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Time-reversal symmetry breaking at Josephson tunnel junctions of purelyd-wave superconductors

T. Löfwander, V. S. Shumeiko, and G. Wendin
Department of Microelectronics and Nanoscience, School of Physics and Engineering Physics, Chalmers University of Techn

and Göteborg University, S-412 96 Go¨teborg, Sweden
~Received 16 August 2000!

We study spontaneous time-reversal symmetry breaking at Josephson tunnel junctions ofd-wave supercon-
ductors in the absence of subdominant components of the order parameter. For tunnel junctions, when the
orientation is close to 0/45~for which a gap lobe points towards the junction on one side and a gap node on the
other!, the mechanism of the symmetry breaking is the splitting of midgap states~MGS! by spontaneous
establishment of a phase differencef56p/2 across the junction. This occurs for transparenciesD@j0 /l and
temperatureskBT!DD0, wherej0 is the coherence length,l is the penetration depth, andD0 is the maximum
energy gap. On the other hand, tunnel junctions withD!j0 /l effectively behave as surfaces, for which the
mechanism of symmetry breaking is self-induced Doppler shifts of MGS. For this instability, we calculate the
phase-transition temperaturekBTTRSB5(1/6)(j0 /l)D0 and show that the spatial shape of the gap is
unimportant.
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The possibility of spontaneous time-reversal symme
breaking~TRSB! states at various surfaces and interfaces
d-wave superconductors has been intensively studied du
the last few years.1 Some experimental findings, such as fra
tional flux quanta at certain grain boundaries2,3 and splitting
of the zero-bias conductance peak in zero magnetic fiel4,5

have been interpreted as realizations of this state. Theo
cally, several different systems have been under consi
ation: surfaces,6,7 twin boundaries,8 and Josephson
junctions9–16 with special orientations.

In this paper we will study TRSB at Josephson tun
junctions with orientation close toaL50,aR5p/4 ~Fig. 1!
for arbitrary transparencyD of the tunnel barrier. We empha
size that we are considering purelyd-wave superconductors
meaning that a subdominant component of the order par
eter is assumed to beabsent. As will be shown, the TRSB
effect is due to the specific properties of the midgap sta
formed in these structures.

In 1994 Hu17 showed that surface states with zero ener
so-called midgap states~MGS!, are formed at surfaces an
interfaces ofd-wave superconductors if the orientation ang
a is nonzero. The largest spectral weight of the MGS
pears when ad-wave gap node points directly towards th
surface/interface (a5p/4).

It has been pointed out~see, e.g., Refs. 1 and 15! that the
large density of states exactly at the Fermi level associa
with the MGS is energetically unfavorable: if there ex
mechanisms able to shift the MGS and produce a gap in
spectrum, the energy will be lowered and a phase transi
into a state with broken time-reversal symmetry will ta
place. Splitting of MGS due to a complexd1 is order pa-
rameter, with a subdominant surface/interfaces-wave com-
ponent, has been considered both at free surfaces6,7 and at
Josephson junctions.14,15The possibility of instabilities at Jo
sephson junctions of purelyd-wave superconductors wa
pointed out by Yip9 for the weak link case~transparencyD
51, no backscattering in the junction, see also Refs. 11,!.
The TRSB state was later shown to be favorable also
finite but rather high transmissivity of the junction,13–15 0.3
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&D<1. According to the symmetry arguments presented
Refs. 9,13–15, the effect of TRSB in pured-wave junctions
heavily relies upon the nonsinusoidal current-phase rela
in transparent weak links. Since the higher harmonics in
current-phase relation disappear in the tunnel limit, TRSB
tunnel junctions of pured-wave superconductors is also e
pected to disappear and it was supposed that TRSB can
occur under such circumstances when a complex order
rameter is formed.14,15However, it turns out that the symme
try argument holds only for continuum states and for fini
energy bound states, but not for the MGS which contribute
the Josephson current with a term proportional to the fi
power inD at low temperature.20,21 In the low-transparency
limit it is not the nonsinusoidal current-phase relation its
that is important, but rather the uneven occupation of s
MGS. Here we will show that this leads to TRSB also
tunnel junctions of purelyd-wave superconductors. The driv
ing mechanism of the instability is the displacement of MG
induced by spontaneous establishment of a finite phase
ferencef56p/2 across the junction, similar to what hap
pens in transparent junctions.9,13–15 In the extreme tunne

