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Dynamical phases of driven vortices interacting with periodic pinning

Gilson Carneiro*
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The finite temperature dynamical phases of vortices in films driven by a uniform force and interacting with
the periodic pinning potential of a square lattice of columnar defects are investigated by Langevin dynamics
simulations of a London model. Vortices driven along the@0,1# direction and at densities for which there are
more vortices than columnar defects (B.Bf) are considered. At low temperatures, two dynamical phases,
elastic flow and plastic flow, and a sharp transition between them are identified and characterized according to
the behavior of the vortex spatial order, velocity distribution, and frequency-dependent velocity correlations.
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There is a great deal of current interest in the study
dynamical phases of vortices driven by an external force
interacting with various arrays of pinning centers. One p
sibility is periodic pinning resulting from a lattice of artificia
defects. Understanding the dynamical phases in this ca
of interest because it may be possible to observe them
superconducting films with periodic arrays of holes, ma
netic dots and columnar defects~CD!. Several techniques
have been developed to fabricate these films and studie
vortex dynamics in them have been reported.1,2 Theoretical
workers have carried out investigations, mostly numerical
driven vortices under periodic pinning.3–6 However, as dis-
cussed here, several questions remain open.

To be specific, this paper considers two-dimensional v
tices interacting with a columnar defect lattice~CDL!. The
motion of Nv such vortices is assumed to be governed
Langevin equations for massless particles, which for thel th
vortex reads,7

h
dr l

dt
5Fl

vv1Fl
v2cd1Fd1Gl , ~1!

whereh is the friction coefficient,Fl
vv52( j Þ l 51

Nv ¹ lU
vv(r l

2r j ) is the force of interaction with other vortices,Fl
v2cd

52(R¹ lU
v2cd(r l2R) is the force of interaction with the

CDL, R denotes the CDL positions,Fd is the driving force,
andGl is the random force appropriate for temperatureT.

In the absence of driving (Fd50), the equilibrium phases
of this system~hereafter called zero-drive state! are studied
~at low T) in Refs. 8–10.

For FdÞ0 the simplest situation occurs at very hig
drives.11 In this case the vortices center of mass~CM! move
with velocity Vd5Fd /h and in the CM frame of reference
defined byr l85r l2Vdt, the equations of motion are as in E
~1!, but without the driving termFd and with the vortex-CDL
force replaced by the time-dependent interact

F8 l
(v2cd)(t)5(Q(2 iQ)Uv2cd(Q)eiQ•r l8eiQ•Vdt, whereQ de-

notes the CDL reciprocal lattice vectors andUv2cd(Q) is the
Fourier transform ofUv2cd(r ). For high enough drives the
Fourier components inF8 l

(v2cd)(t) for which Q•VdÞ0 os-
cillate fast, thus having a negligible effect on the vort
trajectory.11 The vortex-CDL force in the CM frame reduce
then to the static one obtained by summing the Fourier c
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ponents inF8 l
(v2cd)(t) with Q•Vd50 ~or Q'Vd). This force

is just that resulting from the potential obtained by averag
Uv2cd(r ) in the direction of drive. Thermal fluctuations lea
after sufficient time, to relaxation into the thermodynam
equilibrium state of theNv vortices interacting between
themselves and with this average potential. This state is
ferred to here as the infinite-drive state.

Since at lowT the infinite-drive and the zero-drive state
are generally different, reordering of the vortices must ta
place as the driving force is varied. This predicts the ex
tence of at least two dynamical phases and, possibly, of
dynamical phase transition. One result obtained in this pa
is to show that this prediction is correct. Studies of vortic
interacting with a CDL carried out atT50 find a rich variety
of phases, but no reordering to the infinite drive state.4,5

For driven vortices interacting with a random pinning p
tential, the existence of reordering and of a dynamical tr
sition as the driving force is varied are well established.12 In
this case the pinning potential averaged in the direction
drive remains random in the direction perpendicular to
and has nontrivial effects on the dynamical phase diagr
as extensively discussed in Ref. 13. For motion on a perio
pinning potential, numerical simulations reported in Ref.
show that vortex reordering to the infinite-drive state on
occurs if sufficient thermal fluctuations are present. Oth
wise the vortices are trapped in a metastable state.

