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Phase stability and structure of spinel-based transition aluminas

C. Wolverton and K. C. Hass
Ford Research Laboratory, MD3028/SRL, Dearborn, Michigan 48121-2053

~Received 26 June 2000; published 11 December 2000!

Using first-principles total energy calculations, we have investigated the structure and phase stability of
spinel-based transition aluminas (g,d,h), both in the presence and absence of hydrogen. The spinel-based
structures~formed from dehydration of aluminum hydroxides! necessarily must have vacant cation positions to
preserve the Al2O3 stoichiometry, and may have residual hydrogen cations in the structure as well. In the
absence of hydrogen, we find the following:~i! Vacancies in octahedral sites are energetically preferred~or, Al
cations prefer tetrahedral positions!. ~ii ! There is a strong Al-vacancy ordering tendency, with widely separated
vacancies being lower in energy than near-neighboring vacancies. Upon incorporation of hydrogen into the
structure:~iii ! The strong cation-vacancy ordering tendency vanishes, and ‘‘clusters’’ of near-neighbor vacan-
cies are slightly energetically preferred.~iv! The hydrogen spinel (HAl5O8) proposed in the literature as a
structural candidate forg-alumina, is thermodynamically unstable with respect to decomposition into the
anhydrous defect spinel plus boehmite (g-AlOOH!. ~v! The temperature range for transforming boehmite into
g-Al2O3 is calculated from first-principles energetics plus measured thermochemical data of H2O, and is in
excellent agreement with the observed transformation temperatures. Finally, we comment on the possible
implications of this work on the porous microstructure of the transition aluminas.

DOI: 10.1103/PhysRevB.63.024102 PACS number~s!: 61.66.Fn, 64.70.Kb, 81.30.Hd, 71.15.Dx
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I. INTRODUCTION

Aluminum oxide or alumina, Al2O3, exhibits a remark-
able series of structural polymorphs. In addition to the sta
oxide a-Al2O3 ~corundum!, there exist a large variety o
metastable forms of alumina.1–3 Among these metastabl
variants are a series of transition aluminas, which form
aluminum hydroxides and oxyhydroxides are dehydrat
The sequence of aluminas produced by dehydration of
ehmite (g-AlOOH! is particularly interesting:4

boehmite→g→d→u→a. ~1!

g-Al2O3 produced from boehmite is an extremely importa
technological material:5–8 g ~and to some extent,d andu) is
used as high surface-area support material for automo
and other types of catalysts; it is used as a catalyst itse
petroleum refining; and it can be formed as an electroly
oxide layer on aluminum. Thus, an enormous amount of
fort has gone into understanding the nature of these trans
mations and the crystal structures of the various phases~see,
e.g., Refs. 1–3,9–42!.

However, there are still many open questions regard
the formation, structure, and even stoichiometry ofg. The
transition aluminasg, d, andu all possess a face-centere
cubic ~fcc! array of oxygen anions with the aluminum ca
ions occupying a portion of the available octahedral and
rahedral interstices.@This distinguishes these metastab
phases from those based on a hexagonal close-packed~hcp!
array of oxygen anions, such ask, x, and the stable form
a.1# Although the structure ofu is generally accepted to b
that ofb-Ga2O3,9,43–47the crystal structures ofg andd have
been hotly debated for the last half-century. Theg and d
phases~along with another transition alumina,h) are gener-
ally believed to be based on a spinel structure. The cu
spinel structure ~space groupFd3̄m), usually denoted
0163-1829/2000/63~2!/024102~16!/$15.00 63 0241
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AB2O4, possesses an fcc sublattice of oxygen ions, withA
andB cations occupying the tetrahedral (Td) and octahedral
(Oh) interstices, with Wyckoff positions 8a and 16d, respec-
tively @Fig. 1~a!#. There are also unoccupied tetrahedral (b
and 48f ) and octahedral (16c) interstices of the oxygen sub
lattice @Fig. 1~b!#. ~We refer the interested reader to Ref. 4
for a thorough description of the spinel structure, and
occupied/unoccupied Wyckoff positions.! The total cation-
:anion ratio for the spinel structures is 3:4, and thus crea
an Al2O3 phase~with cation:anion5 2:3! in the spinel struc-

FIG. 1. Illustration of atomic sites in the spinel structure, sho
as a~001! projection. Thez coordinate out of the page for eac
atom in an ideal spinel is shown in units of the lattice parameter.~a!
The sites fully occupied in a normal spinel: the cubic-close-pac
anion sublattice, and theTd (8a) and Oh (16d) cation sites.~b!
Representative ‘‘nonspinel’’ interstices:Td (8b and 48f ) sites and
Oh (16c) sites.
©2000 The American Physical Society02-1
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ture necessitates creating vacancy defects on the cation
lattice. Thus, the spinel-based alumina structures are o
referred to as defect spinels. Additionally, since the spi
structure contains two symmetrically distinct cation sites,
question naturally arises whether the vacant sites shoul
on theTd or Oh sites. In an ideal spinel, 33.3% of the catio
are tetrahedral and 66.7% are octahedral. In an Al2O3-based
defect spinel, the percentages ofTd andOh cations can theo-
retically range from 25%Td and 75%Oh ~if all vacancies are
on Td sites! to 37.5%Td and 62.5%Oh ~if all vacancies are
on Oh sites!.49

Although g, d, andh are all believed to be spinel-base
these phases are generally distinguished from one anoth
follows: h is a dehydration product ofa-Al(OH) 3, bayerite,
whereasg and d are dehydration products of boehmit
d-Al2O3 is formed subsequent tog in sequence~1! and may
be distinguished fromg in diffraction experiments by super
structure reflections which appear in thed phase, but not in
g. The precise structure ofd is not known, although it has
been described10,11 as a superlattice of the spinel structu
with ordered vacancies. Levin and Brandon1 have argued
thatd ~andu) are formed from theg phase by cation order
ing on the interstices of the fcc oxygen sublattice, which
itself relatively undisturbed during the transformation.

For each of the phases (g, d, andh), one would like to
know the arrangement of cations~or the arrangement of va
cancies! on the spinel sites. A wide variety of experiment
methods has been used to try to ascertain this vacancy
preference; however, no definitive consensus has emer
Many studies of the spinel-based aluminas have dem
strated a preference for vacancies onoctahedralsites: For
the g and h phases, x-ray diffraction~XRD!,12–15 nuclear
magnetic resonance~NMR!,16 electron microscopy~TEM
and HRTEM! and selected-area electron diffraction17,18 re-
sults have all been interpreted as evidence that vacan
primarily reside onOh positions. At least one of thes
papers13 noted that the diffraction intensities obtained fro
various aluminas depends strongly on the preparation co
tions. Recent HREM studies17,18 have found anordering of
Oh vacancies on~110! planes in g and d. Repelin and
Husson19 used XRD and electron diffraction to deduce
structural model ofd which contains 37.5%Td cations, con-
sistent with exclusivelyOh vacancies in a defect spine
model. Using XRD, Ushakovet al. found ;39–43 % Td

cations ing, an even larger tetrahedral occupation than c
be accommodated within a defect-spinel framework. Ot
authors14,20 have found a general migration of Al cation
from Oh to Td positions~or, a vacancy migration fromTd to
Oh positions! as samples were annealed at increasin
higher temperatures. These studies suggest a thermodyn
preference for Al inTd positions (Oh vacancies!.

Other studies support the opposite conclusion, nam
that vacancies tend to reside ontetrahedralpositions: Some
electron diffraction21,22 and XRD ~Ref. 23! data, for ex-
ample, suggest a preference forTd vacancies. Several NMR
studies24–26 also support this conclusion forg, although one
of these studies24 found a preference forOh vacancies inh;
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another of these studies25 found thath contains a random
distribution ofTd andOh vacancies.

To complicate the situation further, many authors ha
also suggested thatg, d, andh contain significant portions
of cations occupying sites which are vacant in the ideal s
nel structure@e.g., 8b, 16c, 48f , and 32e, which we refer to
as‘‘nonspinel’’ sites—see Fig. 1~b!#. Zhou and Snyder9 per-
formed neutron diffraction refinements ofg and h, and
found significant quantities of nonspinel site occupatio
For g, the refinements indicated not only occupation of t
spinel 16d sites and 8a sites, but a significant fraction o
atoms in 32e sites, which are close in position to theOh 16c
sites. Forh, these authors found occupation of 16d sites, no
atoms in 8a sites, and significant occupations of the no
spinel 48f sites and 32e sites. The powder XRD data o
Shirasukaet al.15 suggest a significant occupation of no
spinel sites (48f and 16c) for h. Ushakovet al.27 demon-
strated that measured XRD patterns cannot be indexed
occupation of only spinel sites. The HRTEM results of Ern
et al.28 suggest thath containsOh cations in both 16c and
16d positions andTd cations in both 8a and 48f positions.
Further, since one of the lattice parameters ofd is typically
reported as a noninteger multiple~3/2! of the lattice param-
eter of g, symmetry considerations alone suggest1 that the
g→d transformation cannot proceed via a simple, direct
dering ofg, and hence some filling of both spinel and no
spinel sites must occur in thed phase.

