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Asymmetry in the excitonic Wannier-Stark ladder: A mechanism for the stimulated emission
of terahertz radiation
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Using an excitonic basis, we calculate the coherent intraband response of a photoexcited undoped semicon-
ductor superlattice in combined along-axis static and terahertz electric fields. We find that the terahertz field
drives the amplitude of the excitonic Bloch oscillations, yielding an intraband polarization that continues to
oscillate at times much longer than the intraband dephasing time—an effect which is totally absent for non-
interacting electron-hole pairs. Furthermore, these driven, Bloch-oscillating excitons are found to produce
stimulated emission at terahertz frequencies as long as the Bloch oscillation amplitude is driven.
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The concept of Bloch oscillations~BO! was first intro-
duced by Bloch over 70 years ago.1 The basic idea is that, i
an electron in a periodic potential is subjected to a st
electric field, the electronic wavepacket will oscillate sp
tially at the so-called BO frequency,vB[edEdc /\, wheree
is the magnitude of the charge on an electron,Edc is the
magnitude of the static electric field, andd is the period of
the potential. These oscillations are simply the quantum b
ing of the Wannier Stark ladder~WSL! eigenstates.2 Because
the WSL state energies are equally spaced with energieEp

o

5E0
o1p\vB ~wherep is an integer!, only harmonics of the

Bloch frequency enter into the temporal evolution of t
wavepacket centroid.

There has been considerable work on Bloch-oscillat
excitons in a static field,3–9 on excitons in a THz field,10 and
even on the optical response of a superlattice in combi
static and THz fields.11,12 There are also a number of pape
treating the motion of electrons in doped superlattices
combined static and THz fields.13 The ultimate goal of much
of this work is to understand how to prolong the oscillation
and perhaps even create a THz laser. One might imagine
the electrons in the WSL could be stimulated by the T
field to emit many photons as they are driven down the l
der by the THz field. A similar effect, with the inclusion o
scattering is, in fact, the basis of the quantum cascade las14

Yet a serious flaw in this scenario was pointed out a num
of years ago by Bastard and Ferreira.15 They noted that pho-
ton absorption and emission are equally probable from
electron in a WSL state; hence, in a single-particle mod
there will be no net stimulated emission or absorption
THz radiation. Although THz radiation emitted by Bloch
oscillating excitons has been experimentally observed,4 this
emission only occurs for times on the order of the intraba
dephasing time, when theinitial intraband polarization cre
ated by the optical pulse is still ringing. Thus far there h
been no experimental evidence of stimulated emiss
which appears to be consistent with the above theore
prediction.

In this paper we present the results of the first calculat
of the coherent temporal response of theintrabandpolariza-
tion of an undoped semiconductor superlattice incombined
PRB 620163-1829/2000/62~8!/4829~4!/$15.00
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static and THz along-axis electric fieldswhen excited via an
ultrashort optical pulse. We find that the inclusion of t
electron-hole Coulomb interaction breaks the emissi
absorption symmetry in the WSL, with the remarkable effe
that the excitonic population can be stimulated to coheren
emit photons for times much longer than the intraba
dephasing time, an effect that is totally absent when th
electron-hole (e-h) Coulomb interaction is neglected.

We employ the quasi-Bosonic treatment of Hawton a
Nelson.16 This formalism is very similar to the dynamicall
controlled truncation~DCT! formalism of Axt and Stahl,17

and thus contains the exciton-exciton correlations that h
been shown to be essential in the calculation ofPintra .6,18

We work within the envelope function approximation, an
neglect band nonparabolicities and valence-band mix
Furthermore, we limit ourselves to the inclusion of only t
first superlattice minibands from both the conduction a
valence bands. We write the Hamiltonian in terms ofexci-
tonic creation and annihilation operators,Bn

† and Bn which
create and destroy excitons in thenth state, respectively.16

The excitonic states are thee-h eigenstates of the system i
the presence of the superlattice potential, thee-h Coulomb
interaction,and the static electric field(Edc). The envelope
functions of these states are denoted bycn(ze ,zh ,r), where
ze (zh) is the position of the electron~hole! along the super-
lattice growth direction andr is the e-h separation in the
transverse planes.