FIG. 1. The speculard-wave Josephson junction under consi
eration: the right superconductor has a gap node pointing tow
the junction (aR5p/4), while the left superconductor has a ga
lobe pointing towards the junction (aL50). For the surface prob-
lem we have a vacuum forx,0. Shown are also the scatterin
events, consecutive normal scattering at the junction and And
reflection in the superconductor, leading to the formation of midg
states.
R14 653 ©2000 The American Physical Society
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limit, the mechanism crosses over to self-sustained Dop
shifts of MGS, which also produce instabilities at fre
surfaces.18,19,25

Although the MGS contribution does not appear in co
ventional tunnel model calculations~despite the fact that it is
proportional to the first power in transparencyD), the qua-
siclassical Green’s function technique, in principle, includ
it. However, since the necessary condition for TRSB for l
transparency iskBT!DD0 ~corresponding to uneven occu
pation of split MGS, see below!, the specific window of
transparencies favoring TRSB found in Refs. 13 and
0.3&D<1, was actually a result of the choice of tempe
ture,kBT50.2kBTc;0.1D0.

Consider now the Josephson tunnel junction in Fig. 1.
model the junction between the two clean two-dimensio
d-wave superconductors by a square specular barrier. In
case, the quasiparticle wave functions can be labeled by
conserved wave vector component parallel to the surfa
ky5kFsinu, where kF is the Fermi wave vector. The ga
functions in the superconductors areDL/R(x,u)
5D0gL/R(x)cos@2(u2aL/R)#, where all angles are measure
relative to the surface normal~Fig. 1!. The fact that the gap
may be suppressed near surfaces and interfaces ofd-wave
superconductors is reflected in thex-dependent functions
gL/R(x).

For the calculation of the dc Josephson current, one ne
to consider contributions both from continuum states a
Andreev bound states. If the two superconductors were
coupled~zero transparency!, there would be midgap surfac
states on the right side (aR5p/4) and also finite-energy sur
face states since the gap is suppressed near the surface
ing a quantum well. In addition there are gap edge state
the left side (aL50). For finite transparency the surfac
states form states of the entire junction. The energy of th
Andreev states are shifted relative to the surface levels,
shift depending on the transparency of the barrier and
phase differencef across the junction. To clearly see th
mechanism of the TRSB instability we first consider a st
function dependence of the gap,gL/R(x)5Q(7x). By solv-
ing the quasiclassical Bogoliubov-de Gennes equation for
junction, we find the energy of the midgap state~the u de-
pendence of the order parameter is not explicitly written
here!

E~f,ky!5
2sgn~ky!DLuDRuD~u!sinf

2uDLu1D~u!@ uDRu2uDLu#
1O~D3!

52sgn~ky!E0~u!sinf1O~D3!, ~1!

as plotted in Fig. 2~a!. When a phase difference is applie
across the junction, the degeneracy of the6ky MGS is lifted,
as emphasized by the solid and dashed lines in Fig. 2~a!. The
contribution to the dc Josephson current from Andreev st
is found via the relationI x5(2e/\)(dE/df)nF(E), where
nF is the Fermi distribution function. The current carried
the bound states in Eq.~1! is therefore

eRNI x
MGS~f!52

2p

D E
0

1

dhE0~h!cosf

3tanhFE0~h!sinf

2kBT G1O~D2!, ~2!
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whereT is the temperature,RN5ph/e2kFLyD is the normal-
state resistance of the junction,Ly is the junction width,h
5sinu, andD5*dhD(h)/2. From Eq.~2! we find that the
MGS contribution to the Josephson current at low tempe
ture, kBT!uE0u;DD0, is of first order in the transparency
D. In what concerns the continuum,6ky states are degener
ate and carry current in opposite directions, which results
a cancellation of the main~of orderD) current. The residua
continuum contribution is small, of orderD2. This cancella-
tion is due to the sign change ofDR when we let ky
→2ky , see Fig. 1. Bothky and 2ky contributions have
sinf dependences, but they arep shifted relative to each
other ~the sign ofDR is equivalent to a phasep) and carry
current in opposite directions. This is the symme
argument9,14,15referred to above. Also the6ky bound states
near the gap edges carry current in opposite directions.
though they are not degenerate~like the MGS they split un-
der phase bias! they are equally populated forkBT!D0 and
the sum of6ky currents is of orderD2. We would like to
emphasize that the MGS do not obey the6ky symmetry at
low temperature because MGS with opposite signs ofky dis-
perse on opposite sides of the Fermi level and are unequ
populated. In Fig. 2~b! we plot the total current including the
dominant MGS contribution and the small contributio
from the gap edge states and the continuum states. In ag
ment with previous work,9–12,14–16,13,20,21the current-phase
relation isp periodic. For increasing temperature, the MG
contribution is reduced, and whenkBT@DD0 @theT50.1Tc
curve in Fig. 2~b!# the current is small, of orderD2. In the
intermediate region, the current in Eq.~2! scales as
D2/T.20–22 The above arguments leading to the dominatin
of orderD, MGS currents and small, of orderD2, non-MGS
currents hold also for general spatial dependences of the
functions. However, as shown in Ref. 23, the numerical pr

