

The crucial difference betweenM and M 8 clusters is the
way they intersect with theB clusters.17 The cells corre-
sponding to the partially occupied inner dodecahedron@Fig.
7~a!# have empty intersection with the cells of theB clusters
on n8: the atoms of theM 8 dodecahedron do not belong toB
clusters. On the contrary, eight atoms among 12 of theM 8
icosahedra belong toB clusters. The atoms of theM 8 icosi-
dodecahedron distribute according to: 1622t
('12.7639) being common to aB dodecahedron on site
that are not linking twoB clusters and 1922t ('15.7639)
on sites that connect twoB clusters. Finally only2514t
('1.472 14) sites of theM 8 icosidodecahedra do not belon
to B clusters. Hence most atoms of theM 8 icosidodecahedra
are atoms of theB dodecahedra. Loosly speaking, theM 8
clusters can be seen as complementary to theB clusters.

Each of the two familiesM andM 8 clusters, taken alone
is a set of disconnected clusters. Together, they have in
sections that can be analyzed as follows. The three b
cells of the decomposition shown in Fig. 7 have no inters
tion because the decomposition corresponding to the ic
dodecahedron and the initialT0 cells are on one atomic sur
face @Fig. 7~c!# and those corresponding to the icosahed
and the partial dodecahedron on the other@Figs. 7~a! and
~b!#. Grouping the two families is equivalent to merging a
cells on a same atomic surfaceTn or Tn8 . Then, some cells
intersect and define new existence domains inE' that corre-
spond to sites that are common to both types of clusters.
cell T0, corresponding to the centers of theM andM 8 clus-
ters, intersect the cell corresponding to the outer icosah
of, respectively,M 8 and M clusters, forming 12 small cap
with volume (34221t)/6 each. This, in turn, intersects th
one of the cell corresponding to the icosidodecahedron of
other cluster in 60 identical small caps, which, finally, inte
sects the periphery cell of the partial dodecahedron, thus
ing 60 new small caps to the common intersection. T
leads to a total of (12160160)5132 intersections pe
atomic surfacen and n8 with a total volume of 23132(34
221t)/6 ('0.936 59): a small fraction of 2.78% of the a
oms of the structure are common toM andM 8 clusters.

We observe that theM (M 8) clusters generate cells tha
are scattered in the large atomic surfaces and interpene
into each other betweenM andM 8 cells ~see Fig. 7!. On the
contrary, theB-clusters cells are very compact and describ
large portion of the atomic surfaces with an unique over
on n8 ~see Fig. 3!. This makes the terminology of Mackay
type structures, often used to designate theF-type icosahe-
dral phases, somewhat questionable in front of the pre
geometrical analysis. TheF-type structures can equally we
be viewed—and even better with respect to compacity of
clusters, frequencies, connectivity, and cells geometry
E'—as a connected network ofB clusters rather than accre
tion of M (M 8) clusters.

E. B, M, M 8 cluster connections

As already mentioned,B clusters distribute on the eve
nodes of a 3D Penrose tiling scaled byt. They intersectM
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clusters along the threefold directions according to four d
ferent configurations as shown on Fig. 8 and Table VI. T

average number of intersectingM clusters isZ̄M
B 5522t

(1.764) with a high frequency for the configuration with tw
M clusters intersecting aB cluster. TheB clusters are con-
nected toM 8 clusters~along fivefold directions! and share a
full pentagonal face. The average number of adjacentM 8

clusters is Z̄M8
B

52148192t (0.859) and 36222t
~40.325%! of B clusters have no adjacentM 8 clusters.

The same analysis leads toM clusters having a unique

configuration withZ̄B
M57 intersectingB clusters distributed

in the same way as the atoms of theM dodecahedron with
the configuration of multiplicity 60~mirror symmetry!. This
configuration corresponds to fiveB clusters distributed on a
pentagon and two out of the plane~like a ‘‘stone thrower’’!.
The M 8 clusters distribute according to six configuratio

with an average number ofZ̄B
M851222t (8.764) adjacentB

clusters. As shown on Table VI, there are two major config
rations with same frequency, one with 12 neighboringB
clusters and the other with 8.