Adding another layer of complexity to this problem is th
uncertain role of hydrogen: The transition aluminas are of
characterized by high surface areas, and hydroxyl groups
well known to be ubiquitous on the internal and extern
surfaces~see, e.g., Refs. 29–31,50!. In addition, there are
several reports of H in thebulk of g-Al2O3:14,27,32–34In anal-
ogy with the lithium spinel, LiAl5O8, de Boer and Houben32

suggested the idea of the hydrogen spinel HAl5O8 as a hy-
drogenated form ofg-Al2O3. Ushakovet al.27 could only
account for measured XRD patterns ofg with residual hy-
drogen ~and nonspinel cation occupation! in the structure.
Soled29 considered the replacement of O22 ions in the struc-
ture with twice as many OH2 ions ~coming from surface
hydroxyl groups!, and demonstrated how varying amounts
hydrogen could appear in the chemical formula forg during
the dehydration process. Tsyganenkoet al.33 found peaks in
IR spectra which they attributed to vibrations of O-H grou
not on the surface, but in the bulk. These authors also s
ported the ‘‘protospinel’’ (HAl5O8) hypothesis of de Boer
and Houben. Using XRD and NMR, Wanget al.14 found
more cation defects than could be explained with a sim
defect spinel. They attributed these extra cation defects
OH groups in the bulk, and observed that these groups w
driven out of bulk with increasing annealing temperatu
However, Zhou and Snyder9 found only small amounts o
hydrogen ing, h, andu, and thus specifically ruled out th
possibility of the hydrogen spinel as a structural candid
for the spinel-based phases.

Motivated in part by the wealth of experimental effort an
lack of consensus, many theoretical efforts have also b
aimed at elucidating the structure of spinel-based alumin
2-2
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The results are equally confusing. Several authors have
empirical pair potentials to study the structure and energe
of g-Al2O3. Mo et al.35 found a large energetic preferenc
for Oh vacancies, in nonstoichiometric Al21O32 cells, consid-
ered as an approximation to Al2O3. Using a different pair
potential form and molecular dynamics simulations, Alvar
et al.36 found a preference forTd vacancies~Al atoms mi-
grated fromTd to Oh positions during the simulation!. Streitz

and Mintmire37 used more physically motivated empiric
potentials than in the previous studies, and found an e
getic preference forOh vacancies, with an energy scale mu
smaller than that found by Moet al. Two studies of the
structure ofg have been performed using nonempirical, fir
principles calculations. Leeet al.26 used the pseudopotentia
density functional theory~DFT! code,CASTEP, in conjunc-
tion with Monte Carlo simulations, and found a disorder
structure with 70%Oh cations~which corresponds to a sligh
preference forTd vacancies in spinel!. This study employed
20-atom cells with an unrelaxed anion sublattice; it was
limited to purely spinel-based configurations, but rather c
sidered the more general problem of the lowest energy st
of the cations in the interstices of an fcc oxygen sublatti
~We demonstrate below that the lowest energy fcc-ba
configuration should actually correspond tou-Al2O3, which
has only 50%Oh cations.! In a recent study, Sohlberget al.34

also usedCASTEPto examine the role of hydrogen in alum
nas. They found the hydrogen spinel to be far lower in
ergy than the anhydrous defect spinels~plus H2O), and thus
an inherent thermodynamic preference for hydrogen in
bulk of g-alumina. If correct, this result would support th
hydrogen spinel model ofg-alumina proposed by de Boe
and Houben.32 However, there is an unusually large error
20% relative to experiment in Ref. 34 for the calculated v
ume of corundum,a-Al2O3, which raises doubts about th
accuracy of the calculations.CASTEPwas also the method o
choice in two first-principles studies38,39 of the non-spinel-
basedu phase of Al2O3. Recently, in a remarkable use o
first-principles DFT, Yourdshahyanet al.51 elucidated the
structure of the hexagonal transition phase,k-Al2O3, for
which the crystal structure was previously unknown, a
verified their prediction against measured XRD patter
That work inspires confidence that accurate first-princip
calculations can be an effective tool for resolving structu
issues in complex aluminas.

The time is thus ripe to reexamine the conflicting theor
ical and experimental claims concerning the structure
spinel-based transition aluminas within a comprehens
state-of-the-art, first-principles analysis. Given the large e
in volume ofa-Al2O3 in theCASTEPcalculations pointed ou
by Sohlberget al.,34 it is clear that any analysis of this typ
must include a critical and detailed assessment of the a
racy of the computational methods employed. In this pap
we investigate~a! the site preference~both spinel and non-
spinel! of cations and vacancies ing, d, andh alumina,~b!
the ordering of the vacancies, and~c! the effect of hydrogen
on phase stability, all from a critically assessed DFT to
energy approach. The existence of multiple distinct, spin
based phases of alumina (g,d,h) demonstrates that simpl
02410
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energy-lowering mechanisms cannot be responsible for
structures of all three phases. Thus, any study of those
terials should consider not only the lowest-energy spin
based state, but all likely configurations of cations and
cancies in the structure. Finally, it is important to note th
although the spinel-basedg, d, and h aluminas are highly
porous materials with high surface areas, the present wo
a study of ideal, nonporousbulk properties of these transitio
aluminas. Surface properties are not considered. The un
standing of bulk properties is a necessary step towards
derstanding the surface properties, and it is anticipated
physical effects which control cation ordering and site pr
erence in the bulk should help us to understand and cr
realistic surface models.

II. METHODOLOGY

For the majority of the calculations to be described belo
we have used the plane wave pseudopotential method
implemented in the Viennaab initio simulation package
~VASP!.52 However, to test the accuracy and transferability
these pseudopotential results, we have critically compa
many results computed withVASP with the more-accurate
all-electron full-potential linearized augmented plane wa
~FLAPW! method, using the code of Wei and Krakauer.53 As
we demonstrate below,VASP is extremely accurate with re
spect to FLAPW for a wide range of different structures, b
the pseudopotential calculations are much more efficient t
FLAPW and thus allow us to easily treat unit cell siz
which would be quite cumbersome to study with FLAPW

In the FLAPW calculations, we used the local dens
approximation~LDA ! with the exchange-correlation func
tional of Ceperley and Alder as parametrized by Perdew
Zunger.54,55FLAPW sphere radii were chosen to be 1.8, 1
and 0.5 a.u. for Al, O, and H, respectively. The valen
electrons were treated semirelativistically, and the core e
trons were treated fully relativistically, with no ‘‘frozen
core’’ approximation. A well converged basis set was us
corresponding to an energy cutoff of 347 eV. Brillouin-zo
integrations were performed using Monkhorst-Packk-point
meshes. All structures were fully relaxed with respect to v
ume as well as all cell-internal and -external coordinat
Convergence tests of the energy differences~with respect to
basis function cutoff,k-point sampling, and muffin-tin radii!
indicate that the total energy differences were converged
within ;0.01–0.02 eV/formula unit.

For theVASP calculations, ultrasoft pseudopotentials we
used.56,57 Since we are studying systems with tetrahed
Al-O bonds~which can be as small as 1.7 Å!, it is important
to verify that the core cutoff for the Al pseudopotential
sufficiently small to avoid significant core overlap. Part
core corrections58 were included in the calculations. Calcu
lations were performed both for the LDA, with th
exchange-correlation functional of Ceperley and Alder,54,55

and for the generalized gradient approximation~GGA! of
Perdew and Wang.59 All structures were fully relaxed with
respect to volume as well as all cell-internal and -exter
coordinates. Extensive tests indicated that 495 eV was a
2-3
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TABLE I. Comparison of calculated~FLAPW andVASP! and experimental lattice constants~in Å! and
structural parameters fora-Al2O3, given in terms of the primitive rhombohedral unit cell.a anda are the
lattice constant and rhombohedral angle, whereasw andu are the cell-internal parameters for Al and O atom
respectively, andV is the unit cell volume~in Å3).

Quantity FLAPW~LDA ! VASP ~LDA ! VASP ~GGA! Expt. ~Ref. 80!

a 5.071 5.080 5.161 5.128
a 55.45 55.26 55.27 55.28
w ~Al ! 0.352 0.352 0.352 0.352
u ~O! 0.556 0.556 0.556 0.556
V 84.8 82.5 86.5 84.8
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ficient cutoff to achieve highly accurate energy differenc
and convergence tests ofk-point sampling indicated that to
tal energy differences were converged to with
;0.01 eV/formula unit.