FIG. 2. ~a! Dispersion of the Andreev bound state with th
phase difference across the junction. Solid and dashed lines
bound states at anglesu5p/9 and u52p/9, respectively,D(u
56p/9)'0.01. ~b! The current-phase relation at three differe
temperatures:T50.1Tc , T50.01Tc , and T50.001Tc , for D
'0.009 (kFd55,U51.2EF , where U and d are the height and
width of the barrier andEF is the Fermi energy!. For decreasing
temperature, the current crosses over from being of orderD2 to D
and becomes increasingly nonsinusoidal.~c! Phase dependence o
the surface current density calculated to the right of the barrier
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actor of the current calculated for step-function gaps is ov
estimated by a factor of about 2, due to an overestimatio
the shift of the MGS with phase difference. However, th
will not influence the instability we discuss in the following

By a phenomenological argument Yip9 showed~see also
the paper by O¨ stlund16! that when the6ky symmetry cancels
the first harmonic of the current in purelyd-wave junctions
with orientationaL50,aR5p/4, time-reversal symmetry is
broken if the parameters of the theory are chosen in suc
way that the coefficient in front of the second harmonic
negative. The current due to MGS has indeed this nega
sign. As a consequence, the equilibrium phase differe
across the junction isfeq56p/2, since the Josephson e
ergy minimum appears where the current through the ju
tion is zero and the slope of the current-phase relation
positive. That these phase differences really correspon
Josephson energy minima can be understood by noting
the energy of the midgap state is the lowest forfeq
56p/2, see Fig. 2~a! and also Eq.~6!. Considering low
temperature, when only the negative-energy states are o
pied, we see that the degeneratefeq56p/2 junction states
correspond to occupation of6ky time-reversed MGS, se
the illustration in Fig. 1. Assuming that the system choo
one minimum (feq5p/2) or the other (2p/2), surface cur-
rents in the positive or negativey direction will appear and
time-reversal symmetry is broken. The spontaneous sur
current, calculated via

j y~x!5
e\

m (
k

kyĈk
†~x!Ĉk~x!nF~Ek!, ~3!

whereĈk are the wave functions satisfying the quasiclas
cal Bogoliubov-deGennes equation, is dominated by
MGS for the same reasons as the MGS dominate the Jos
son current. In Fig. 2~c! we plot j y(f) calculated to the right
of the barrier atx50. The surface current approaches
maximum value at the equilibrium phase differencesfeq5
6p/2, but it has opposite signs since MGS with oppos
signs ofky are occupied at these two phase differences.

Since the MGS surface current produces a magnetic fi
which costs energy, we must include this effect into the d
cussion of the instability. The spatial dependence of the m
netic field h is determined by the counterflowing screeni
currents, and can be calculated via the superfluid momen
ps , h52(c/e)¹3ps . For type II superconductors, like th
high-Tc superconductors,ps is found via the London equa
tion ¹2ps2ps /l25(4pe/c2) j y

MGS(x) ŷ[ f (x) ŷ. Because
the MGS surface current remains finite in the limitD50, we
are allowed to letD→0 and perform the calculation of th
source current with the free surface MGS wave functi
This allows us to explicitly take into account the spatial d
pendence of the gap. The surface current then takes the

j y~x!5
e\

m

kF
2

2pE0

1

dh h
e22z

N
tanhS 2E0~h!

2kBT D , ~4!

wherez5*dluD( l )u/\vF , x5 lA12h2, andN5*0
`dxe22z

is the normalization constant of the MGS wave function. T
integration over trajectory anglesh is effectively cut off at
h,1 because of the tunneling cone described byD(h).
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Since the MGS source only has ay component, the nontrivia
component ofps is they component which only depends o
x, ps5ps(x) ŷ. The solution of the differential equation, sa
isfying the boundary condition lim

x→`
hz(x)50 is ps(x)

5b0e2x/l1l*xdx8 f (x8)sinh@(x2x8)/l#. The constantb0 is
fixed by the boundary conditionhz(x50)50 at the junction,
b052l*0

`dx f(x)cosh(x/l).
An important aspect of the screening problem is the se

ration of length scales: the surface current due to the M
flows within a thin layer of widthj0 near the surface, while
the screening currents flow in a much thicker layer of wid
l. For high-Tc superconductors the ratioj0 /l!1, and all
quantities may be expanded in this small parameter. For
reason the convergence of the integrals in the expression
ps is governed by the functionf (x8) which decays on thej0
length scale. If one expands the hyperbolic functions,
spatial shape of the gap function is cancelled in the lead
term of the expression forps : it appears both in the normal
izationN of the MGS wave function and in the integrals ov
f (x8) which are integrals over the MGS wave functio
Thus, the detailed spatial shape of the gap drops out of
calculation and the final form ofps is

ps~x!52
\

l
e2x/lE

0

h1
dh htanhS 2E0~h!

