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Half-quantum vortex and d̂-soliton in Sr2RuO4
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Assuming that the superconductivity in Sr2RuO4 is described by a planarp-wave order parameter, we

consider possible topological defects in Sr2RuO4. In particular, it is shown that both thed̂-soliton and half-
quantum vortex can be created in the presence of the magnetic field parallel to thea-b plane. We discuss how

one can detect thed̂-soliton and half-quantum vortex experimentally.
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It has been suggested that the unconventional super
ducting state of Sr2RuO4 is described by the planar spin
triplet p-wave order parameter with broken time-rever
symmetry in analogy to the3He A phase. As known from the
example of superfluid3He, one of the hallmarks of the trip
let superconductivity is the presence of a manifold of top
logical defects.1,2 Thus, we expect that the creation and d
tection of topological defects in Sr2RuO4 ~or spin-triplet
superconductor! will provide further insights about the na
ture of the unconventional superconducting state
Sr2RuO4. In this sense, the study of the topological defe
in the planarp-wave superconducting state with broken tim
reversal symmetry is of great interest. Moreover, ha
quantum vortices can exist in different condensed matter
tems, such as the Bose condensates with hyperfine spF
51 and the mixture of two Bose condensates.3

It has been proposed4,5 that the superconducting order p
rameter in Sr2RuO4 is described by the planarp-wave form
written as

Dab~kW !5dW ~kW !•~sW is2!ab ~1!

with

dW ~kW !5Dd̂~ k̂16 i k̂2!, ~2!

wheresm (m51,2,3) are Pauli matrices anda,b represent
spin↑ or ↓. Herek̂ j ( j 51,2) represent the projection of th
unit wave vectork̂ along two perpendicular directionsê1 and
ê2 in two-dimensional space. This order parameter descr
the Cooper pair state with the zero-spin projection ond̂ and
with the unique projection of the pair orbital angular mome
tum given by l̂ 5ê13ê2. In Sr2RuO4, due to the spin-orbit
coupling, d̂ is forced to be parallel to6 ĉ andkW is the qua-
siparticle momentum in thea-b plane.

Indeed the spontaneous magnetization seen by muon
relaxation experiment6 and flat Knight shift seen by NMR
~Ref. 7! seem to be consistent with this picture. On the ot
hand, the origin of the spontaneous magnetization seen
muon spin-relaxation experiment is somewhat mysteri
since we do not expect such a magnetization in a homo
neous system.
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It is important to notice that the superconducting grou
state described by the order parameter of Eq.~2! is doubly
degenerate. We can designate these two ground states b

angular momentuml z561, wherel̂ is parallel to thec axis.
Sigrist and Agterberg8 proposed recently that there will be i
general a domain wall betweenl z51 and l z521 states,

which we shall calll̂ -soliton9,10 in analogy to the case o
superfluid 3He-A. It is likely that such a soliton is magneti
cally active, so it may be an origin of the spontaneous m
netization seen in muon spin-relaxation experiment.6 In par-

ticular, in a magnetic fieldHi ĉ, only one of these degenera
states is favored.11,12 Therefore, it is possible to contro

l̂ -solitons by a magnetic field parallel to thec axis.8 They

also proposed that thesel̂ -solitons would provide very effi-
cient barriers for the vortex motion and this effect is possi
related to the pinning of vortices observed in Sr2RuO4 below
T530 mK.13

The purpose of this paper is to propose an alterna
model for the appearance of the spontaneous magnetiza
and another mechanism of the pinning of vortices:d̂-soliton
and half-quantum vortex. Thed̂-soliton is a domain wall
betweend̂i ĉ and d̂i2 ĉ as in superfluid3He-A. We believe
that d̂ is parallel and antiparallel toĉ, because they are
forced to be parallel to the angular momentuml̂ ~or 2 l̂ ) due
to the spin-orbit coupling characterized by an energy sc
Vd .14,15 Therefore, if we useVd as a parameter, we ca
calculate the energy and shape of thed̂-soliton provided that
Vd!D(T), whereD(T) is the superconducting gap. Unfo
tunately we do not know the precise value ofVd , but it may
be about 1

