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We present a method for modeling disordered solid solutions, based on the virtual crystal approximation
(VCA). The VCA is a tractable way of studying configurationally disordered systems; traditionally, the poten-
tials which represent atoms of two or more elements are averaged into a composite atomic potential. We have
overcome significant shortcomings of the standard VCA by developing a potential which yields averaged
atomic properties. We perform the VCA on a ferroelectric oxide, determining the energy differences between
the high-temperature rhombohedral, low-temperature rhombohedral, and tetragonal phases,of, Pb)@g
atx=0.5 and comparing these results to superlattice calculations and experiment. We then use our method to
determine the preferred structural phasexat0.4. We find that the low-temperature rhombohedral phase
becomes the ground statexat 0.4, in agreement with experimental findings.

Throughout condensed-matter science, solid solutiono first-principles calculations.
provide unique properties which are inaccessible in pure ma- In response to the shortcomings of traditional approaches
terials. Semiconductors and ferroelectric materials are twao the VCA, we have formulated an approach that preserves
important areas in which small changes in atomic composiimportant atomic propertieG@tomic orbital energies, ionic-
tion dramatically change material properties. Theoretical exity, polarizability, and average size of the virtual ajormhe
aminations have been hampered by the difficulty of incorpoVCA method presented in this paper represents a consider-
rating inhomogeneities into perfectly periodic systems.able departure from other first-principles VCA treatments. A
Several theoretical approaches have been formulated to adariety of calculations have been performed by averaging
dress this specific issue, including the virtual crystal approxipseudopotentials of the component atoms and finding self-
mation (VCA) (Refs. 1 and 2 and coherent potential consistent wave functions and charge density in the presence
approximation(CPA).3~> of this average potential. As we discuss below, the nonlin-

The VCA has been performed for over 30 years withearity of the self-consistent Kohn-Sham equation insures that
mixed results; a composite potential is constructed whiclthe average potential does not yield averaged properties. Ac-
represents the average of the component atoms comprisirggrdingly, we construct a potential which does give correctly
the inhomogeneity. Previous implementations of the VCAaveraged atomic eigenvalues for a wide variety of electronic
have studied how structural and electronic properties otonfigurations. We anticipate that our VCA method, because
semiconducting and ferromagnetic alloys depend on compdt provides correctly averaged atompcoperties will yield
sition. These studies typically provide qualitative and inmore accurate virtual atoms and provide greater agreement
some cases quantitative agreement with experimental andith superlattice solid-state calculations than traditional
large-scale solid-state calculatichSln some cases however, VCA'’s based on averaggubtentials The VCA construction
these methods have given unphysical reftiltShe inability = methods are described for the combination of two atoms ac-
of these traditional versions of the VCA to represent differ-cording toA; _,B, . In addition, we restrict our description to
ences in chemical bonding and ionicity accurately has beehomovalent atoms. These methods can be generalized to the
suggested as the reason for these erroneous rédnlfwin-  averaging of more than two atoms and heterovalency. It is
ciple, the VCA affords great versatility, applicable whereverimportant to emphasize that since we construct a single po-
compositional inhomogeneity can be treated in an averagetntial at the atomic level, the use of our VCA pseudopoten-
way. On its own, the VCA does not describe the differenttials in solid-state calculations requires no additional compu-
local atomic environment in inhomogeneous materials. Locatational effort.
features can be studied by performing a VCA calculation and We have chosen to assess the accuracy of the two meth-
adding in the differences between true atomic potentials andds to reproduce superlattice calculations by computing the
the VCA using a linear response methdd! relative energy differences between different phases of a