III. ASSESSING THE ACCURACY OF THE PRESENT
CALCULATIONS

Before performing a study of the spinel-based transit
aluminas, it is prudent to verify the accuracy of the calcu
tions for some other~non-spinel-based! aluminas for which
the structures are known. The accuracy can be assesse
comparing the calculations to experiment for structural
rameters of the phases as well as thermochemical data
heats of reactions between the various phases. Addition
one should perform tests of the pseudopotentials versus
electron calculations to verify the accuracy and transfera
ity of the pseudopotential results. Toward this end, we h
performed calculations for four well-characterized phases
alumina and two aluminum hydroxides: the stablea phase,
u-Al2O3 ~isomorphic withb-Ga2O3),9,43–47k-Al2O3 ~whose
structure has recently been elucidated by first-princip
calculations51!, a hypothetical compound of Al2O3 in the
bixbyite structure,g-AlOOH ~boehmite!, and g-Al(OH) 3
~gibbsite!. We also compare our results with previous the
retical results in the literature in order to assess the accu
of the current and previous calculations.

Table I lists the calculated and observed lattice consta
02410
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and cell-internal positions fora-Al2O3. Calculated results
are given for the FLAPW method within the LDA, and fo
VASP within both the LDA and GGA. The calculated lattic
constants show a level of agreement with experiment typ
of solid-state DFT calculations: the LDA calculations unde
estimate the lattice constant by;1% relative to the experi-
mentally observed value, whereas the GGA calculatio
overestimate the lattice constants by&1%. We also note tha
the cell-internal positions agree precisely~to three digits!
with experimental refinements. Previous first-principles c
culations ofa-Al2O3 using a variety of techniques~summa-
rized in Ref. 60! have similar agreement with experiment f
structural properties ofa-Al2O3. The results in Table I fur-
ther demonstrate the accuracy of theVASP calculations: the
LDA lattice constants and structural data obtained withVASP

are in excellent agreement with the FLAPW results. T
agreement of the present~and previous! calculations with
experiment is particularly noteworthy in light of the;20%
underestimation of the GGA-calculated volume ofa-Al2O3

reported in a recent first-principles study34 of the role of
hydrogen ing-Al2O3. Such a large error between calculat
and experimental structural properties is certainly not to
expected from state-of-the-art DFT calculations.

Table II shows a similar comparison between the cal
lated and observed lattice constants and cell-internal p
tions for u-Al2O3 in the b-Ga2O3 structure. Calculated re
sults are shown for the FLAPW method within the LDA an
of
TABLE II. Comparison of calculated~FLAPW and VASP! and experimental structural properties
u-Al2O3. Lattice constants (a,b,c) are in Å,b is the monoclinic angle,V is the unit cell volume~in Å3), and
(x,z) i are the cell-internal positions for atomi.

Property FLAPW~LDA ! VASP ~LDA ! VASP ~GGA! Expt. ~Ref. 9! Expt. ~Ref. 43! Expt. ~Ref. 47!

a 11.77 11.66 11.87 11.85 11.81 11.80
b 2.910 2.881 2.929 2.904 2.906 2.910
c 5.591 5.568 5.657 5.622 5.625 5.621
b 104.1 104.1 104.0 103.8 104.1 103.8
V 92.9 90.7 95.4 93.9 93.6 93.7
(x,z)Al1 ~0.909,0.204! ~0.909,0.204! ~0.910,0.204! ~0.917,0.207! ~0.916,0.207! ~0.899,0.206!
(x,z)Al2 ~0.658,0.317! ~0.658,0.317! ~0.658,0.317! ~0.660,0.316! ~0.660,0.317! ~0.648,0.313!
(x,z)O1 ~0.162,0.109! ~0.162,0.109! ~0.159,0.109! ~0.161,0.098! ~0.161,0.107! ~0.163,0.123!
(x,z)O2 ~0.495,0.257! ~0.495,0.257! ~0.495,0.257! ~0.495,0.253! ~0.498,0.260! ~0.489,0.261!
(x,z)O3 ~0.827,0.435! ~0.827,0.435! ~0.826,0.432! ~0.827,0.427! ~0.833,0.440! ~0.830,0.439!
2-4
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for VASP within both the LDA and GGA. Just as in the ca
of a, the calculated lattice constants and cell-internal po
tions for u-Al2O3 show an excellent agreement with expe
ment: the LDA calculations underestimate the lattice c
stant by;1% relative to the experimentally observed valu
whereas the GGA calculations overestimate the lattice c
stants by&1%. Again, the cell-internal positions agree we
with experimental refinements~errors are in the third deci
mal place, and often are no larger than the differences
tween the experimental refinements!. And, the LDA lattice
constants and structural data obtained withVASP are in ex-
cellent agreement with the FLAPW results. In fact, theVASP-
~LDA ! relaxed geometry was used as the starting geom
for the FLAPW calculations, and it was found~by examining
the FLAPW forces in this geometry! that the cell-internal
degrees of freedom were already optimized. Also, neit
Table I nor Table II show a clear ‘‘winner’’ in terms o
physical accuracy between LDA and GGA in describi
Al2O3.

FIG. 2. Comparison of Al2O3 energy differences calculate
from FLAPW andVASP. Shown are the energies of three structur
relative toa-Al2O3 : u, ‘‘ g1,’’ and ‘‘b1.’’ The latter two are hy-
pothetical structures formed from a tripled rocksalt superc
(Al3O3) by removing one Al atom.
02410
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From Tables I and II, we have demonstrated the accur
of VASP relative to FLAPW forstructural properties of alu-
mina. Figure 2 shows theenergeticsof several fully relaxed
Al2O3 cells as calculated fromVASP and FLAPW. Shown are
the energies~relative to a) of the u structure, as well as
‘‘ g1’’ and ‘‘ b1,’’ two hypothetical 5-atom cells formed
from a tripled rocksalt supercell (Al3O3) by removing one
Al atom. In rocksalt, all the cations are octahedrally coor
nated. For the ‘‘b1’’ structure, it is possible to move one o
the cations into a tetrahedral site, and thus we have ca
lated the energetics of this structure before~labeled ‘‘Oh’’ !
and after~labeled ‘‘Td’’ ! this move. Figure 2 demonstrate
that theVASP energetics are also extremely accurate relat
to FLAPW for a nontrivial range of different geometrie
including bothOh andTd coordinated aluminum atoms.

Table III shows comparisons between first-principles c
culated and experimentally measured structural data for
aluminum oxyhydroxide,g-AlOOH ~boehmite!. The struc-
ture of boehmite was taken from the neutron diffraction
finements of Corbatoet al.61 These authors suggested
centered-orthorhombicCmcmspace group with 8 atoms in
the primitive cell, and hydrogen occupying 50% of the 8f
positions. Some of the 8f positions are quite close togethe
~,1 Å!, and so we chose hydrogen occupation of the 8f sites
so as to avoid these near-neighboring positions. This ch
resulted in zigzag O-H•••O-H•••O-H••• chains as de-
scribed by Wickersheim and Korpi.62 Additionally, since
there has been some discussion in the literature about
bond lengths, H-O-H bond angles, and the correct sp
group for this structure~see the discussion in Ref. 61!, we
performed a calculation starting with small random displa
ments of atoms relative to the Corbatoet al. structure, such
that the initial structure contained onlyP1 symmetry. All
atoms relaxed back to the Corbatoet al. structure with the
following geometry: O-H bond length of 1.01 Å, and
O-H•••O bond angle of;180°. Both of these calculate
geometrical features are in excellent agreement with neu
diffraction data,61 as are the calculated lattice constants a
cell-internal parameters of boehmite. As expected, the G
exchange-correlation functional is more accurate for the o
hydroxide than the LDA, due to the more accurate desc
tion of hydrogen bonding within the GGA.63 Additionally,
the comparison ofVASP and FLAPW within the LDA dem-

,

ll
of
TABLE III. Comparison of calculated~FLAPW and VASP! and experimental structural properties
boehmite (g-AlOOH). Lattice constants are in Å,V is the unit cell volume~in Å3), and theu’s are the
cell-internal parameters.

Property FLAPW~LDA ! VASP ~LDA ! VASP ~GGA! Expt. ~Ref. 61!

a 2.844 2.834 2.887 2.868
b 11.82 11.60 12.09 12.234
c 3.681 3.668 3.722 3.692
V 123.8 120.6 130.0 129.5
uAl -0.321 -0.321 -0.319 -0.318
uO1

0.292 0.292 0.290 0.290
uO2

0.074 0.074 0.078 0.078
uH ~0.013,0.047! ~0.013,0.047! ~0.019,0.061! ~0.024,0.069!
2-5
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onstrates that the pseudopotential approach is nearly a
curate for aluminum oxyhydroxides as for pure aluminas

Table IV shows the comparison between calcula
~VASP-GGA! and experimental structural properties of gib
site, g-Al(OH) 3. The structure used for gibbsite is that
Saalfeld and Wedde,64 a monoclinic phase with 56 atoms p
cell. The calculated lattice constants are in reasonable ag
ment with experiment, particularly for such a complex, lo
symmetry structure. The Al and O cell-internal positions a

TABLE IV. Comparison of calculated~VASP-GGA! and experi-
mental structural properties of gibbsite, Al(OH)3. Lattice constants
are in Å, b is the monoclinic angle,V is the unit cell volume~in
Å3), and (x,y,z) i are the cell-internal positions for atomi.