F. CompleteB, M, and M 8 decomposition

We now analyze the three kinds of clusters together. T
is achieved by computing the mutual intersections betw

FIG. 8. Cell decomposition forB-/M (M 8) clusters connections
~see Table VI!. On top:~upper line! the cells of the four configura-
tions of M clusters around aB cluster, ~lower line! the existence
domains of the three configurations ofM8 clusters around aB clus-
ter. On bottom:~left! the cell of the unique configuration ofB
clusters around anM cluster;~right! the cells of the six configura-
tions of B clusters around anM 8 cluster.
2-8
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all the cells discussed in the previous sections. The res
are given on Fig. 9 and Tables VII and VIII. The first colum
in these tables defines the cell number, the second col
gives its volume which, divided by the total volume of th
atomic surfaces gives, in the third column, the global c
centration in at. % of the atoms generated by the cell. T
last column gives a short description of the geometrical pr
erties of the atoms generated by the cell with respect to
three clusters. For example, the cellC7 on Tn generates at-
oms that simultaneously belong to aB icosahedron, aM
icosidodecahedron, and aM 8 icosahedron; similarly,C88 on
Tn8 generates atoms that belong to twoB dodecahedra~i.e.,
on the vertices of the pairs that link twoB clusters!, a M
icosahedron and aM 8 icosidodecahedron. Both kinds o
atomic sites represent a concentration of 0.6325% of the
oms of the structure.

Using Tables VII and VIII leads to a possible tailorizatio
of the crystallochemistry of the three kinds of clusters. W
can ad libidum decorate the cells for obtaining whatev
cluster chemical decoration we wish in a way that is con
tent with quasiperiodicity and overlaps.

Regrouping the cells associated toB andM (M 8) clusters
configurations leads to describing roughly 95% of the wh
structure. The remaining cellsC3 , C5, and C11 on Tn and
C38 , C168 , onTn8 generate the so-called ‘‘glue atoms’’ that d
not belong to either of the basic clusters. These cells ha
total volume of 4842298t ('1.825 87). They are shown o
the right side of Fig. 9. They are located at the periphery

TABLE VI. The coordination numbersZM ,M8 and ZB corre-
sponding to the local surrounding ofB clusters byM (M 8) clusters
and vice versa~see Fig. 8!.

B/M cells Volume B-cluster % ZM
B ~threefold!

C1 26216t 11.1456 0
C2 242126t 6.89 1
C3 422t 76.39 2
C4 1328t 5.573 3

B/M 8 cells Volume B-cluster % ZM8
B ~fivefold!

C18 36222t 40.325 0
C28 2113170t 26.238 2
C38 78248t 33.437 1

M /B cell Volume M-cluster % ZB
M~threefold!

C1 2312t 100 7

M 8/B cells Volume M 8-cluster % ZB
M8~fivefold!

C18 1328t 23.607 12
C28 255134t 5.573 10
C38 68242t 18.034 9
C48 1328t 23.607 8
C58 2110168t 11.146 7
C68 68242t 18.034 6
02420
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the atomic surfaces and on intermediate internal regions
rounding the central cells. An example of the complete n
work of B, M, andM 8 clusters is shown on Fig. 10.

These ‘‘glue’’ atoms play a central role in the way th
clusters rearrange under a translation of the cut inE' as
illustrated on Fig. 11. A translation inE' passing through a
boundary of an atomic surface changes the way the clus
connect. Most of the ‘‘glue’’ atoms form partial clusters th
can be completed through a few atom jumps from the ex
ing clusters. Those disappear to the benefit of the new o
Hence the glue atoms are sort of ‘‘transient sites,’’ a res
voir for virtual clusters, and are very important in both th
dynamics and the configurational entropy of the clusters
should be viewed, at high enough temperatures, as dyn
cal entities that form and deform through individual ato
jumps. Because the cells defining theM (M 8) clusters are
smaller and more scattered inE' than those corresponding t
the B clusters, the average fluctuation dynamics of clus
rearrangement should be higher for theM (M 8) clusters than
for the B clusters. To that aspect, theB clusters could be
considered as more ‘‘stable’’ than theM (M 8) clusters.