For predictions of alloy densities of states, the CPA haderroelectric solid solutionX=0.5) of PbZrQ and PbTiQ.
achieved considerable succé$s'* In this approach, a This composition lies very near the tetragonal-rhombohedral
Green’s function is constructed such that an electron encoumrmorphotropic phase boundary of this material. After estab-
tering either element of the alloy will not scatter on averagelishing the accuracy of our method, we use it to predict the
Recently, nearest-neighbor charge correlations have been isnergetic ordering of Pb(Zr,Ti,)O; (PZT) phases at an-
cluded into CPA calculation’s. Despite this success, it is not other value of. We have previously demonstrated the effec-
convenient to perform first-principles calculations within thetiveness of our approach for phase stability and for strain-
CPA which include self-consistency, Hellmann-Feynmaninduced phase transitiod8In this paper, we perform a more
forces, and atomic motion. Therefore, considerable effort hasomplete treatment of the PZT work, involving three struc-
been exerted toward the development of a VCA appropriatéural phases and studying a compositional phase transition.
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ADVCA (Averaged Descreened Potentials ViOA)this  functions are pseudizéd,the Kohn-Sham equations need
approach, two independent atomic pseudopotentiflggnd ~ not be solved between=0 andr=r.. We construct the
VBY are constructed. These descreened potentials are thEgmainder of the wave function as a smooth analytic form
averaged according to insuring norm conservation and agregmgnt with the inward

solution. A new valence charge density is constructed, and
\”//;gVCA:(l_X)(/ﬁP\S+ X\"/ES_ (1)  the process is iterated to self-consistency. These wave func-

) .. tions are self-consistent solutions to the Kohn-Sham equation

In order to express the above semilocal VCA potential in &, siger ., with eigenvalues and total norm outsidewhich

nonlocal fo_rm, we must also know the semilocal pseudo- are exactly the average of the component atoms. Optimized
wave-functions. Therefo[e, we solve for the reference-statgemilocal pseudopotentials are then constructed for this set
pseudo-wave-functions afsg’“* and use these to construct of wave functions and eigenvalues. It is important to note
the nonlocal potential. that any method for pseudopotential construction may be

RRVCA (Present Methad)The ADVCA construction ysed because the averaging occurs at the all-electron level.
does not guarantee that the virtual atom will have atomic The pseudopotential construction procedure guarantees
properties which are the correct average of the componenhe agreement of the RRVCA eigenvalues with the averaged
atoms. Therefore, we impose averaged properties as a neyli-electron eigenvalues for the reference stiéy. To im-
criterion in our RRVCA construction. We define an averagedprove the transferability of the RRVCA potential to other

eigenvalue for théth state of the virtual atom, electronic configurations, we have employed the designed
nonlocal pseudopotential meth@4This method relies on
efVe=(1-x)eh +xs] (2) itrari i
| nl n'ls the arbitrariness of the separation between the local and

semilocal correction terms that are used in the nonlocal po-

for then! andn’lth states of atoma andB, andn need not tential. By adjusting the separation, we can dramatically im-

, X . prove the transferability of the RRVCA potential. Improving
egg\%;]_' We seek a VCA potential which guarantees thatthe agreement with the all-electron atomic orbital energies

AVG ;
g & for 'Fhe referepce state. As a first step, the barefor a range of electronic configurations insures correct ionic-
nuclear Coulombic potentials of the component atoms argy ang polarizability of the virtual atom. It is important to
averaged: note that any method of pseudopotential construction suffi-
ciently flexible to achieve eigenvalue agreement for many
3 electronic configurations will also improve the quality of the
() .
r virtual atom.

In addition, we determine a core charge density that is th?h We have applied the ADVCA and RRVCA methods to

. . e Zr _,Tiy, virtual atom atx=0.5. All atomic energy cal-
weighted average of the core charge densities of the all- © . . e
B culations were done within the local-density approximation,
electron component atomp/{,.andp2 ),

and the optimizetf and designed nonlocal pseudopoteftial
pRRVCA_ (1 3y oA 4 xoB 4) methods were used. The generation parameters for the com-
core core Tcorer ponent potentials and the VCA potentials are included in