Property VASP ~GGA! Expt. ~Ref. 64!

a 8.727 8.684
b 5.091 5.078
c 9.645 9.736
b 92.65 94.54
V 428.1 428.0
(x,y,z)Al1 ~0.167, 0.536, -0.002! ~0.168, 0.530, -0.002!
(x,y,z)Al2 ~0.335, 0.027, -0.002! ~0.334, 0.024, -0.002!
(x,y,z)O1 ~0.181, 0.222, -0.112! ~0.178, 0.218, -0.112!
(x,y,z)O2 ~0.672, 0.650, -0.104! ~0.669, 0.656, -0.102!
(x,y,z)O3 ~0.503, 0.132, -0.106! ~0.498, 0.132, -0.104!
(x,y,z)O4 ~-0.018, 0.634, -0.108! ~-0.020, 0.629, -0.107!
(x,y,z)O5 ~0.299, 0.723, -0.106! ~0.297, 0.718, -0.105!
(x,y,z)O6 ~0.826, 0.142, -0.105! ~0.819, 0.149, -0.102!
(x,y,z)H1 ~0.079, 0.142, -0.123! ~0.101, 0.152, -0.124!
(x,y,z)H2 ~0.576, 0.549, -0.102! ~0.595, 0.573, -0.098!
(x,y,z)H3 ~0.500, 0.114, -0.208! ~0.503, 0.137, -0.190!
(x,y,z)H4 ~-0.050, 0.819, -0.112! ~-0.029, 0.801, -0.107!
(x,y,z)H5 ~0.296, 0.724, -0.209! ~0.293, 0.724, -0.196!
(x,y,z)H6 ~0.812, 0.158, -0.208! ~0.815, 0.160, -0.190!
02410
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agree well with the XRD refinements of Saalfeld and Wed
although there is a larger disparity in the H positions. Sa
feld and Wedde found O-H bond lengths in their refineme
of 0.75–0.88 Å, whereas our calculated O-H bond leng
are 0.98–1.00 Å which are in better agreement with O
bond lengths measured in many other compounds. Saa
and Wedde themselves point out that x-ray determinati
yield shorter O-H distances than neutron diffraction. Th
we assert that our calculated H positions are probably m
accurate than the x-ray refined positions, and the dispa
between calculated/measured H positions is due to the us
XRD in the work of Saalfeld and Wedde.64 The calculated
positions in Table IV can therefore serve as a prediction
any future neutron diffraction refinements of the Al(OH3
gibbsite structure.

The extensive comparisons ofVASP vs FLAPW, LDA vs
GGA, and calculation vs experiment in Tables I–IV inst
confidence in the accuracy of our first-principles calculatio
to describe both geometric and energetic properties of alu
num oxides and hydroxides. TheVASP ~GGA! calculations in
particular appear to provide both the accuracy and comp
tional efficiency necessary to study properties of the vari
phases of alumina, both with and without hydrogen. As
further test of this approach, and in order to assess the a
racy of a number of previous calculations for non-spin
based aluminas, we have also performed calculations
k-Al2O3 ~Ref. 51! and alumina in the bixbyite structure
Table V compares our results for the energetics of th
structures andu-Al2O3 with previous calculations, where
available. All calculations correctly predict all of the energ
differences,dE(u2a), dE(bixbyite2a), anddE(k2a), to
be positive, which is consistent witha being the most stable
of the four candidate structures. OurVASP results for the
k2a energy differences agree well with the results
Yourdshahyanet al.51 obtained with theDACAPO code. All of
the calculatedk2a energy differences are in the neighbo
hood of the experimental value. There are, however, sign
TABLE V. First-principles calculated Al2O3 energy differences~eV/formula unit!: dE(u2a),
dE(bixbyite2a), anddE(k2a).

Method dE(u2a) dE(bixbyite2a) dE(k2a)

Expt. ~Ref. 65! ,0.12a 0.16
Present Work FLAPW~LDA ! 0.27
Present Work VASP ~LDA ! 0.25 0.21 0.21
Present Work VASP ~GGA! 0.04 0.16 0.08
Ref. 51 Pseudopotential~LDA ! 0.15
Ref. 51 Pseudopotential~GGA! 0.09
Ref. 38 Pseudopotential~LDA ! 0.57 0.73
Ref. 39 FLAPW~LDA ! 0.66 0.72
Ref. 39 FLMTO~LDA ! 0.70 0.56
Ref. 39 Pseudopotential~LDA ! 0.38 0.97
Ref. 81 LCAO 0.44
Ref. 82 Hartree-Fock 0.44

aYokokawa and Kleppa~Ref.65! measured the enthalpy difference betweend anda as 0.12 eV/formula unit.
Sinced transforms tou beforea ~see, however, Ref. 4!, we surmise that the enthalpy ofu must be below
that of d, and thus theu2a enthalpy difference must be less thand2a.
2-6
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PHASE STABILITY AND STRUCTURE OF SPINEL- . . . PHYSICAL REVIEW B 63 024102
cant disparities between the present results and previous
culations of theu2a and bixbyite2a energy differences
Previous calculations38,39,81,82found much larger energy dif
ferencesdE(u2a) anddE(bixbyite2a) than in the presen
work. In the case ofu-Al2O3, measurements put an upp
bound on the transformation energy ofdE(u2a)
,0.12 eV/formula unit.65 The presentVASP ~GGA! calcula-
tions fall below this upper bound (dE50.04 eV), whereas
the present LDA results lie above (dE50.25 and 0.27 eV for
FLAPW andVASP, respectively!. This suggests that the GGA
results are more accurate than the LDA even for anhydr
structures. All of the previous results38,39,81,82 (dE
50.38–0.70 eV) lie far above the experimental upp
bound.

There exists an interesting correlation between oxy
sublattice stacking and cation site preference for thea, k,
and u structures: The oxygen sublattices for these th
structures are all close packed, but while thea structure
contains a hexagonal stacking (ABAB), the u structure has
an fcc stacking (ABCABC), with k being intermediate be
tween the two (ABAC). Thea structure has purelyOh cat-
ions, whereasu has 50%Oh and 50%Td . Again, thek
structure is intermediate between these extremes, with 7
Oh and 25%Td cations.51 Thus, we note the increasing pre
erence forTd cations as the oxygen sublattice planes cha
from hcp to fcc stackings. As we show below, thisTd cation
preference will carry over into the defect spinel configu
tions ~fcc stacking! as well.

IV. ANHYDROUS SPINEL-BASED STRUCTURES: Al 2O3

To study the energetics of various defect spinel confi
rations, we begin by defining the spinel supercell used. O
requires a supercell with an integer number of spinel pri
tive unit cells ~the primitive unit cell of spinel contains 1
atoms!, and an integer number of vacancies to obtain
Al2O3 stoichiometry. The smallest such supercell conta
40 atoms: 3 spinel units~42 atoms! with two cation vacan-
cies, or Al16O2458 Al2O3 formula units. The spinel structur
has fcc cell vectors, and so the 40-atom spinel supercell
correspond to a tripled fcc cell. From lattice algeb
techniques,66 we immediately find that there are exactly thr
possible supercell shapes: orthorhombic, tetragonal,
rhombohedral, corresponding to stackings of fcc units alo
~110!, ~100!, and ~111!, respectively. We chose the ortho
rhombic cell with~110! stacking, since it is the most ‘‘com
pact’’ ~i.e., the longest supercell vector is smaller than
either the tetragonal or rhombohedral case!, and hence
should provide the best opportunity for widely spacing t
periodically repeated vacancies in all three dimensio
~Some tests were also performed with the tetragonal-sha
supercell.! Within this orthorhombic supercell, the two va
cancies can be placed in a variety of cation positions: B
can be placed onOh sites, both onTd sites, or one on each
Furthermore, the distance between the two vacancies
also be varied.

We have performed total energy calculations for n
such orthorhombic supercells, both within the LDA and t
GGA. In all cases, the supercells were fully relaxed w
02410
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respect to cell-internal and -external degrees of freed
starting from the ‘‘ideal’’ spinel geometry~with perfect, un-
distorted octahedra and tetrahedra!. The results of these tota
energy calculations are shown~relative toa) in Fig. 3. Sev-
eral interesting points result from these calculations.