10 D(T). In this picture, moving thed̂-soliton gen-
erates the local magnetization which can result in the sp
taneous magnetization seen in muon spin-relaxation exp
ment. One can also generate a large number ofd̂-solitons by
applying a burst of high-frequency microwaves with fr
quency;Vd sent parallel to thea-b plane.9

As in superfluid3He-A, eachd̂-soliton is terminated by a
pair of half-quantum vortices.16 We find that these pairs o
half-quantum vortices are more stable than the usual sin
quantum vortex in the superconducting state in the prese
of the magnetic field parallel to thea-b plane. This means
R9275 ©2000 The American Physical Society
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that the usual single-quantum vortex would split into a p
of half-quantum vortices connected by thed̂-soliton.2,17 In
this case, these objects would provide an extremely effic
pinning mechanism of vortices in Sr2RuO4. Also the half-
quantum vortices should exhibit a clear electron-spin re
nance signature. Further we believe that these objects
visible by the scanning tunneling microscopy~STM! imag-
ing and by micromagnetometry developed by Kirtleyet al.18

used in high-Tc cuprate compounds.
Free energy of the conventional single vortex when

magnetic field is parallel to the a-b plane. Let us assume tha
the magnetic field is parallel to thea axis. Then the free
energy of the conventional vortex with the flux quantu
f05hc/2e is obtained within the London approximations

f v5S f0

4pl D 2

lnS l

j D , ~3!

wherej is the coherence length andl is the magnetic pen
etration depth. The magnetic penetration depthl is related to
the superfluid densityrs(T) by l225(4pe2/mc2)rs(T).
When the magnetic field is parallel to thea axis, in an an-
isotropic system like Sr2RuO4, l and j should be reinter-
preted asl5Alblc and j5Ajbjc. Here lb,c and jb,c are
the magnetic penetration depth and coherence length in tb
andc directions, respectively.

d̂-soliton and a pair of half-quantum vortices. There ex-
ists huge anisotropy in the in-plane and out-of-plane tra
port properties in Sr2RuO4. Thus Sr2RuO4 may be regarded
as an effectively two-dimensional system. The large anis
ropy or the effective two-dimensionality of the system forc
the angular momentum of the Cooper pair to be paralle
antiparallel to thec axis. In thep-wave superconducting stat
described by the order parameter described by Eqs.~1! and
~2!, the d̂ vector is oriented along6 l̂ in the presence of the
spin-orbit coupling. Here we consider the case that the an
lar momentuml̂ is uniform in the entire system. We ca
assume, without loss of generality, thatl̂ i ĉ. We are inter-
ested in the deformation of thed̂ configuration from the uni-
form case; for example,d̂i ĉ. Any deviation from the uni-
form state would cost the energy associated with the s
orbit coupling characterized by an energy scaleVd .14,15

However, we will show that the so-calledd̂-soliton ~a par-
ticular form of the d̂ configuration! with a pair of half-
quantum vortices can have lower energy than the conv
tional single vortex. Thus it is easier to excite a pair of ha
quantum vortices with ad̂-soliton compared to single
conventional vortex. In particular, a magnetic field parallel
the a-b plane generates very likely pairs of half-quantu
vortices rather than usual vortices when the former
stable.

We consider thed̂-soliton that is a topological planar de
fect in thed̂ configuration. The orientation ofd̂ changes by
p across the planar defect whiled̂ vectors at far distances ar
still along thec axis. Typical configurations of thed̂-soliton
in they-z plane can be found in Figs. 1 and 2, which we w
explain later. We takey andz as the coordinates along theb
axis andc axis, respectively. Now let us attach a pair
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half-quantum vortices to the end points of thed̂-soliton of
length R in the y-z plane. In the case of an isolated ha
quantum vortex, we have aeip521 factor in the order pa-
rameter due to phase winding around the half-quantum v
tex. Therefore, an isolated half-quantum vortex cannot oc
On the other hand, if the half-quantum vortex is attached
the end points of thed̂-soliton, the disgyration ind̂ at the
same point compensates the phasep so that there is no ne
change in the overall phase of the order parameter.