FIG. 9. Complete cell decomposition withB, M, andM 8 clus-
ters ~see Tables VII and VIII!: ~top! for Tn leading to 13 cells,
~bottom! for Tn8 leading to 16 cells. On the right the existenc
domains of the ‘‘glue’’ atoms~atoms of the model that belong t
none of these clusters!.
2-9
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TABLE VII. Complete cell decomposition~see Fig. 9! of Tn with respect toB, M, andM 8 clusters.

Cell Volume Total at. % Type of environment

C1 271144t 0.575 M center
C2 68242t 0.1265 M center1 M 8 icosahedron
C3 81250t 0.2921
C4 264140t 2.1435 M 8 icosahedron
C5 216110t 0.5359
C6 23801236t 5.5153 B icosahedron1 M 8 icosahedron
C7 3402210t 0.6325 B icosahedron1 M icosidodecahedron

1M 8 icosahedron
C8 4552278t 15.42 B icosahedron
C9 24031252t 14.1 B icosahedron1 M icosidodecahedron
C10 23671228t 5.681 M icosidodecahedron
C11 3832236t 3.399
C12 3402210t 0.6325 M icosidodecahedron1 M 8 dodecahedron
C13 23611224t 4.278 M 8 dodecahedron
us
a

si
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G. ExtendedB cluster „XB…

Duneau21 recently proposed to extend the size of the cl
ters in a search for including all atoms of the model in
unique description. He showed that an economical exten
is obtained from theB cluster by adding the four next dis
tances around thebc sites~see Table IX!, leading to a clus-
ter, notedXB for short, with six shells shown in Fig. 12 an
defined by

icosahedron:bc2n at @3,-1#:~1,1,-1,1,-1,1!/2;
dodecahedron:bc2n8 at @3,0#:~-1,1,1,1,1,1!/2;
truncated icosahedron 1: (TI) ~* !: bc2n at

@7,-1#:~1,-1,1,1,1,3!/2;
truncated icosahedron 2: (TI8) ~* !: bc2n8 at
02420
-

on

@7,0#:~-1,1,3,-1,-1,-1!/2;
triacontahedron:bc2n at @3,3#:~1,1,1,-1,-1,1!/2 and bc

2n8 at @3,4#:~1,1,1,1,-1,1!/2.
The two first shells correspond to theB cluster already

discussed.
The two next shells, noted with~* !, correspond to the

orbits TI andTI8 of multiplicity 60 that arepartially occu-
pied @as the inner dodecahedra of theM (M 8) clusters# as
shown on Fig. 13 and Tables X and XI. The average num
of atoms isZ̄TI5215124t (23.83) for TI and Z̄TI85181
298t (22.43) for TI8 in agreement with Duneau’s
calculations21 ~except forTI8 where Duneau finds 22.36 in
stead of 22.43 as found here!. These two orbits have stron
overlaps with the neighboringB clusters.
TABLE VIII. Complete cell decomposition~see Fig. 9! of Tn8 with respect toB, M, andM 8 clusters.

Cell Volume Total at. % Type of environment

C18 271144t 0.575 M 8 center
C28 68242t 0.1265 M 8 center1 M icosahedron
C38 658242t 0.1265
C48 1328t 0.1656 B dodecahedron~1!

C58 271144t 0.5750 M icosahedron
C68 2312t 0.7015 B dodecahedron~1! 1 M icosahedron
C78 23701230t 6.382 B dodecahedron~2! 1 M icosahedron
C88 3402210t 0.6325 B dodecahedron~2! 1 M icosahedron

1M 8 icosidodecahedron
C98 4572282t 2.123 B dodecahedron~2!

C108 24271266t 10.09 B dodecahedron~2! 1 M 8 icosidodecahedron
C118 3972244t 6.5368 B dodecahedron~1!