The numerical simulations reported here investigate
properties of the moving vortices steady states as a func
of the driving force, for a range ofT beginning at a value
well below the infinite-drive state melting temperature,Tm ,
and extending up toTm . The simulations are initialized with
the vortices in the infinite-drive state and large enoughFd .
In subsequent runs, at the sameT, Fd is progressively de-
creased. The main conclusions reached by this approach
that forT,Tm a dynamical phase with the spatial symme
of the infinite-drive state, elastic flow and long-range tim
order exists forFd.Fc(T). At Fd5Fc(T) a transition sepa-
rates it from another dynamical phase with distinct spa
order and plastic flow. It is found that the transition is sha
at low T and thatFc(T) increases asT→Tm .

The details of the model are as follows.14 Vortices and
CD are placed on a square lattice subjected to perio
boundary conditions~hereafter called the space lattice!, with
R14 661 ©2000 The American Physical Society
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N square primitive cell of dimensionsd3d, oriented with
the sides in thex andy directions. The vortex has a core o
linear dimensiondv.d@dv;2j(0)#. The interactions be-
tween vortices and between vortices and CD are chose
model films in the London limit. The vortex-vortex intera
tion potential is a screened Coulomb one,15 appropriate for
the space lattice, with a short distance cutoff to account
the vortex core.7 That is,Uvv(r ) is the lattice Fourier trans
form of Uvv(k)54p2J exp(2k2/kc

2)/(k21L22), where J
5(f0

2dv/32p2l2) is the energy scale for vortex-vorte
interactions,15 l is the penetration depth,k254 sin2(kxd/2)
14 sin2(kyd/2), kc52 sin(pd/2dv) is the cutoff ink space,
and L is the screening length (L.l). The CD-lattice has
Ncd sites arranged on a square lattice, with lattice cons
acd , and is commensurate with the space lattice. T
vortex-CD potential is chosen with depthUv2cd(0), range
Rcd.dv and a spatial dependence that gives square equ
tentials and an attractive pinning force of constant modu
Fp5uUv2cd(0)u/Rcd . That is, Uv2cd(r )5Uv2cd(0)(1
2uxu/Rcd) for uxu<Rcd , 2uxu<y<uxu, and Uv2cd(r )
5Uv2cd(0)(12uyu/Rcd) for uyu<Rcd , 2uyu<x<uyu.

The algorithm for the simulation of this model follows th
usual procedure.16 In the results reported next space lattic
with N52563256 and 5123512 sites are used to accomm
date a CDL withNcd564 and 256, respectively, both wit
acd532d. Other parameters are fixed atdv54d, L5160d,
Uv2cd(0)52J, Rcd53dv512d, from which it follows that
Fp5J/12d. The vortex systems studied haveNv51.25Ncd
and 2Ncd or, in terms of the magnetic induction,B
51.25Bf andB52Bf , whereBf5f0 /acd

2 is the matching
field. Typical run times are 2253106 steps of 1022t (t
5hd2/J is the unit of time!, after the steady state is reache
The reported results represent the average over severa
ferent realizations of the random force (;10). The driving
force is assumed to be alongy @CDL ~0,1!-direction#.

To characterize the dynamical phases the following qu
tities are calculated in the steady-state regime:~i! Time av-
erage of the individual vortex velocities,vj ( j 51, . . . ,Nv),
their mean or the center of mass~CM! velocity, Vcm

5( jvj /Nv , and root-mean square deviationDVa
cm

5A( j (v j a2Va
cm)2/Nv, where a5x,y. ~ii ! Time-averaged

density-density correlation function,P(r ), and its Fourier
transform, the structure function,S(k). ~iii ! Time-dependent
correlation functions for the CM velocity,Ca

cm(t)5^Va
cm(t

1s)Va
cm(s)&s , and for the vortex velocity autocorrelatio

function averaged over all vortices,Ca
s f(t)5(1/Nv)( i^v ia(t

1s)v ia(s)&s , where ^ &s denotes average with respect
time s, and the respective Fourier transformsCa

cm(v) and
Ca

s f(v). Physically,P(r ) is proportional to the probability o
finding a pair of vortices separated byr , whereasCa

cm(v) is
proportional to the noise power spectrum.