In order to show that a pair of half-quantum vortices w
the d̂-soliton is a lower energy excitation compared to
single conventional vortex, we have to compare the free
ergies of the two cases. The free energy required to create
d̂-soliton is obtained from

f d5
1

2
xNC2E d3r F(

i j
u] i d̂ j u21jd

22~12dz
2!G , ~4!

FIG. 1. The spatial configuration of thed vector in theb-c plane
given by Eq.~6!. The thick line denotes the domain wall with th
lengthR, which is parallel to thec axis.

FIG. 2. The spatial configuration of thed vector in theb-c plane
given by Eq.~7!. The thick line denotes the domain wall with th
lengthR, which is parallel to theb axis.
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where xN is the spin susceptibility,jd(T)5C(T)/Vd(T)
where C(T) is the spin-wave velocity, andVd(T) is the
longitudinal spin-resonance frequency.14

On the other hand, thed̂ vector of thed̂-soliton can be
parametrized by the following expression:

d̂5cosc ẑ1sinc ŷ, ~5!

where

c~y,z!5
1

2 S arctan
z1R/2

y
2arctan

z2R/2

y D , ~6!

where we put two half-quantum vortices at (y,z)5(0,R/2)
and (0,2R/2).

In the past, a similar form ofc was also discussed in
different context in regard to3He.16 As one can see, there i
a discontinuity inc across the line defined by2R/2,z
,R/2 andy50. The spatial configuration of the correspon
ing d̂ around a pair of half-quantum vortices is shown in F
1. As one can see from the figure, the planar defect is par
to the ẑ direction orc axis. One can also consider the plan
defect lying along theŷ axis given by

c5
1

2 S arctan
y1R/2

z
2arctan

y2R/2

z D , ~7!

where two half-quantum vortices are located at (y,z)
5(R/2,0) and (2R/2,0). The configuration of thed̂ vector
using the abovec is shown in Fig. 2. One can easily see th
the free energies,f d , associated with two possibled̂ configu-
rations are the same.

The total free energy of thed̂-soliton and a pair of half-
quantum vortices is given by

f pair5
1

2
xNC2E dydzFK~¹F!21(

i j
u] i d̂ j u21jd

22 sin2 cG
5

1

2
xNC2S pK ln

l

R
1I 11I 2D , ~8!

whereF represents the phase of the order parameter w
couples to the external electromagnetic field. The param
K is defined by

K5
rs

rsp
5

111/3F1

111/3F1
a

111/3F1
a~12rs

0!

111/3F1~12rs
0!

, ~9!

where rs and rsp are the superfluid density and the sp
superfluid density respectively.F1 and F1

a are the Landau
parameters andrs

0 @[12Y(T) andY(T) is the Yosida func-
tion# is the superfluid density without the Fermi-liqu
correction.1 Notice thatK(Tc)51 at T5Tc and K(0)5(1
11/3F1)/(111/3F1

a) at T50. The temperature dependen
of the parameterK is shown in Fig. 3 assuming thatF159
andF1

a50. This choice of the parameters will be explain
later.

The first term in the first and second lines of Eq.~8! is the
contribution from two half-quantum vortices and represe
the fact that these half-quantum vortices repel each otherI 1,2
-
.
lel
r

t
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s

are the contributions from the second and third terms in
first line of Eq.~8!. These contributions come from the di
clination of thed̂-vector.

Using the form ofc(y,z) discussed above, Eq.~6!, I 1 and
I 2 can be obtained as follows:

I 15
1

4E dydz
R2

@y21~z1R/2!2#@y21~z2R/2!2#
5p ln

R

j
,

I 25
1

2jd
2E dydzS 12

y21z22R2/4

A~y21z22R2/4!21y2R2D
5pS R

2jd
D 2

ln
4jd

R
, ~10!

where jd is the length scale associated with the spin-or
coupling defined byjd(T)5C(T)/Vd(T).