C128 23661228t 8.6524 B dodecahedron~1! 1 M 8 icosidodecahedron
C138 23214t 1.033 M 8 icosidodecahedron
C148 3402210t 0.6325 B dodecahedron~1! 1 M dodecahedron

1M 8 icosidodecahedron
C158 23611224t 4.278 B dodecahedron~1! 1 M dodecahedron
C168 232120t 1.072
2-10
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The orbit TI contains a fraction of 65.164%@(12
25t)/6# of the atoms of theB icosahedra andTI8 contains
70.02%@(314t)/(2024t)# of the atoms of theB dodeca-
hedra. The orbitTI gives three different configurations wit
22 to 24 atoms. The configurationC1 corresponding to the
maximum number of atoms~24! has by far the highest fre
quency~88.85% of theXB clusters!. The atoms of theTI of
a givenXB cluster belong in average simultaneously to 1.
others@(225130t)/(1924t)#. They represent a fraction o
69.81%@(1924t)/(518t)# of the atoms generated byTn .

The orbitTI8 gives six different configurations with 20 t
23 atoms~see Fig. 13 and Tables X and XI!. Here also, the
configurationC18 , corresponding to the maximum number
atoms has the highest frequency~65.25%!. Atoms ofTI8 of
a givenXB cluster belong in average to 2.19 others@(210
120t)/(26110t)#. They represent a fraction of 69.21%
@(26110t)/(516t)# of the atoms generated byTn8 .

The last shell—containing a fivefold and a threefo
orbit—is the canonical triacontahedron of the primitive Pe
rose 3D and is fully occupied~32 atoms!. The corresponding
decomposition is shown on Table XII and Fig. 14. It ove
laps with the neighboringB clusters in the following way.

The threefold orbit of the triacontahedron contai
46.06%@(32t)/3# of the atoms of theB icosahedra and the
fivefold orbit contains 26.49%@(23212t)/(2024t)# of
those of theB dodecahedra. TheTn is decomposed into 12
cells@see Fig. 14~a!# by the threefold orbit, the last one,C12,
corresponding to atoms that do not belong to any triaco
hedron of theXB cluster. Hence a fraction of 39.32%@(20
28t)/(518t)# of the atoms generated byTn belong to at

FIG. 10. ~a! A portion of the full network ofB, M, and M 8
clusters;~b! a typical slab of these clusters perpendicular to a fi
fold axis showing howM andM 8 clusters intersectB clusters.

FIG. 11. From left to right: when the cut is translated inE' glue
atoms become part ofB or M (M 8) clusters; the clusters rearrang
in space through a relatively few number of atom jumps. Obse
on the right, how some glue atoms are arranged in clusters
preclude the formation of eitherB or M (M 8) clusters.
02420
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least one triacontahedron. Each of these atoms belong
2.736 @(226128t)/(2028t)# XB clusters in average
Also, 10.45%@(31218t)/(516t)# of the atoms generate
by Tn belong simultaneously to aTI and a threefold orbit of
the triacontahedron.

The fivefold orbit splitsTn8 into 13 cells, the last one
(C138 ) corresponding to atoms that do not belong to any tr
contahedron of theXB cluster. The atoms of the fivefold
orbit represent 27.57%@(17218t)/(516t)# of the atoms
generated byTn8 . Each of these atoms belong to 3.02@(9
12t)/(1728t)# XB clusters in average. Atoms generat

TABLE IX. Summary of the definitions of the basic clusters a
their extensions. The symbol* designates a partial orbit and a bo
number designates a full orbit.

Type Sym~lattice! 6D vector

B cluster ~origin at bc)
bc2n 12(I ) @3,21#:(1,1,21,1,21,1)/2
bc2n8 20(I ) @3,0#:(21,1,1,1,1,1)/2

Extended~Duneau!
bc2n 60* (I ) @7,21#:(1,21,1,1,1,3)/2
bc2n8 60* (I ) @7,0#:(21,1,3,21,21,21)/2
bc2n 20(I ) @3,3#:(1,1,1,21,21,1)/2
bc2n8 12(I ) @3,4#:(1,1,1,1,21,1)/2

Next . . .
bc2n8 120* (I ) @11,0#:(3,21,1,21,21,3)/2
bc2n 60* (I ) @7,3#:(21,1,3,1,1,1)/2
bc2n8 60* (I ) @7,4#:(21,3,1,1,21,1)/2
bc2n 60* (I ) @11,3#:(3,1,1,21,23,1)/2
bc2n 60* (I ) @11,3#:(1,21,3,21,1,3)/2
bc2n8 60* (I ) @11,4#:(1,21,3,1,1,3)/2
bc2n 60(I ) @7,7#:(1,1,1,1,21,3)/2
. . .
M (M 8) cluster @origin at n (n8)#
n2n8 (n82n) 20* (P) @6,23#:(1,0,0,21,21,0)
n2n8 (n82n) 12(P) @2,1#:(0,0,1,0,0,0)
n2n (n82n8) 30(F) @4,0#:(0,1,0,0,21,0)