By averaging the core charge densities and all-electrod able 1. For all atoms, semicore states were includ(_ad as va-
potentials, we insure that the resulting virtual atom will pos-/ence. It is important to note that although we have included
sess the proper averaged size of the two component atonf8ultiple s-channel states, only onenonlocal projector is
Using this nuclear potential and frozen-core charge densityncluded. For all atoms we have used theotential as the
we find new all-electron wave functions for the virtual atomlocal potential onto which we add one or two square-step
valence states. We accompnsh this by Comp|eting a Se|faugmentat|0n Operators. The tranSferablllty data for the AD-

consistent inward solJ&for the valence wave functions ac- VCA and RRVCA atoms are presented in Table II. For com-
cording to parison we have also included the all-electron averaged ei-

genvalues and the averaged component pseudopotential
SFRVCA(r)—0 asr—oo, eigenvalues. All errors in the VCA methods are computed as
the difference from the averaged component pseudopotential
® RRVCA, (2.2 eigenvalues. From the table it is clear that the RRVCA pro-
Jr ¢ (r)[*rdr vides the more transferable potentials; the RRVCA gives
¢ atomic properties which are orders of magnitude closer to the
B F A oo » 5 - weighted average of the component atoms than the ADVCA.
—(1_X)f | dr(r)[r dr+xf | g ()] r=dr, We now test both VCA potentials, using them in solid-state
fe fe calculations and comparing to superlattice results. We have
wherer is the pseudopotential core radius for the valencecompleted first-principles calculations using density-
state. Operationally, we complete an inward solve well befunctional theory and the local-density approximation on a
low r., insuring accurate first and second derivative deterPb(ZisTig5)O; superlattice with stacking in th€111)
mination for all values of greater tham.. These derivatives directiorf! and (011) direction. The electronic wave func-
are required for the optimized pseudopotentialtions are expanded in a plane-wave basis using a cutoff en-
constructiont® ergy of 50 Ry. In addition to the semicore states mentioned
Since the form of these all-electron RRVCA wave func-above, the 8 shell is included in the Pb potential. Scalar
tions will be modified within the core region when the wave relativistic effects are included in the generation of the Pb

where e, and sE,, are the valence all-electron eigenvalues

A B
RRVCA_ 2((1=X)Zpet XZpg)
AE -

e FRVCA: e iAVG
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TABLE I. Construction parameters for the Zr, Ti, and, Z{Ti, TABLE Il. Configuration testing for Zr, Ti, and 4r ,Ti, virtual
virtual crystal (VCA) designed nonlocal pseudopotentials. The Zrcrystal (VCA) atoms generated with the ADVCA and RRVCA
and Ti potentials were generated with the methods described imethods described in text. Averaged eigenvalues and total-energy
Refs. 19 and 20. The VCA potentials were generated using théifferences are given for the Zr and Ti all-electrGkE) and com-
methods described in text. Core radii, are in atomic unitsg, ponent pseudopotential®S. Absolute errors are computed as a
parameters are in R{f, step widths are in atomic units, and step difference from the averaged component pseudopotential results.

heights are in Ry. All energies are in Ry.
Step Step x=0.5 x=0.5 x=0.5 x=0.5
Atom re de Range Height AE PS ADVCA RRVCA
Stat E E E E
Zr (45%4p®4d°) 1.51,1.51,1.90 7.07 0.00-1.51 0.77 ate Aeray neray fror fror
s? -7.5701 —7.5701 0.2108 0.0000
Ti (3523p%3d°) 1.32,1.20,1.40 7.07 0.00-1.15 5.49 p® —5.9530 —5.9530 0.1554 0.0000
0 —2.5554  —2.5581 0.0437 —0.0038
ADVCA (s?p8d®) generated by averaging d° —3.4488  —3.4488 0.2607 0.0000
x=0.5 Zr and Ti potentials AEo 0.0000 0.0000 0.0000 0.0000
RRVCA (s?p®d® 1.38,1.51,1.40 7.07 0.00-0.56 1.18 s? —6.7832  —6.7808 0.1942 0.0016
x=0.5 0.56-0.79 1.34 p® -5.1737 —5.1720 0.1398 0.0015
st —2.0292 —2.0304 0.0335 —0.0009
RRVCA (s?pd® 1.27,1.38,1.61 7.07 0.00-1.25 10.32 d° —2.7037 —2.7034 0.2362 0.0041
x=0.4 AE —2.3049  —2.3067 0.0387 —0.0019
s? —5.6569  —5.6586 0.1266 —0.0029