~1! Energetic dependence on the cation configuratio.
There is a strong energetic dependence on the cation/vac
configuration. For LDA~GGA!, the range between the low
est and highest energy defect spinel configuration is 0
~0.33! eV/formula unit. This energetic dependence on co
figuration should be contrasted with the energy differen
between the lowest energy defect spinel anda-Al2O3; for
LDA ~GGA!, this energy difference is 0.30~0.14! eV/
formula unit. Thus, the configurational dependence of
energy is quite significant compared to theg-a energy itself.

~2! Vacancy site preference. Vacancies on octahedral site
are energetically strongly preferred. Put another way, ther
a strong tetrahedral site preference for Al cations. Althou
one might expect an octahedral site preference for Al, giv
the fact that the stablea phase possesses onlyOh coordi-
nated cations, there is strong evidence for a tetrahedral
preference for Al in other alumina structures: Diffuse sc
tering measurements67 of liquid Al2O3, for example, show a
preponderance of fourfold coordinated Al. Recent DFT c

FIG. 3. LDA and GGA energetics of spinel-based Al2O3 super-
cells. Each of these points represents a 40-atom tripled spine
percell with two vacant spinel cation positions. The gray ba
shows the range of measured enthalpies of transformation for
g-a andd-a transitions. The inverted triangle represents a confi
ration which showed spontaneous relaxation of a cation int
‘‘nonspinel’’ 16c site ~see text for a description!.
2-7
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C. WOLVERTON AND K. C. HASS PHYSICAL REVIEW B63 024102
culations of ultrathin alumina films also suggest a prefere
for tetrahedral Al.68 And finally, the calculated tetrahedra
cation preference in the spinel-based structure is consis
with the stability of theu phase, which has 50% tetrahedr
cations~more than any of the defect spinel configuration!,
and an fcc stacking of oxygen atoms. The calculated ene
of u is lower than any of the defect spinel structures, a
experimentally,u is the ‘‘end product’’4 in the transition
aluminas before the transition toa, which has an hcp oxygen
sublattice: i.e., it is reasonable to assume thatu is the lowest
energy fcc-based phase. This assertion is consistent with
conclusion of Zhou and Snyder that ‘‘u-alumina should be
considered as the ultimate rather than the intermediate s
tural form into which the transition aluminas could evolve
the way to corundum.’’9 Thus, the transformation from boe
hmite ~0% Td cations! to u ~50%Td) via spinel-basedg and
d ~25–37.5 %Td) involves both a gradual reduction in en
ergy accompanied by a gradual progression of cations
Td sites. Our calculated energetic preference for cation
occupyTd sites in the spinel-based structures is consis
with this progression.

~3! Vacancy ordering. Energetically, vacancies tend to b
widely separated. The lowest energy configurations in Fig
correspond to vacancies which are widely separated, with
energy of nearest-neighboring vacancies being much hig
This preference for vacancy separation is true regardles
whether one hasTd or Oh vacancies. Both points~2! and~3!
are corroborated by a simple point-charge electrost
model.69 Also, our lowest-energy spinel supercell corr
sponds to orderedOh vacancies along~110! planes, in agree-
ment with the recent observations of Wanget al.17 and
Kryukova et al.18 on g- andd-Al2O3.

~4! Crystal structures ofd-Al2O3. Because thed phase is
considered to be derived from theg phase via cation order
ing, it is likely that the lowest-energy ordered structures
Fig. 3 correspond more closely tod than tog. However, the
analysis of Levin and Brandon1 demonstrated that some no
spinel occupation is present in thed phase, whereas th
lowest-energy supercells considered in Fig. 3 contain o
spinel-based cation occupation. Repelin and Husson19 de-
rived a crystal structure model for thed-Al2O3 phase based
on XRD refinements. This model contains 37.5%Td cations,
equal to that of the spinel supercells with purelyOh vacan-
cies, in agreement with our calculated energetic prefere
for Oh vacancies. However, the fractional occupation of
Oh sites given in Ref. 19 does not provide specific placem
of the vacancies. We have performed first-principles cal
lations ~VASP-GGA! of this 80-atom model of thed phase,
with two choices of theOh vacancies~not shown in Fig. 3!.
The resulting energies~relative to a-Al2O3) are 0.35 and
0.45 eV/formula unit, which are above or near the high e
of the spinel-based structures in Fig. 3 withOh vacancies
~0.14, 0.22, and 0.38 eV/formula unit!. Nevertheless, a mor
complete analysis of the energetically preferred vacancy c
figurations in this model could prove fruitful in finally iden
tifying the crystal structure ofd.

~5! Comparison with experimental transformation enth
pies. The LDA and GGA results are extremely similar, a
all of the above qualitative results are true for either fun
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tional. However, there is a nearly constant shift between
LDA and GGA total energy differences relative to thea
phase. To assess which is more accurate, we compare
T50 calculated defect spinel energies~relative toa) with
measured thermochemical data of the enthalpies of trans
mation: DH(d2a) and DH(g2a). Yokokawa and
Kleppa65 have measured these values calorimetrically a
obtained 0.12 and 0.23 eV/formula unit, respectively. T
experiments of Navrotskyet al.40 yieldedDH(g2a)50.24
eV/formula unit. By analyzing the effects of thermochemic
data on surface area, McHaleet al.30 extrapolated the en
thalpy of reaction to coarse-grained, or low-surface-area b
materials and foundDH(g2a)50.14 eV/formula unit.
Thus, in Fig. 3, we have indicated a region between 0.12
0.24 eV/formula unit as ‘‘experimental transformation e
thalpies.’’ The GGA clearly does a much better job of repr
ducing these measured enthalpies than does the LDA;
eral of the GGA supercell energies fall within th
experimental region, whereas none of the LDA energies
We have already shown in Table V that the GGA energe
for u are also more consistent with measured enthalpies
corresponding LDA energetics. We conclude that the GG
gives a consistently superior~or, at least equally good! de-
scription of the structure and energetics of Al2O3 polymor-
phs. And, again, since we expect this superiority to be e
more pronounced in the case of structures containing hy
gen~cf. Table III and Ref. 63! we adopt only GGA calcula-
tions in Secs. V and VI.

~6! Cation occupation of nonspinel sites. We have found
two pieces of evidence that suggest a partial occupation
‘‘nonspinel’’ sites by Al. In the spinel structure, only the 8a
Td and 16d Oh cation sites are occupied while otherTd (8b
and 48f ) andOh (16c) sites are unoccupied@Fig. 1~b!#. 16c
sites: In one of the defect spinel supercells considered,
have found a spontaneous~i.e., barrierless! relaxation of aTd
(8a) Al into an Oh (16c) ‘‘nonspinel’’ site.70 The configu-
ration initially had oneTd and oneOh vacancy. During the
computational process of geometric relaxation of this str
ture, the system very nearly converges without the mot
into the 16c site, but then begins to experience larger forc
and subsequently relaxes further, with the 8a cation moving
into the 16c position. The final state configuration effective
contains the same number of tetrahedral/octahedral cat
as in supercells with twoTd vacancies. Thus, in Fig. 3, w
have included schematically the higher-energy ‘‘nearly lo
minimum’’ as aTd1Oh vacancy supercell, and indicate b
an arrow the relaxation into aTd1Td vacancy supercell with
nonspinel occupation~shown by an inverted triangle!. The
latter structure with 16c occupation is significantly lower in
energy than any of the otherTd1Td defect spinel supercells
investigated. Thus, we conclude thatTd vacancies~although
not preferred as strongly asOh vacancies! are more likely to
occur energetically when they are accompanied by 16c non-
spinel occupation. In fact, other than two of the superce
with purely Oh vacancies, this supercell with nonspinel o
cupation is the only cell with a calculated energy~GGA!
within the range of experimental transformation enthalpi
This conclusion is interesting in light of the neutron refin
ment of g performed by Zhou and Snyder,9 which yielded
2-8
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PHASE STABILITY AND STRUCTURE OF SPINEL- . . . PHYSICAL REVIEW B 63 024102
43%Oh in 16d sites and 32%Td in 8a sites, but a significan
fraction of Oh atoms in nonspinel 32e sites. These 32e sites
were labeled as ‘‘quasioctahedral’’ since they are very cl
(;0.3 Å) to the octahedral 16c sites. Zhou and Snyder con
cluded that the occupation of these nonspinel sites mus
attributed to atoms which rearrange themselves at the sur
of g. However, we have demonstrated that some of the n
spinel occupation could be attributed to the spontaneous
laxation mechanism we have demonstrated, even for at
in the bulk. 48f sites: We did not find any spontaneo
occupation of the nonspinelTd sites ~either 8b or 48f ).
However, both x-ray15,27 and neutron9 refinements of bothg
and h-Al2O3 did find significant occupation of these site
To investigate further, we began with an ideal spinel sup
cell ~42 atoms, with no vacancies!, and moved one of theTd