Extended~Duneau!
n2n8 (n82n) 60* (P) @14,27#:(1,0,21,1,0,2)
n2n8 (n82n) 60* (P) @6,1#:(0,1,0,1,0,1)

Next . . .
n2bc 20* (I ) @3,3#:(1,1,1,21,21,1)/2
n2n (n82n8) 60* (F) @8,0#:(1,0,1,21,21,0)
n82bc 12* (I ) @3,4#:(1,1,1,1,21,1)/2
n2n (n82n8) 30(F) @4,4#:(0,0,1,0,0,1)
n2n8 (n82n) 60* (P) @10,1#:(0,0,2,21,0,0)
n2n8 (n82n) 60(P) @6,5#:(0,1,1,0,21,0)
n2n 12(F) @8,4#:(0,0,2,0,0,0)
n82n8 12* (F) @8,4#:(0,0,2,0,0,0)
n2n (n82n8) 60* (F) @8,4#:(1,1,0,0,21,1)
n2n8 (n82n) 60* (P) @10,5#:(1,0,1,21,21,1)
n82n 12* (P) @10,5#:(1,1,0,1,21,1)
. . .

-

e,
at
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by Tn8 never belong simultaneously to aTI and a fivefold
orbit of the triacontahedron.

The TI orbit distributes inside the triacontahedron alo
threefold directions of the closest atoms of the fivefold or
of the triacontahedron. TheTI8 orbit distributes on the main

FIG. 12. The extendedXB cluster proposed by Duneau~Ref.
21! in the complete 112 atoms cluster corresponding to the m
configuration~cell C1 in Table XIII!. ~a! Balls and sticks view
showing the various orbits;~b! space filling view showing in front a
large portion of an adjacentM cluster.

FIG. 13. Cell decompositions of~a! Tbc , ~b! Tn , and~c! Tn8 for
the two partialTI ’s orbits of the extendedB cluster~see Tables X
and XI!.
02420
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diagonal facets of the triacontahedron in the standardt ratio
between the two opposite vertices of the facets. The wh
XB cluster can be decomposed with the standard set of
late and oblate rhombohedra of the canonical 3D Penr
tiling with additional atoms decorating some of the face
and threefold axes. We obtain a total of six different deco
tions of the oblate rhombohedron and 14 of the prolate.

Regrouping the cells generated by all six shells of theXB
cluster leads to a full covering of the basic atomic surfac
the XB cluster defines a template cluster with an avera
number of 111.265 (231274t) atoms~ranging from 109 to
112!. As already mentioned by Duneau,21any atom of the
structure belongs to one at least such template centere
bc site~s! @see Fig. 15~a!#.

Performing the complete cell decomposition in projecti
all six orbits of atomic surfaces properly located in 6D spa
onto Tbc , leads to the ten cells of Table XIII and shown

TABLE X. Cell decomposition@see Fig. 13~a!# of Tbc by Tn at
@7,21#:(1,21,1,1,1,3)/2 and byTn8 at @7,0#:(21,1,3,21,21,
21)/2 corresponding, respectively, toTI andTI8.

Cell Volume B-cluster% Number of atoms~over 60!

Tn

C1 225116t 88.8544 24
C2 1328t 5.57281 23
C3 1328t 5.57281 22

Tn8
C18 222114t 65.2476 23
C28 26216t 11.1456 22
C38 68242t 4.25725 22
C48 242126t 6.88837 21
C58 2110168t 2.63112 20
C68 81250t 9.83006 21

TABLE XI. Cell decomposition@see Figs. 13~b! and ~c!# of Tn

andTn8 by Tbc complementary to Table X giving the number ofXB
clusters intersecting the atoms of theTI ’s of a givenXB cluster.