pseudopotential. Brillouin zone integrations are approxi- g

p —4.0711 —4.0734 0.0764 —0.0047
rkr-]s;[)?r?t ?ncecsurr?%tely as sums on x4Xx4 Monkhorst-Pack o 3429 — 13453 00110 00011
The experimentally determined phase diagram for PZT d* —16814  —1.6889 0.1549  -0.0018
shows two phase boundaries relevant to the present work. A 4wt —4.4856  —4.4923 0.2348  —0.0004
nearly temperature-independent boundaryxat0.45 sepa- 5
rates the Ti-rich tetragon@®4mm phase from the Zr-rich S —4.1762  —4.1730 0.0398  —0.0077
rhombohedral R3¢ andR3m) phase€®2*Around 400-500  P° —-2.6089 —2.6064 —0.0059 —0.0106
K, the rhombohedral region exhibits a boundary between s? —0.3301 —-0.3293  —0.0097 0.0018
R3c (low-temperatureandR3m (high-temperatunephases, d? —-0.3205 -0.3239 0.0586 —0.0072
which depends weakly on compositi6i?® The R3¢ phase AE —-6.2574  —6.2696 0.3397 —0.0037

shows complex oxygen octahedral tilting, which doubles the
primitive unit cell to ten atomé’

Table Il contains thex=0.5 PZT superlattice equilibrium
cell dimensions and energy differences for the tetragonal,
low- and high-temperature rhombohedral phases for both
cation Orderingsl For all rhrombohedral Ca|cu|ati0n5, we have TABLE lll. Solid-state calculation results for Superlattice and
neglected the small shear relaxations. Energy differencedrtual crystals of x=0.5 and x=0.4 compositions of
have been computed relative to the tetragonal phase. For th@(Zi-xTix)Os with (111) and(011) orderings. The energy differ-
(111) ordering, we find that the low- and high-temperatureences are relative to the tetragonal phase in all cases. Energies and
rhombohedral phases are 0.035 eV and 0.05 eV higher iﬁtructural parameters are given for a 40-atom unit cell.
energy than the tetragonal phase. For (&l ordering, we

find the low- and high-temperature rhombohedral phases are Superlattice
0.093 eV and 0.115 eV above the tetragonal ground state. x=05 x=0.5 x=05 x=05 x=0.4
For both orderings, the low-temperature rhombohedral phase strycture (111 (011 ADVCA RRVCA RRVCA

is lower than the high-temperature phase.
For both VCA methods, we have completed full elec- Rhombohedral a  8.052 8.029 8077 8043  8.033

tronic and structural relaxations for five-atom unit cells (R3m) AE 0.050 0.115 -0.041 0.072  0.048

which possess tetragonal aR8m symmetries. For the low-

temperature rhombohedral phase, we have studied a 10-atofretragonal c 8199 8219 8131 8210 8199

unit cell which possesseR3c symmetry. In Table Ill, we  (P4mm) a 7.869 7.989 8054 7.952  7.957
report the results of the ADVCA. ADVCA predicts that the c/a 1.041 1.029 1010 1.033 1.030
ground-state phase for this composition of PZT is the high- AE 0.000 0.000 0.000 0.000 0.000