The possible infinite-drive states and the correspond
Tm are determined by equilibrium Monte Carlo simulatio
of the model described above, with the vortex-CDL intera
tion potential replaced by its average in they direction. This
is a periodic washboard potential, consisting of grooves
width 2Rcd running along they direction and separated b
acd along thex direction. Inside the groove the vortex
attracted to its center by a force of constant modulusF
to
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,Fp in thex direction. ForB.Bf these states have only tw
possible spatial orders: incommensurate~essentially triangu-
lar! at B sufficiently large, and commensurate with th
x-direction periodicity at lowerB. The preciseB value at
which the ground-state changes from one type to the o
depends on a nontrivial way on the model parameters.
found that, for the above described model parameters,
typical such infinite-drive states are the vortex lattices~VL !
for B52Bf , with the P(r ) shown in Fig. 1~b.1!, and for
B51.25Bf with the vortex arrangement shown in Fig. 2~a!.
The latter can also be seen as consisting of pairs of vo
chains located within the grooves and displaced relative
one another by half intrachain spacing. It is found that

FIG. 1. ~a! Structure function forB52Bf and T/Tm50.1.
Squares~circles!: k5 typical infinite ~zero!- drive state reciprocal-
lattice vector of smallest modulus. Inset,Fc vs T. ~b! Corresponding
P(r ) for: ~1! infinite-drive state,~2! elastic flow phase atFd

50.7Fp , ~3! plastic flow phase atFd50.6Fp , and ~4! zero-drive
state forFd,0.45Fp . The origin r50 is at each picture center
Gray scale in each picture is proportional toP(r ), but scales in
different pictures are unrelated.

FIG. 2. B51.25Bf : ~a! Full circles: vortex positions for
infinite-drive state. Full line: VL primitive unit cell. Open square
CDL. ~b! CM velocity Vy

cm ~units d/t) anddcm5DVy
cm/Vy

cm .



at

in

a
in

-

re
e
em

of

e

th
g

A

ed

ith

ve
st
ks
ic

e
e

di

e

1.
dis-
ot

s
and

l-

e
m-

s
qui-
as
de-

g
ve
est-
in-
the

on,
ra-
of

ncy

RAPID COMMUNICATIONS

PRB 62 R14 663DYNAMICAL PHASES OF DRIVEN VORTICES . . .
VL for B52Bf melts to a vortex liquid atTm50.9J, and
that the VL forB51.25Bf first melts to a smectic phase
T/Tsm;0.85J and then to a liquid at much higherT. The
results reported here forB51.25Bf are restricted toT/Tsm

;0.1. Monte Carlo simulations are also used to determ
the zero-drive states for theseB values. ForB52Bf a VL
commensurate with the CDL and having one extra vortex
the center of the CDL primitive unit cell is obtained,
agreement with previous results.9,10 This state’s P(r ) is
shown in Fig. 1~b.4!. For B51.25Bf a complex commensu
rate VL with several vortices in the unit cell is found.

The results of the dynamical simulations carried out he
to be discussed in detail next, identify two dynamical phas
elastic flow and plastic flow, and a transition between th
around Fd5Fc(T). It is found that for B/Bf51.25 and
T/Tm;0.2, Fc /Fp;1.25 and that forB/Bf52 the Fc(T)
curve is that shown in Fig. 1~a!. In both flow regimes the
time-averaged velocity of all vortices is in the direction
drive. TheVy

cm(Fd) curves (V-I curve! at low T are depicted
in Figs. 2~b! and 3~a!. The detailed properties of these phas
are as follows.

~i! Elastic flow: Fd.Fc , low T, both B. The moving vor-
tices remain localized with respect to each other around
infinite-drive state relative equilibrium positions. This is su
gested byP(r ) shown in Figs. 1~b.1!, 1~b.2!, and 4~a!. These
consist of isolated spots with the symmetry of this state.
Fd→Fc these spots become larger, indicating increase
relative vortex motion in the CM frame. The time-averag
velocity of all vortices is, within the simulation errors,Vy

cm ,
since DVa

cm/Vy
cm(a5x,y) is small for Fd.Fc @Figs. 2~b!,

and 3~a!#. Similar results are found forDVx
cm/Vy

cm . Vortex
motion consists of a translation in the direction of drive w
Vy

cm and of periodic oscillations with frequencyvcm

52pVy
cm/acd and higher harmonics around the infinite-dri

state equilibrium positions. These oscillations are sugge
by Ca

cm(v) andCa
s f(v) which are found to have sharp pea

at vcm and peaks with smaller amplitudes at some harmon
as illustrated in Fig. 3~b!. This frequency coincides with th
oscillation frequency of the vortex-CDL interaction in th
frame moving with the CM. This suggests that the perio
vortex motion is the~nonlinear! elastic response of the VL to