2kBT D F11OS j0

l D G .
~5!

We are now able to quantitatively study the difference in
thermodynamic potentialV of junctions with and without
broken symmetry: it consists of two parts, the energy cos
having a magnetic field and the energy gain due to the sh
of MGS

DV5E
0

`

dx
hz

2~x!

8p
2kBT

kF

p E
0

h1
dh lnFcosh

E0~h!

2kBT G
5

kFD0

4p F j0

4l
2E

0

1

dh hA12h2D~h!G , ~6!

where the second line is valid in the low-temperature lim
kBT!uE0u;DD0. Clearly, for D@j0 /l,DV,0 and there
is an instability.

If one rotates the superconductors away from theaL
50, aR5p/4 orientation, the equilibrium phase differenc
across the junction is shifted continuously away from6p/2
towards either 0 or6p depending on the direction of rota
tion. This happens because the6ky symmetry is lost and
non-MGS contributions are able to dominate. However
numerical calculation shows that in the low-temperature
gion, kBT!DD0, where the MGS dominate, the TRSB, th
is feqÞ0 or 6p, is quite robust: it survives rotations up t
10°.

From Eq.~6! it is found that whenD&j0 /l the energy of
the magnetic field may become larger than the Joseph
energy and the instability is lost. However, for such sm
transparencies it is necessary to take into account the D
pler shift of the MGS due to the finite superfluid momentu
which will assist and uphold the TRSB instability. In the lo
transparency limitD!j0 /l, for which the Doppler shift is
much larger than the shift due to finite-phase difference,
junction behaves like a free surface with the MGS localiz
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on the right side of the junction. Using the above calculat
but taking the energy of the MGS to beE0(h)5ps•vF
5psvFh, one finds from Eq.~6! in the zero-temperature
limit DV5(EF/16l)(124)@11O(j0 /l)#,0 showing that
the TRSB state is favorable. Equation~5! with E0(h)
5psvFh takes the form of a self-consistency equation
ps(T). Near the phase transition temperature,ps is small and
the inequalitypsvF!2kBT is fulfilled; this allows an expan-
sion of the hyperbolic function, which leads toupsu
52A5/3(\/l)A12T/TTRSB, where kBTTRSB5(1/6)(j0 /
l)D0 is the temperature where the second-order phase
sition into the TRSB state occurs. This surface instabi
was discovered by Higashitani18 in connection with a study
of the paramagnetic response of the MGS to external m
netic fields. Our present calculation shows that the surf
instability is not sensitive to the spatial profile of the ga
since we considered a finite value of the parameterj0 /l we
were able to calculate the phase-transition temperatu24

Within the framework of the quasiclassical Green’s functi
technique analogous results were recently obtained
Barashet al.25

For orientations of the surface different froma5p/4,
MGS exists only for trajectories satisfying sgn(DD̄)521.
The surface current is then reduced, leading to a continu
reduction of the phase transition temperature,kBTTRSB
5(1/6)(j0 /l)D0(cos3da2sin3da), with misorientationda
,

n

r

n-
y

g-
e

;

.

y

us

5up/42auP@0,p/4#. For small misorientations,da!1, the
reduction is quadratic inda and the instability is not dra-
matically sensitive to the exact orientation of the surfa
Note, however, that the instability is quite sensitive to s
face roughness.18,25

In conclusion, we have studied time-reversal symme
breaking at Josephson tunnel junctions ofd-wave supercon-
ductors assuming that a subdominant component of the o
parameter is absent. For theD@j0 /l junction case, at tem-
peratureskBT!DD0 for which MGS contribute to the Jo
sephson current with a term proportional to the first powe
D, the TRSB is due to spontaneous establishment of a ph
difference f56p/2 across the junction which splits th
MGS and produces a surface current. In the extreme
transparency limit,D!j0 /l, the mechanism responsible fo
the instability is instead the same as for the free surface
this case, below a phase-transition temperaturekBTTRSB

5(1/6)(j0 /l)D0, it is energetically favorable to have Dop
pler shifted MGS carrying a surface current and associa
screening currents upholding the Doppler shifts. The deta
spatial shape of the gap does not influence this instabilit
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