Cell Volume Total at. % Number of intersectingXB’s

Tn

C1 214112t 16.0951 0
C2 55232t 9.577 1
C3 214110t 6.479 2
C4 23214t 1.033 3
C5 225116t 2.640 3
C6 2312t 0.7015 4
C7 217114t 16.797 2

Tn8
C18 1124t 13.455 0
C28 24214t 4.00 1
C38 266142t 5.816 2
C48 1024t 10.483 2
C58 26214t 9.947 3

in
2-12
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Fig. 15~b!. The XB cluster has therefore ten different co
figurations~irrespective of the point symmetry operations!,
where the most important~with almost 60%!, associated to
cell C1, contains the maximum number of 112 atoms. B

TABLE XII. Cell decomposition~see Fig. 14! of Tn andTn8 by
Tbc at, respectively,@3,3#:(1,1,1,21,21,1)/2 and@3,4#:(1,1,1,1,
21,1)/2 corresponding to the triacontahedron of theXB cluster.

Cell Volume Total at. % Number of intersectingXB’s

Tn

C1 36222t 11.983 7
C2 216110t 0.5359 6
C3 242126t 0.2047 6
C4 26216t 0.3312 5
C5 2614t 14.03 4
C6 216110t 0.5359 4
C7 46228t 2.065 5
C8 2110168t 0.078 4
C9 124276t 9.00 3
C10 266142t 5.8166 2
C11 44226t 5.738 1
C12 215116t 32.356 0

Tn8
C18 1328t 0.1656 12
C28 255134t 0.0391 10
C38 68242t 0.1265 9
C48 242126t 0.2047 8
C58 1328t 0.1656 7
C68 2312t 0.70149 6
C78 1328t 0.1656 6
C88 2312t 0.70149 5
C98 2614t 14.03 4
C108 46228t 2.065 3
C118 296160t 3.215 2
C128 69242t 3.098 1
C138 212114t 31.654 0

TABLE XIII. Cell decomposition@see Fig. 15~b!# of Tbc leading
to the ten configurations of theXB cluster. Any atom of the struc
ture belongs to one or more of these ten configurations.

Cell Volume XB-cluster % ZTI ZTI8

Total number
of atoms

C1 20212t 58.3592 24 23 112
C2 2110168t 2.63112 23 23 111
C3 68242t 4.25725 22 23 110
C4 242126t 6.88837 24 22 111
C5 255134t 1.31556 22 22 109
C6 123276t 2.94169 23 22 110
C7 68242t 4.25725 24 22 111
C8 242126t 6.88837 24 21 110
C9 2110168t 2.63112 24 20 109
C10 81250t 9.83006 24 21 110
02420
-

cause it has several configurations this cluster is not a c
ering clusterstricto sensusince its local atomic decoratio
varies~although these configurations share 109 atoms! from
site to site on the two partiallyTI andTI8 orbits. It is not to
be compared with the covering cluster discussed
Gummelt56 for Penrose tilings. This latter is unique and sa
isfies specific overlap rules—equivalent to matching rules
that insure the tiling to be quasiperiodic if they are satisfi
everywhere. In our present case, the template cluster is
unique and no covering rules, if any, can be deduced fr
our simple geometrical analysis.

IV. DISCUSSION

The present geometrical analysis of the three main ato
clustersB, M (M 8), andXB has been derived from the bas
fully deterministic model shown in Fig. 1. Models where
fraction of the atomic sites have partial occupancy fact
because of too short atom pairs have been proposed
correspond to increasing the size of the atomic surfacesTn
andTn8 of Fig. 1.

The first model is due to Elser16,17and can be obtained b
increasingTn8 with small polyhedra~of total volume23
12t) at the periphery of the fivefold cups ofTn8 as shown

FIG. 14. Cell decompositions of~a! Tn , and ~b! Tn8 for the
external~canonical! triacontahedron of theXB cluster ~see Table
XII !.
2-13
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in Fig. 16~a! 1. This leads to an overall volume of 8116t.
This increase in volume generates short distances of le
A18211t along the fivefold directions betweenTn andTn8
so that two new cells appear, shown in Fig. 16~a! 2, with an
occupancy factor of 1/2. In Elser’s notations, this cor
sponds to flipping a fraction2312t of M2 with M3 atoms
~see Table IV!.