(8a) atoms into a 48f site. This movement placed it artifi
cially close to twoOh cations, which happened to be neare
neighbor cations. Thus, we took these twoOh cations as our
cation vacancies for the 40-atom cell, and we examined
relaxed energetics before and after the 8a→48f motion of
the Td atom. Before the movement, the supercell is sim
one of our defect spinel supercells in Fig. 3. It has t
nearest-neighborOh vacancies, and due to the catio
vacancy ordering tendency, the energy of this structure
relatively high: 0.378 eV/formula unit abovea ~GGA!.
However, after moving theTd atom to the 48f position, the
energy drops to 0.284 eV/formula unit. Thus, for a struct
with neighboringOh vacancies, there is a significant ener
lowering mechanism associated with occupation of the n
spinel 48f sites. This is a possible explanation for some
the 48f occupation found in theh-Al2O3 ~which is often
acknowledged to possess moreOh vacancies thang): In
their neutron diffraction refinements ofh, Zhou and Snyder
foundno Td atoms in 8a sites, but a large percentage~16%!
of Td cations in 48f sites. Shirasukaet al.15 found thatTd
cations inh are divided roughly equally between the 8a and
48f sites. And, Ushakov and Moroz27 found a significant
percentage of nonspinelTd andOh occupation in bothh and
g. Again, since our predicted energy lowering by nonspi
occupation is in the bulk, all of the observed 48f occupation
in h need not necessarily be associated with surface cati
as had been concluded by Zhou and Snyder.9,71 Finally, we
should note that the observed structure ofu-Al2O3 itself pro-
vides evidence for nonspinel occupation. Analysis of
atomic positions inu shows that the cation sites can b
mapped onto both spinel and nonspinel sites.

~7! Comparison with experimental measurements of d
sity. We can also compare the calculated volumes of
spinel-based supercells to experimental estimates of the
ume~or density! of g-Al2O3. As we have seen in Tables I, I
III, and IV, the calculated equilibrium volumes for a give
structure may differ from experiment by a few percent. Ho
ever, thedifferencein volume between two structures is e
pected to be far more accurate than the absolute volum
self. For instance, the experimental difference in volu
between thea andu structures isV(a)2V(u)5;24.4 to
24.6 Å3/formula unit, with the range given by the unce
tainty in the volume ofu-Al2O3 ~see, e.g., the three exper
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mental values in Table II!. VASP ~GGA! calculations of this
volume difference yield24.4 Å3/formula unit. Thus, al-
though the individual volumes are only accurate to with
;1 Å3/formula unit, the volume differences are far mo
reliable. With this in mind, we show in Fig. 4 the calculate
volumes of the spinel-based supercells relative to theu struc-
tures:dV5V(g/h)2V(u). There is a clear correlation be
tween vacancy site preference and atomic volume, with
Oh vacancies yielding smaller volumes and theTd vacancies
yielding larger ones. This correlation is likely due to the fa
that Td positions are geometrically smaller thanOh posi-
tions. Thus, the lattice can relax inwards around the lar
space left behind by anOh vacancy, but less so for aTd
vacancy. In fact, the spinel-based supercells withOh vacan-
cies typically have volumes smaller than that ofu-Al2O3,
while theTd-vacancy supercells have larger volumes thanu.
Thus, these calculated volumes should provide a clear
direct comparison with experimentally measured volume d
ferences betweeng andu. The densities ofg- andh-Al2O3
quoted in the review of Levin and Brandon1 have been de-
termined from measured lattice constants~i.e., the density of
the phase itself, not the porous microstructure! to be in the
range 3.65–3.67 g/cm3. Converting this range of densities t
volumes per formula unit, and subtracting the range of m
sured volumes foru given in Table II, we obtain the mea
sured rangedV(expt.)520.9 to 20.4 Å3/formula unit, in-
dicated in Fig. 4. It is clear that the calculated spin
supercells withOh vacancies are the only structures whi
are consistent with this range. This is yet another indicat
that the spinel-based aluminas containOh vacancies. This
result is particularly significant because it is purely structu
and independent of any energetic argument. Because
lowest-energy spinel-based structure is probably more c
acteristic ofd thang or h, the actual atomic configuration
in g andh are probably not driven exclusively by an energ

FIG. 4. Calculated ~VASP-GGA! volume differences
(Å3/formula unit) between spinel-based Al2O3 supercells and
u-Al2O3 , dV5V(g/h)2V(u). Each of these points represents
40-atom tripled spinel supercell with two vacant spinel cation po
tions. The gray band shows the range of measured volume di
ences.
2-9
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C. WOLVERTON AND K. C. HASS PHYSICAL REVIEW B63 024102
minimizing mechanism, but rather are likely dependent
the preparation conditions. However, the results of Fig. 4
independent of themechanismof formation ofg or h ~i.e.,
energetic, kinetic, or otherwise! and clearly show an indica
tion of Oh vacancies.

V. SPINEL-BASED STRUCTURES: HAl 5O8

We next turn to the issue of hydrogen in the spinel-ba
structures. The introduction of H1 ions changes the stoich
ometry, or the cation/anion ratio. Starting with Al2O3, elec-
troneutrality requires the introduction of 3 H1 ions with the
removal of one Al31 ion. If we begin with our 40-atom
Al16O24 cell, introduction of 3 H and removal of one A
result in H3Al15O24, or HAl5O8. Thus, the stoichiometry ca
now be accommodated with only one spinel unit, HAl5O8
~14 atoms!, and this ‘‘hydrogen spinel’’ has been suggest
in the literature as a structural candidate forg.32,34However,
this primitive spinel cell will only have one ‘‘vacancy’’~i.e.,
one spinel site in which Al is replaced by H!, and so it is not
possible to study ordering of Al and H with this primitiv
unit cell. Hence, we have also performed some calculati
for supercells containing three spinel units~42 atoms!, or
three H atoms. All calculations described in this section a
the next are performed within the GGA.

For the 14-atom primitive spinel cell, there are tw
choices: H in either a tetrahedral or octahedral position.
find that the two structures are nearly degenerate in ene
with the hydrogen in octahedral positions very slightly p
ferred. In both cells, H moves off a nominal, high-symme
site to neighbor close to one of the surrounding oxyg
~with H-O ;1 Å). However, for simplicity, we will refer to
the hydrogen in these structures as being in ‘‘octahedral’
‘‘tetrahedral’’ positions.72

For the tripled spinel unit cells, initially three cells we
calculated: two cells with three octahedral hydrogen~one
with the Al ‘‘vacancies’’ close together and one with the
are far apart! and one with three tetrahedral hydrogen clo
together. The energetics of these three structures along
the two 14-atom primitive cells are shown in Fig. 5. Hydr
gen in the spinel proves to be a ‘‘great equalizer’’: T
strong energetic preference on vacancy configuration
served in the anhydrous case~Fig. 3! is greatly diminished,
and now each of the cells is nearly degenerate: Despite
fact that the three 42-atom supercells have widely differ
cation configurations, their calculated energies differ by o
0.005 eV/formula unit. This is an enormous contrast to
energies of the anhydrous cells which span a range of 0
eV/formula unit. For each of the three tripled supercells,
energy is below that of the 14-atom cells. This energy lo
ering is due to the fact that in the 14-atom cell, there is o
one H atom, periodically repeated in each cell. Thus, eac
the H atoms is in the same position as every other H at
Lifting this constraint by tripling the unit cell and allowin
the three H atoms to relax independently lowers the ene
by a small amount.

The tripled supercells considered thus far contained th
cation sites not occupied by an Al atom, with a single
nominally connected with each of the three sites. For eac
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the supercells, additional calculations were performed w
different distributions of hydrogen. In addition to having on
H in each of the three vacant sites~which we refer to as
‘‘1 1111’’ !, we also considered having two H in one of th
vacant sites and the third H in a different vacant site~‘‘2 11
10’’ !, and finally all three H in the same vacant site~‘‘3 10
10’’ !. The results of these calculations are shown in Fig
The supercell withTd vacancies is more stable with the
ions distributed one per vacancy than with multiple H ato
per vacant site. However, the supercells withOh vacancies
slightly prefer multiple H atoms per vacant site. The lowe
energy state corresponds to the supercell with neighbo
Oh vacancies, and all three H atoms in a single vacant s
Thus, the combination of H in the spinel and multiple H p
site serves to qualitatively reverse the strong cation/vaca
ordering tendency observed in the anhydrous calculatio

FIG. 5. The configuration dependence of the energetics
spinel-based Al2O3 and HAl5O8 cells (eV/Al2O3 formula unit, or
eV/2 Al cations in the HAl5O8 calculations!. Note the greatly di-
minished configuration dependence of the energy in the presen
hydrogen. The zeroes of energy in this figure are arbitrary~i.e., the
zero of energy for the Al2O3 configurations has no relation to th
zero of energy for the HAl5O8 configurations!. For the HAl5O8

energies, the two higher energy points represent the 14-atom pr
tive spinel cells with one H per cell, whereas the three lower ene
points~nearly degenerate! represent the 42-atom tripled spinel ce
with three H per cell.