The Hamiltonian takes the formH5H01HI1HC , where
H0 is the single-exciton Hamiltonian for superlattice exc
tons in the presence of a static electric field,HI contains the
interaction of the excitons with the external optical and T
fields, andHC contains the exciton-exciton Coulomb inte
actions. The single-exciton Hamiltonian is identical to th
employed in an earlier work;19 in second quantized form, i
is given byH05(nEnBn

†Bn , whereEn are the energies o
the WSL excitons.

The interaction Hamiltonian takes the formHI
52VEac•P, where V is the volume of the superlattice
Eac5Eopt1ETHz is the sum of the applied optical plus TH
fields, andP is the total polarizationoperator,
R4829 ©2000 The American Physical Society
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P5
1

V (
n

@M nBn
†1M n* Bn#1

1

V (
nm

GnmBn
†Bm , ~1!

where the first term is the interband polarization and
second term is the intraband polarization. The interband
pole matrix element of thenth excitonic state isM n

[MoAANz*dzcn* (z,z,0), whereMo is the bulk interband
dipole matrix element,A is the transverse area, andNz is the
number of superlattice sites. The intraband dipole ma
element is given byGnm[^cnu2e(re2rh)ucm&. Finally,
the Coulomb Hamiltonian takes the formHC

5($n i %
Vn3 ,n4

n1 ,n2Bn4

† Bn3

† Bn2
Bn1

, whereVn3 ,n4

n1 ,n2 describes the in-

teraction of two excitons initially in states with quantu
numbersn1 andn2, which are scattered into statesn3 andn4
via the Coulomb interaction.20

Using this Hamiltonian we derive the equations of moti
for the interband and intraband correlation functions. W
note that only excitonic states with zero center-of-mass m
mentum are included in the calculation, as these are the
ones which couple to the optical field. The intraband pol
ization is the result of the relative motion of the electrons a
holes. As has been discussed earlier,16,17 a DCT approach
such as is employed here gives results which are exact to
appropriate order of the optical field. To first order in t
optical field, the dynamical equation of motion for^Bn

†& ~the
interband correlation function! is

i\
d^Bn

†&
dt

5FEn2
i\

T2inter
G^Bn

†&1Eopt•M n

1ETHz•(
b

Gnb^Bb
†&, ~2!

where interband dephasing has been included phenom
logically through the interband dephasing time consta
T2inter . The dynamical equation of motion for^Bm

† Bn& ~the
intraband correlation function! to second order in the optica
field is

i\
d^Bm

† Bn&
dt

52FEn2Em1
i\

Tmn
G^Bm

† Bn&1Eopt•@Mm* ^Bn&

2M n^Bm
† &#1ETHz(

b
@Gmb* ^Bb

†Bn&

2Gnb^Bm
† Bb&#. ~3!

In this expression, we define the phenomenological time c
stantsTmn such that ifm5n thenTmn5T1 ~excitonic popu-
lation decay time!, and ifmÞn, thenTmn5T2intra ~intraband
dephasing time!. This separation of the phenomenologic
dephasing and population decay constants is only poss
because we employ an excitonic basis; such a simple s
ration is not possible if one uses the more common nonin
actinge-h basis.6 We note that to second order in the optic
field, the exciton-exciton interaction does not appear in
dynamic equations.

The exciton WSL energies and envelope functions
obtained using the approach of Dignam and Sipe.19 We only
consider here the 1s excitons,21 and thus expand the eigen
states in terms of two-well 1s exciton states,Fm

1s(ze ,zh ,r),
e
i-
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wherein the electron and hole are localized in wellsm sites
apart. In this basis the wave functions of the excitonic sta
with zero center-of-mass motion are given by

cm~ze ,zh ,r!5
1

ANz
(
n,m

Cm
mFm

1s~ze2nd,zh2nd,r!,

where theCm
m are calculated by solving the eigenvalue pro

lem in the two-well basis.19

Once Eqs.~2! and~3! are solved,Pintra , to second order
in the optical field, is given simply by thez component of the
expectation value of the intraband portion of Eq.~1!. We
perform the calculation using two different models: the e
citonic model~EX! employing 1s excitonic states, and the
noninteracting~NI! model, in which thee-h Coulomb inter-
action is effectively removed by increasing the dielect
constant by more than a factor of 1000.