temperature rhombohedral phase, in direct opposition to the

superlattice calculations and experimental observations. IrRhombohedral a 8.026 8.004 8.046  8.007 8.019
addition we find that ADVCA significantly underestimates (R3c) AE 0.035 0.093 -0.067 0.050 -0.044
the c/a ratio for the tetragonal phase. We attribute the lack
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of agreement to the poor quality of the ADVCA virtual atom. virtual atom. This procedure also yields the proper averaged
The second to last column of Table Il contains the resultsaatomic size. To improve the electronic properties of the vir-
from the RRVCA. We find the same energy ordering as theual atom at all other electronic configurations, we employed
superlattice calculations and experiment, with the low- andhe designed nonlocal pseudopotential approach. We have
high-temperature phases 0.05 eV and 0.072 eV higher thagompared our method to a more traditional one in which the
the tetragonal phase. Finally, we find excellent agreement igescreened pseudopotentials are averaged, computing the
the structural parameters between the RRVCA and superlafg|ative energy differences for the high-temperature rhombo-
tice calcula;ions. We attribute the quantitgtive agreement i’hedral, low-temperature rhombohedral, and tetragonal phases
the energetic and structural results to the improved quality of Pb(zr,_, Ti,)O; and comparing those results to superlat-
the RR_VCA virtual atom. tice calculations with two different cationic orderings. For

and the inability of the ADVCA to reproduce the superlatticeAthls more traditional met_hod, we fmd. neither quantitative nor
qualitative agreement with superlattice results. However, for

results forx=0.5, we use the RRVCA to examine further the our method, we find excellent agreement not only in the

compositional phase transition in PZT. We have chosen t%nergetics of the three phases but also the structural param-

ilrjl?cilj?:)(fgro.tzkl\igog)prgsglsoitri]o%f Il:i)eZsT’ir?Irt]ﬁg tlgsvgreﬁgg;;ﬁieters. Finally_we use our method to predict the compositional
rhombohedral phase region of the phase diagram. We ha\/phase transition petwee«r 0.5 andx=0.4 Pb(Zf _Ti) Os.
constructed &=0.4 Zr,_,Ti, potential using the Ri?VCA Gur mgthod predicts that the low-temperature rhombohedral
according to the p.aramle_txersxin Table I. The transferability Of)has_e s the ground?state structure for.):dqeo.4 composi-
this potential is equal to that of the=0 5'RRVCA potential ion in agreement with experiment. 'ThIS calc_ulat.|on repre-
We have completed structural relax.ations of the two five—sents’ to our knowledge, the f”B.b initio determl_n ation of a
atom unit-cell structures described above as well as the ter(f-OmpOSItlonal phase boundary in a ferroelectric OXIde'
atom low-temperature rhombohedral phase. The last colum we ha\_/e recgntly be(;ome aware of an alterr_latlve ap-
of Table Ill contains the structural parametérs for the thret{g/roaCh to 'én proving the flrst—prmmp les VCA. Bellaiche and
phases and energy differences relative to the tetragon landerblltz apply thg nonlocal projectors of all t.he compo-
phase. We find that moving from=0.5 tox= 0.4 composi- fent atoms a't the site of_ the virtual atom. Using _ultrasoft
tion sHifts both rhombohedral phaseé Iowerin.energy relativé)seUdIOp?t.em'a@ trt'.e y f]:nd sgcuq_a.te glezoellectntch gnd
to the tetragonal phase. The high-temperature rhombohedr rr?g:aecchnc properties tor (€£TlogOs using  their
phase energy drops by approximately 0.012 eV and the low- P '
temperature phase decreases by 0.094 eV, becoming the The authors would like to thank Ilya Grinberg for his
ground-state structure for thxe= 0.4 composition. This result help with programming the virtual crystal methods. In addi-
is in direct agreement with the experimental findings andion, we would like to thank David Pettifor, Anthony Paxton,
demonstrates the ability of the RRVCA to predict composi-and Christian Elsasser for valuable discussions. This work
tional phase transitions. was supported by NSF Grant No. DMR 97-02514 and the
In this paper we have presented a method for constructingetroleum Research Fund of the American Chemical Society
virtual crystal pseudopotentials and have applied this methotGrant No. 32007-Gpas well as the Laboratory for Research
to the Ti and Zr atoms. Our method is based on the selfon the Structure of Matter and the Research Foundation at
consistent determination of averaged all-electron propertiethe University of Pennsylvania. Computational support was
which insures exact agreement of the proper averaged alprovided by the San Diego Supercomputer Center and the
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