FIG. 6. Energetics~eV/2 Al cations! of tripled HAl5O8 super-
cells with multiple H per vacant site. The zero of energy in th
figure is arbitrary.
2-10
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TABLE VI. Comparison of calculated and experimental free energies of transformationDG298K between
corundum, boehmite, and gibbsite~kJ/mole!. The calculated values ofDG are given by a combination o
first-principlesT50 K energetics~at zero pressure!, plus the thermochemical data for H2O atT5298 K, as
in Eq. ~6!. To demonstrate the importance of including the thermochemical data of H2O in these transfor-
mation free energies, calculated results are also shown without using Eq.~6!

Reactant/Product Reaction Calculated Experimenta
without Eq.~6! with Eq. ~6!

corundum / boehmite Al2O3 1 H2O →2AlOOH -86.4 -21.6 -25.9a

boehmite / gibbsite AlOOH1 H2O→Al(OH) 3 -55.3 19.5 ;219 to 112b

corundum / gibbsite 1
3 Al2O31H2O→ 2

3 Al(OH) 3 -65.7 -0.9 -13.9c

aReference 74.
bReference 75.
cReference 74.
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clustering of Al vacancies is weakly preferred in HAl5O8. It
is interesting to note that here, just as in the anhydrous c
the clusters of vacancies show some form of instability: F
the anhydrous defect spinels, near-neighboring vacan
showed an instability~either spontaneous or with an ene
getic barrier! towards Al cation motion into nonspinel site
For the hydrogen spinels, neighboring vacancies show
instability towards the incorporation of multiple hydroge
per site.

VI. PHASE STABILITY OF Al 2O3 , HAl 5O8, AND AlOOH

We next turn to the relative phase stability of the spin
based-Al2O3 and HAl5O8 cells and boehmite,g-AlOOH.
Naturally, it is impossible to directly compare the energies
two compounds with different stoichiometries. Howev
since Al2O3 ~and possibly HAl5O8) evolves from its precur-
sor, AlOOH, by liberating H2O, one can use the energy o
H2O as a reference point for the comparison. In other wo
one should compare the energy of Al2O31nH2O with
HAl5O8 and AlOOH:

E~Al2O3!1
1

5
E~H2O!→2

5
E~HAl5O8! ~2!

and

E~Al2O3!1E~H2O!→2E~AlOOH!. ~3!

Also, we note that the phase stability between the three c
pounds can be compared without reference to H2O:

2E~Al2O3!1E~AlOOH!→E~HAl5O8!. ~4!

In the previous sections, we have described the energ
calculation of each of the terms in Eqs.~2!–~4! except that of
E(H2O). To that end, we have performed a GGA calculat
of an isolated H2O molecule in a cubic supercell~with peri-
odic boundary conditions! with side lengths of 8, 10, and 1
Å . The energies of these three cells differed from one
other by less than 0.002 eV/cell, so the result was taken
the energy of an isolated H2O molecule,EH2O

GGA, converged

with respect to the supercell size. Using this calculated
ergy, we could compute the energies of each of the trans
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mations in Eqs.~2!–~4!. However, we really wish to com
pare the free energies of the reactions in these equations
which the energy of a static, isolated H2O molecule atT
50 K is a very poor reference point since it is essentia
the unphysical energy corresponding to the infinite tempe
ture limit ~isolated molecule! calculated with no entropic
contributions. For a more reasonable comparison of the
hydration of boehmite into Al2O3, we must supplement the
GGA-calculated energy of the isolated molecule with the
tropic contributions of the liquid and gas phases of H2O and
the enthalpy difference between these phases. For insta
we use the following expression for the~zero-pressure!
Gibbs free energy of gas-phase H2O:

GH2O
gas 5EH2O

GGA2TSH2O
gas. . ~5!

For liquid phase, we use

GH2O
l iq . 5EH2O

GGA1DHH2O
l iq .2gas2TSH2O

l iq . . ~6!

The entropic contributionsSH2O
gas 5188.83 J/K mole, and

SH2O
l iq . 569.91 J/K mole, and the enthalpy differenc

DHH2O
l iq .2gas5244.01 kJ/mole have been tabulated in R

73. In this discussion, we neglect the entropic contributio
to the solid-state phases, Al2O3, AlOOH, and HAl5O8,
which are presumably much smaller than the entropic c
tribution of H2O.

Because this combination of first-principles energies w
measured thermochemical data may seem a bit clumsy
critically assessed its accuracy by comparing the calcula
and measured free energies of the reactions between co
dum, boehmite, and gibbsite:

Al2O3~corundum!1H2O→2AlOOH~boehmite!, ~7!

AlOOH~boehmite!1H2O→Al ~OH!3~gibbsite!, ~8!

and

1

3
Al2O3~corundum!1H2O→2

3
Al ~OH!3~gibbsite!. ~9!

The calculated and experimental results are given in Ta
VI. Using theVASP GGA energies for corundum, boehmit
2-11
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gibbsite, and the H2O molecule, along with the thermo
chemical data for H2O, we calculate transformation free e
ergies in reasonable agreement with measured values74,75

Also shown in Table VI are the calculated results using o
the energy of the isolated molecule H2O without reference to
the thermochemical data of Eq.~6!. In this case, one errone
ously obtains unreasonably large values for the transfor
tion free energies. Therefore, it is imperative to include
entropic and enthalpic corrections to the energy of an
lated H2O molecule in order to meaningfully compare th
relative phase stabilities of the aluminum oxides with t
aluminum hydroxides.

A similar combination of GGA energies and Eqs.~5! and
~6! allows us to compare the phase stabilities of boehm
g-Al2O3, and the hydrogen spinel. Figure 7 shows the c
culated phase stability at two temperatures,T5300 K and
T5700 K. All the energies are given with respect to boe
mite for stoichiometry Al2O31(12n)H2O in units of
eV/Al2O3 formula unit. We note the following:~1! The hy-
drogen spinel is thermodynamically unstable with respec
decomposition into boehmite plus the anhydrous spin
based Al2O3. Note that this conclusion follows directly from
Eq. ~4!, and thus is independent of the energy of H2O, and in
our calculations is also independent of temperature. If
assume that the lowest-energy spinel-based structure is
parable to the energy ofd, this means that HAl5O8 is ther-
modynamically unstable with respect tod-Al2O3 1 boeh-
mite. If we assume thatg-Al2O3 corresponds to a mor
disordered arrangement ofOh vacancies~as Figs. 3 and 4
would suggest!, then the energy of this disordered config

FIG. 7. Calculated phase stability between boehm
(g-AlOOH), defect spinel-based (g,d,h)-Al2O3, and the hydrogen
spinel HAl5O8 at ~a! T5300 K and~b! T5700 K. For the defect
spinels, the full range of calculated energies~Fig. 3! is indicated,
whereas for the hydrogen spinel HAl5O8 structure, only the lowest-
energy state~see Fig. 6! is indicated.
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ration is presumably somewhat closer to the middle of
range of the spinel supercells. Then, the hydrogen spine
nearly degenerate in energy with boehmite1 g. This near
degeneracy with hydrogen content could be responsible
some of the widely varying measurements of hydrogen c
tents ing-aluminas. Also, the calculated thermodynamic
stability ~or, near degeneracy! does not, of course, preclud
the possibility that the hydrogen spinel could form as a res
of kinetic consequences. One should further note that
thermodynamic instability~or near degeneracy! of the hydro-
gen spinel is in qualitative contrast with the results of So
berg et al.,34 who found an energetically strongly favore
HAl5O8 spinel to be thermodynamically stable.~2! As the
temperature is increased, the free energy of H2O decreases
and so the free energy of Al2O31H2O drops relative to
AlOOH. At room temperature the free energy of boehmite
below the defect spinel Al2O31H2O. However, at some
temperature,Ttr , the entropic contribution to Eq.~5! will
reverse this stability. For instance, in Fig. 7~b!, one can see
that atT5700 K the lowest energy spinels are already low
in energy than boehmite. Since there is a range of energie
the calculated defect spinels, there will be a range of te
peratures for which the free energy of defect spinel Al2O3
1H2O becomes lower than that of boehmite. From the
ergetics of Fig. 7, we calculate the range of temperature
beTtr;3002500 °C. This temperature range ispreciselythe
same as the observed temperature range required to d
drate boehmite intog-Al2O3 (Ttr;3002500 °C).2 This sug-
gests that the final product of the transformation betwe
boehmite andg-Al2O3 may be strongly dependent on tem
perature: at low values of the transformation temperat
~near 300 °C), only the relatively low-energy defect spin
states~with Oh vacancies! are lower in energy than boeh
mite, whereas near 500 °C, the full range of spinel confi
rations are ‘‘available’’ for transformation. Of course, sin
the transformation ofg into d ~a more ordered spinel-base
structure! does not take place until 800–900 °C, there a
obviously kinetic limitations to the available spinel config
rations which are available for transformation at lower te
peratures. Our work demonstrates that there are therm
namic limitations as well in the range ofTtr;3002500 °C.