FIG. 3. B52Bf : ~a! CM velocity Vy
cm ~units d/t) and dcm

5DVy
cm/Vy

cm . ~b! Correlation functionCy
s f(v) at Fd /Fp values in-

dicated in the figure. The ordinate axis~arbitrary units! in each
curve is scaled to show all curves in the same graph.v0 denotes
vcm at Fd /Fp51.0. Peaks are centered atvcm in all curves.
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this interaction. The frequency dependence ofCa
cm(v) and

Ca
s f(v) suggest long-range time order.
~ii ! Transition region: Fd;Fc , low T, both B. Vortex

spatial order changes in a smallFd interval. This is seen both
in P(r ) and inS(k), for k equal to high-drive ground-stat
reciprocal lattice vectors,~Fig. 1!. The value ofFc is esti-
mated as the midpoint of this interval, as indicated in Fig.
This rapid change in the vortex spatial order suggests a
continuous jump inS(k). However, the present data cann
rule out a sharp crossover. In the sameFd interval, theVy

cm

3Fd curves changes slope, as seen in@Figs. 2~b! and 3~a!#
and the sharp peaks inCa

cm(v) and Ca
s f(v) are found to

disappear.
~iii ! Plastic flow: Fd,Fc , low T, B52Bf . Plastic flow

sets in forFd just belowFc and relative motion increases a
Fd decreases, as evidenced by the sharp change in slope
continuous growth inDVy

cm/Vy
cm shown in Fig. 3~a!. The

vortices become pinned in the zero-drive state forFd
,0.45Fp . It is found that all vortices become pinned simu
taneously atFd50.45Fp . The vortices are disordered forFd
just belowFc @Fig. 1~b.3!# and, asFd further decreases, th
vortices show increasing order in the zero-drive state sy
metry, as suggested by theS(k) vs Fd curves fork equal to
zero-drive state reciprocal lattice vectors@Fig. 1~a!#. This
increase in order arises because asFd decreases the vortice
spend more of their travel time near the zero-drive state e
librium positions. There is no long-range time order
shown by the absence of sharp peaks in the frequency
pendence ofCa

cm(v) andCa
s f(v) @Fig. 3~b!#.

~iv! Plastic flow: low T, Fd,Fc , B51.25Bf . For Fd
just belowFc some spatial order remains. Forx50 andx
5acd , P(r ) @Fig. 4~b!# consists of isolated spots, indicatin
that the double vortex chain-structure of the infinite-dri
state transforms to a single chain one with, roughly, near
neighbor chains displaced relative to each other by half
trachain spacing, and that the vortices oscillate around
corresponding equilibrium positions. For largerx the spots
become interconnected by stripes in the direction of moti
indicating that interchain relative motion at these sepa
tions, and thus plastic flow, is taking place. The behavior
DVy

cm/Vy
cm across the transition@Fig. 2~b!# shows little

change, suggesting that plastic flow is weak. The freque
dependence ofCa

cm(v) and Ca
s f(v) is found to remain

FIG. 4. P(r ) for B51.25Bf in 5123512 space lattice:~a! elas-
tic flow phase at Fd51.3Fp , ~b! plastic flow phase atFd

51.2Fp .
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sharply peaked. These results are interpreted as indica
that vortices move together with the chain, oscillating arou
their equilibrium position within it, but relative motion be
tween chains is taking place. AsFd decreases further plasti
flow continues with increasingDVy

cm/Vy
cm , but the vortices

remain ordered in single chains and are unpinned forFd
.0 @Fig. 2~b!#. It is expected that vortex reordering an
pinning would take place asFd decreases. The failure to se
this in the present simulations is interpreted as evidence
trapping in a metastable state is taking place.

~v! T dependence. As T increasesFc(T) also increases
because thermal fluctuations make the infinite-drive state
softer. Thermal fluctuations also lead to smaller values
S(k). This makes the dynamical transitions described ab
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