By minimizing f pair with respect toR, we obtain the op-
timal R0 for the lowest free energy configuration of a pair
half-quantum vortices and thed̂-soliton. The optimalR0 is
given by

R0
25

~K21!2jd
2

ln~4jd /AeR0!
.0. ~11!

Here we have assumed thatjd.AeR0 /4. Notice that the
half-quantum vortices with ad̂-soliton is possible only when
K.1 in order to haveR0.0. Although we have no infor-
mation aboutF1

a , it is most likely thatF1
a;0. The ratio

between the effective mass and the bare mass,m* /m, is
about 4, which means thatF1;9. Therefore,K.1 in the
superconducting state, as one can see from Eq.~9!. Thus this
condition is always satisfied belowTc . However, the exis-
tence of the solution forR0 depends on the value ofK. We
find that the solution exists only if 1,K<1.5. For example,
for K51.5, jd /R50.85. Since the parameterK depends on
temperature as shown in Fig. 3, we find that a pair of ha
quantum vortices with thed̂-soliton exist only for 0.78
<T/Tc,1.

FIG. 3. The parameterK as a function of the reduced temper
ture t5T/Tc .
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Now the free energy of a pair of half-quantum vortic
and thed̂-soliton at the optimalR0 can be obtained as

f pair5
1

2
pxNC2FK ln

l

j
1

~K21!

2
ln

Lj2

2~K21!jd
2

1
K21

2 G ,

~12!
whereL5 ln(4jd /AeR0). In order to examine the stability
of the half-quantum vortices, we have to comparef pair and
the free energy of single vortex,f v . The difference is given
by

f v2 f pair5
1

2
pxNC2

3F ln
l

j
1

~K21!

2
ln

2~K21!jd
2

Ll2
2

~K21!

2 G .

~13!

If f v2 f pair.0 for some values ofK.1, a pair of half-
quantum vortices are more stable than the conventio
single vortex. This condition can be rewritten as

l

j S jd

l D K21

.
e(K21)/2L (K21)/2

2(K21)/2~K21!(K21)/2
. ~14!

Recalling that the solution of Eq.~11! exists if 1,K
<1.5, one can investigate the stability condition given
Eq. ~14!. One can see from Eqs.~11! and~14! that, as long as
K.1, a pair of half-quantum vortices can be stabilized o
a single vortex under certain conditions for the ratio betwe
jd and l. For example, forK51.1 andK51.5, the condi-
tions for the stability of a pair of half-quantum vortices ov
a single vortex are given by

jd

l
.10211 and

jd

l
.0.0094, ~15!

respectively. One can see that these conditions are e
satisfied. Here we usel/j5A(lblc)/(jbjc)512.186,
3

,
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r
n
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which is appropriate for Sr2RuO4. One can also see that th

stability of a pair of half-quantum vortices with thed̂-soliton
is determined by the value ofK which depends on tempera
tures as shown in Fig. 3.

Now let us discuss the relation betweenl̂ - andd̂-solitons.

It is difficult to estimate the energy of thel̂ -soliton in terms
of the texture free energy given by Eq.~4!. Precise compari-

son between thed̂-soliton and thel̂ -soliton requires the com
plete solution of the Euler-Lagrange equations derived fr
the Ginzburg-Landau funtional. This is beyond the scope
the present paper and the subject of future study.

In summary, assuming that the superconducting state
Sr2RuO4 is characterized by the spin-triplet order parame
with broken time-reversal symmetry, we investigated the
istence of half-quantum vortices and the associated topol

cal defect: thed̂-soliton. We showed that a pair of half

quantum vortices attached to ad̂-soliton can be created in th
presence of the magnetic field parallel to thea-b plane. It
was found that a pair of half-quantum vortices with

d̂-soliton is more stable than the conventional single vor
for certain temperatures belowTc . As in superfluid3He-A,

the presence of thed̂-soliton may be detected as the deficit
the intensity of electron-spin-resonance signal atv5Vd .9

There should be a clear electron-spin-resonance signa
due to the half-quantum vortices. Detection of the ha
quantum vortices by STM would also provide a convinci
evidence for the spin-triplet pairing state with time-rever
symmetry breaking.
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