The second model, due to Krameret al.18 and Papadopo
los and co-workers19,20 in a search for decorating oblate an
prolate standard rhombohedra of the 3D Penrose tiling c
sistently with theF character of the 6D lattice. They obta
the atomic surfaces shown on Fig. 16~b! 1 for Tn andTn8 of
volumes, respectively,216126t and 210116t. These
atomic surfaces overlap significantly along fivefold (Tn /Tn8)
and twofold (Tn /Tn andTn8 /Tn8) directions@see Fig. 16~b!
2#, thus generating too short distances at, respectively,@18,
211#(1,1,22,1,21,1) ~0.1054 nm fori-AlCuFe! and @20,
212#(0,2,21,0,22,21) ~0.1793 nm for i-AlCuFe!. This
implies attributing partial occupancy factors for large po
tions of the atomic surfaces. The corresponding decomp
tion is given by Papadopolos and co-workers.19,20 The re-
maining parts of the atomic surfaces that have occupa
factor equal to 1 correspond to the external facets of the c
C2 andC48 of Fig. 3. These are the definition domains of t
B clusters! In other words, the perfectly ordered part of
structure, in this picture, is the network ofB clusters and the
fivefold orbit of the external triacontahedron of theXB clus-
ters. The other atoms distribute on flipping sites that belo
to TI and TI8 and a fraction of the threefold orbit of th
canonical triacontahedron. Those are mainly atoms belo

FIG. 15. ~a! A portion of the network ofXB clusters represente
by their external triacontahedra;~b! the complete cell decompos
tion of Tbc defining the existence domains of the ten configuratio
of the XB cluster~see Table XIII!.
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ing to theM (M 8) clusters. Hence, if we consider the com
plete set of atomic sites found by Krameret al.18 as the host
atomic network for theF-type structures, we conclude tha
the geometric randomization induced by short distance
clusions fully preserves the integrity of the B clusters and
essentially located on the TI and TI8 orbits of the XB clus-
ter. This is in excellent agreement with the very rece
results—published during the writing of the prese
paper—of Quandt and Elser57 of ab initio calculations for
modeling i-AlPdMn: they found theB clusters as the basi
dominant elements of the structure.

More generally,B clusters are extremely robust feature
any model based on two main atomic surfaces on n and8
and a small surface at bc generate B clusters as a natu
consequence of the geometry of the 6D lattice.This distribu-
tion of scattering matter in 6D is indeed the main res
shared by all the available diffraction data of these structu
Of course, the details of the relative frequencies and conn
tion modes between the clusters depend on the actual sh
of the atomic surfaces, from rather complicated distributio
for spherical models down to very simple ones as those
tained here with polyhedral models.

Hence, in summary, these studies all converge to enfo
the idea that theF-type icosahedral quasicrystals based
three atomic surfaces atn, n8, andbc are best characterize
by a network ofB clusters attached on the even nodes o
t-scaled primitive 3D Penrose tiling and connected toget
by edges~only 1.3% of theB clusters are isolated! rather
than a set of isolated or weakly connectedM (M 8) clusters.
The B clusters are the center part of theXB clusters that
cover the overall structure in ten slightly different config
rations of theTI2TI8 partial orbits. On the contrary, th
M (M 8) clusters appear as labile entities—especially in th
partially occupied inner dodecahedron orbit—and are l
significant for characterizing these kinds of structures.
our opinion, theB clusters are definitely the best candidat
for identifying the mean structural features of these soli

s

FIG. 16. ~a! 1: The simplest atomic surfaces atn andn8 consis-
tent with Elser’s model~Ref. 16! ~after Ref. 20!; ~a! 2: correspond-
ing overlap regions generating short distances along fivefold di
tions;~b! 1: the large atomic surfaces of Krameret al. ~Ref. 18!; ~b!
2: corresponding overlap regions generating short distances a
both fivefold and twofold directions.
2-14
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for example, those observed on STM high-resolution ima
of quasicrystalline surfaces. They should also be preferre
guidelines for discussing the microscopic mechanisms of
high-temperature plastic deformation.
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