The system we are modeling is a GaAs/Ga0.7Al0.3As su-
perlattice with 67 Å wells and 17 Å barriers—a structure th
has been studied in a number of recent experimental
theoretical papers on excitonic BO.7,8,11The calculations are
all performed with a static electric field ofEdc
515 kV/cm. The THz field takes the formETHZ
5F sin(vTt1f), where the time origin is at optical puls
center. Unless otherwise stated, we shall takevT5vB , i.e.,
the THz field is resonant with the NI transitions. We setT1
5` ~Ref. 22! and take the sample to be optically excited
a 100 fs Gaussian pulse centered on the state with an in
band dipole moment which is closest to2ed ~the WSL p
521 state!. We employ an interband dephasing time
10/vB ~0.52 ps! and intraband dephasing time of 20/vB ~1.04
ps! ~Ref. 23!

We present in Fig. 1 the temporal evolution of the intr
band polarization, for both the NI and EX models. To sim
plify the discussion, we breakPintra into two components:
Pintra5PTHz1PSV, wherePTHz is the component oscillat

FIG. 1. The intraband polarization as a function of time for t
NI ~a! and EX ~b! models for an interband dephasing time
T2inter510/vB , an intraband dephasing time ofT2intra520/vB , a
THz phase off50, THz frequency ofvT5vB , and no population
decay. The dotted lines give the results for no THz field while
solid lines are the results for a THz field ofF52.5 kV/cm. The
inset shows the EX results under that same conditions as in 2~b! but
with THz field frequencies of\vT5E02E21 ~bold!, vT5vB

~dash!, and\vT5E112E0 ~thin!.
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ing near the Bloch frequency, whilePSV is a slowly varying
component. Superscripts NI and EX will be used to dist
guish between results from the two models. We consi
first, in Fig. 1~a!, the NI results. WhenF50 ~dotted line!, we
see thatPTHz

NI contains the normal BO motion damped ove
time T2intra , while PSV

NI adds an approximately dc offset t
Pintra

NI . This offset is due to the permanent dipole moment
the WSL states whenpÞ0. When F52.5 kV/cm ~solid
line!, PTHz

NI is essentially unchanged, indicating that the T
field does not drive the oscillation amplitude. However,PSV

NI

increases with time at a rate proportional to the amplitude
PTHz

NI . This results in a driven quasi-dc component to t
current for times less than the intraband dephasing time.
current arises from the spatial separation of the electron
hole in a given pair due to the THz field. For the examp
shown, the electron is being driven up the ladder in the p
tive z direction relative to the hole. This quasi-dc current
essentially due to photon assisted hopping, as has been n
before.13 It can be understood in a simple semiclassi
model as arising from the work the THz field does on t
electrons and holes, with the phase of the THz field rela
to the BO phase determining the sign of the work do
However, in contrast with a driven harmonic oscillation, th
energy does not go into increasing the amplitude of the B
rather it goes into moving the electron up or down in t
potential of the static electric field. The reason that the a
plitude of the BO is not driven~and hence there is no long
lasting dc current! lies in the equal energy spacings and
the equal intraband dipole matrix elements for up and do
inter-WSL transitions, i.e.,Gn,n1n5Gn,n2n . Combined,
these two factors lead to equal probability for up as for do
transitions.15

In Fig. 1~b! we present the EX results under the sa
conditions employed in Fig. 1~a!. In the absence of a THz
field the polarization undergoes oscillations similar to tho
found in the NI case, but one can just detect frequency b
ing effects due to the unequal spacing of the excitonic W
energy levels.2 The really surprising results occur when th
THz field is applied. For timest,T2intra the polarization is
driven down, as it was in the NI model. However, in contra
to the NI results,PTHz

EX does not die out whent.T2intra: the
terahertz field is driving the amplitude of the excitonic Blo
oscillations.In addition, fort.T2intra , the relative phase o
the BO and the THz field becomes essentially locked, w
the BO occurring atvB despite the fact that the exciton
Bloch frequencies are not preciselyvB . Because of this
fixed relative phase, the work done on the system by the T
field is always of the same sign, and the rate of change
PSV

EX with time is essentially proportional to the instantaneo
amplitude of the BO.