VII. POSSIBLE IMPLICATIONS FOR POROSITY

One of the key properties of the spinel-based transit
aluminas which leads to their technological relevance is
rosity. While transition aluminas prepared by either anodi
tion of Al or plasma spraying of alumina powder can be fu
dense,1 dehydration of boehmite produces a high surfa
area, highly porous microstructure ofg-Al2O3. In fact,
McHale et al.30 have demonstrated that as the surface a
increases, the free energy of theg phase can actually drop
below that ofa. Several dehydration mechanisms consist
with the formation of a porous microstructure have been s
gested. From considerations of the crystallographic relati
ships between the boehmite andg-Al2O3,10 a mechanism has
been proposed whereby internal H2O is elimated from the
layered boehmite structure by condensation of protons
hydroxyl groups, followed by a collapse of the layered ox

e
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gen network. While a porous microstructure would not n
essarily result directly from this mechanism, the strains
sulting from the collapse could cause the formation
cracks, and lead to pore formation. Alternatively, Ball a
Taylor76 suggested that the dehydration of bruci
Mg(OH)2, involves mobile protons migrating from one re
gion of the crystal~the ‘‘acceptor’’ region! to another region
~the ‘‘donor’’ region!, combining with hydroxyl groups in
the donor region to form H2O ~which subsequently leave
the crystal!, and the countermigration of the Mg ion from th
donor to the acceptor region, leaving behind a ‘‘pore’’ in t
donor region, and MgO in the acceptor region. In th
mechanism, the porous microstructure would be a neces
result of the reaction process. Wilson20 has proposed a dehy
dration mechanism for boehmite somewhat intermediate
tween the ‘‘collapse’’ and brucite mechanisms: protons d
fuse out of the layered boehmite structure between lay
and countermigrating Al ions fill the resulting spaces.
smaller version of the ‘‘collapse’’ mechanism then results
order for the oxygen sublattice to become fcc, and H2O is
eliminated by the combination of protons with oxygen a
ions and hydroxyl groups in the ‘‘donor’’ region, formin
pores. Wilson20 has demonstrated that the observed lame
~001! pore microstructure is consistent with this mechanis

While we have not specifically addressed themechanism
of dehydration, our calculations of the relative phase stab
of boehmite andg-Al2O3 suggest several points about th
energeticsof the dehydration process: The fact that our th
modynamically calculated value of the boehmite/g-Al2O3
transformation temperature is in agreement with the
served onset temperature for dehydration suggests tha
initial stage of the dehydration could be driven by therm
dynamic considerations. In other words the initiation of t
transformation need not be driven by some kinetic mec
nism of ionic diffusion which only becomes active atTtr .
Rather, it appears that the H may be mobile, and only w
the free energy ofg-Al2O31H2O becomes lower than tha
of g-AlOOH does the transformation start. In fact, there
evidence for significant proton mobility in boehmite,77–79

even at temperatures below the onset of dehydration. H
ever, the fact that theg→d andd→u ~cation ordering of the
spinel and fcc frameworks, respectively! transformations oc-
cur only at higher temperatures suggests that the motio
Al cations is at least partly kinetically limited~within
g-Al2O3, but not necessarilyg-AlOOH!, and that these at
oms cannot move freely until higher temperatures. If Al c
ions could freely move throughout both surface and b
g-Al2O3 at lower temperatures (T;3002500 °C), then our
calculations suggest that theu structure~the lowest-energy
fcc-based alumina! should form at these lower temperature
The final transformation in the dehydration sequence,u→a,
does not occur until still higher temperatures. This final s
to the equilibrium phase requires an fcc→hcp rearrangemen
of the oxygen sublattice, suggesting that the oxygen an
are the most limited kinetically.

We also note that our calculations in Fig. 6 show th
clusters of neighboring vacancies can lower their energy
incorporating multiple hydrogen atoms per site. This type
favored vacancy cluster could be an indication, albeit on
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extremely small scale, of a hydrated pore, or ‘‘nanopore
This vacancy clustering could also be a small-scale ind
tion of the energetically favored boehmite1 g-Al2O3 phase-
separation tendency, demonstrated in Fig. 7. In characte
ing the lamellar pore structure ofg-Al2O3, Wilson20 has
noted the analogy with the eutectic lamellar microstructu
found in metallurgical systems. The relevant transformat
here is, with increasing temperature, from one solid ph
~boehmite! to a two-phase mixture of a second solid pha
(g-Al2O3) and a ‘‘liquid’’ ~or gas! phase (H2O). If this
transformation were a true, equilibrium thermodynamic tra
sition, it would be analogous to a peritectic reaction rath
than a eutectic reaction. Therefore, a comparison of gen
peritectic microstructures with the pore structure ofg-Al2O3
could be of interest in elucidating the factors controlling p
rosity.

All the above statements concerning kinetic proces
based on our thermodynamic calculations are of course
tremely speculative. A more complete study of the diffusi
of H and Al ions through boehmite andg-Al2O3 ~as well as
d andu) is clearly warranted. Such a study would not on
yield a better understanding of the dehydration process, b
would likely provide new insights into the formation an
control of porous microstructures in transition aluminas.

VIII. CONCLUSIONS

Using first-principles total energy calculations, we ha
investigated the structure and phase stability of spinel-ba
transition aluminas (g, d, h) in the presence and absence
hydrogen. We have critically assessed the accuracy of d
sity functional based methods~VASP and FLAPW! using
LDA and GGA exchange-correlation functionals for compu
ing energetic and structural properties of transition alumi
and aluminum hydroxides, with bothOh andTd coordinated
Al cations. We have demonstrated the accuracy of struct
quantities~lattice constants, cell volumes, bond lengths, e!
and energetic quantities. TheVASP-GGA calculations were
shown to be highly accurate for oxides, oxyhydroxides, a
hydroxides, and computationally efficient enough to allo
the calculation of dozens of fully relaxed 40-atom cells~and
several 80-atom cells!.

For the anhydrous defect spinels, we find a strong en
getic dependence on cation~Al/vacancy! configuration. Va-
cancies in octahedral sites are energetically preferred~or, Al
cations prefer tetrahedral positions!. This is consistent with
the general preference of tetrahedral site occupation as
follows the sequence of Al cations in boehmite~100%Oh)
through tou-Al2O3 ~50% Oh). A comparison of the calcu-
lated cell volumes with density measurements also supp
the preference ofOh vacancies. There is a strong Al-vacan
ordering tendency, with widely separated vacancies be
lower in energy than near-neighboring vacancies. Howe
closely spaced vacancies develop instabilities, often resul
in an energy lowering due to nonspinel site occupation. W
near-neighboringTd andOh vacancies, a neighboring catio
spontaneously falls from a spinelTd site (8a) into a non-
spinelOh (16c) site. This is consistent with many observ
tions of nonspinel occupation ing, d, andh.
2-13
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Upon incorporation of hydrogen into the structure, t
strong cation-vacancy ordering tendency vanishes,
‘‘clusters’’ of near-neighbor vacancies are slightly energe
cally preferred. Again, the clusters of vacancies show an
stability in the sense that they can incorporate more than
hydrogen per vacant site. These hydrated vacancy clus
could represent a propensity of the material to form pores~or
to phase separate!. The hydrogen spinel (HAl5O8), proposed
in the literature as a structural candidate forg-alumina, is
thermodynamically unstable with respect to decomposit
into the anhydrous defect spinel plus boehmite (g-AlOOH!.
Thus, we find no thermodynamic evidence for its formatio
though we cannot rule out the possibility of its forming k
netically. By combining first-principles energetics with me
sured thermochemical data of H2O, we have compared th
phase stability of boehmite with the various phases of Al2O3
plus H2O. We have computed the temperature range
,
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which the free energies of the spinel-based aluminas~plus
H2O) becomes lower than that of boehmite. The tempera
range is in excellent agreement with the observed trans
mation temperatures. This combination of first-principles e
ergetics with thermochemical data for H2O yields transfor-
mation free energies of gibbsite, boehmite, and corundum
remarkably good agreement with measured data~often
within the uncertainty of the measured data!.
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