The differences between the NI and EX results arise fr
the breaking of the up/down symmetry in the WSL via t
e-h Coulomb interaction. This interaction strongly affec
the intraband dipole matrix elements and the energy spac
as can be seen in the inset to Fig. 2. The matrix elem
favor downward transitions (Gn,n21.Gn,n11) from the n
521,0,11 states, and upward transitions from all oth
states. We find that unequal energy spacing is the most
portant factor in producing the driven BO, but that the asy
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metry in both the matrix elements and the energy spac
combine to determine the direction in which the polarizati
is driven.

To further investigate this behavior, in the inset to F
1~b! we plotPintra

EX for three different frequencies of the TH
field: \vT5E02E21 , vT5vB, and \vT5E112E0. As
can be seen, fort@T2intra , the rate of change ofPSV

EX is
strongly dependent on the THz frequency. BecauseG0,11
.0.79G0,21, the 0→11 transition acts as an effective ca
on the transitions unless the THz field is tuned to this f
quency. We find that the polarization increases whenever
THz frequency is appreciably below this frequency and
laser is centered between then522 andn512 states.

In Fig. 2 we present a contour plot of the populations
the different excitonic WSL states as a function of time f
the excitation laser centered on then521 state. For a THz
field resonant on the 0→21 transition@Fig. 2~b!# the popu-
lations are preferentially driven down the ladder. This is se
in the large asymmetry in the population density about
n521 state on which the laser was centered. The effec
blocking of the 0→11 transition allows a population inver
sion to be set up for all of the states withn,0. In addition,
the populations are driven a long way down the ladder: at
times of about 200/vB , the population of then5210 state
is at least 20% of the population in then50 or n521
states. In Fig. 2~a! we present the same data when the T
field is resonant on the 0→11 transition. In this case, the
population distribution remains approximately symmetric
all times, which is consistent with the small change ofPSV

EX

found in this case in the inset to Fig. 1~b!. The THz polar-
ization decays to zero only after the electron and hole
pulled far enough apart by the THz field such that the C
lomb interaction between them becomes negligible. Un
these conditions, the energy spacings and dipole matrix
ments between states are essentially equal and we obtai
NI result of no driving of the polarization. The intraban
polarization will also decay due to population relaxati

FIG. 2. Contour plots of the excitonic populations in each of t
excitonic WSL states as a function of time for THz field frequen
of ~a! \vT5E02E11 and ~b! \vT5E212E0. All other param-
eters are identical to those used in 1~b!. The inset shows the exci
tonic energy level spacingEn112En ~diamonds! and the intraband
dipole matrix elementsGn,n11, ~circles! as a function of the state
index,n.
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which has not been included in this calculation.22 The mono-
tonic increase inPSV

EX , shown in Fig. 1~b!, is the direct sig-
nature of gain in the THz field; this can be verified by
simple calculation ofd/dtPintra•ETHz . As an example, for
an exciton density of 5 x 109 cm22 per period, gain coeffi-
cient exceeding 10 mm21 are achievable for times greate
than 25 ps. Furthermore, we find that there is a wide rang
central laser frequencies for whichPSV

EX always increases
with time, independent of the phase of the THz field. T
only restriction on the applied static field for the appeara
of gain is that the excitonic binding energy be less than,
not too much less than, the WSL energy spacing.

We have demonstrated that a THz field coherently dri
both the Bloch-oscillating and slowly varying components
the excitonic intraband polarization for times much long
m
S

n

e

an

D
W

of

e
t

s
f
r

than the intraband dephasing time. Our results show
these effects are totally absent from a model that does
include thee-h Coulomb interaction. The important implica
tion of these results is that there should be gain in the T
field in the excitonic system as long as there is a n
negligible excitonic population near then521 state. Future
directions include adding excited in-plane states in the e
tonic basis, and introducing exciton-phonon interactions s
that a more complete picture of the photocurrent and po
lation scattering and decay can be obtained.
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