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Orbital fluctuation-induced triplet superconductivity: Mechanism of superconductivity
in Sr2RuO4

Tetsuya Takimoto
Electrotechnical Laboratory, Tsukuba, Ibaraki 305, Japan

~Received 22 June 2000!

The mechanism of superconductivity in Sr2RuO4 is studied using a degenerate Hubbard model within the
weak coupling theory. When the system approaches the orbital instability which is realized due to increasing
the on-site Coulomb interaction between the electrons in the different orbitals, it is shown that the triplet
superconductivity appears. This superconducting mechanism is only available in orbitally degenerate systems
with multiple Fermi surfaces.
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Since the discovery of the superconductivity in Sr2RuO4

belowTc51.5 K experimental and theoretical investigatio
on this compound have been carried out intensively.1 The
main features of the results of investigations may be sum
rized as follows:~1! this compound has the same crys
structure as the high-Tc cuprate La22xSrxCuO4, ~2! the con-
duction electrons exhibit the two-dimensional Fermi-liqu
property,2 ~3! there are three cylindricalt2g Fermi
surfaces,3,4 ~4! Tc is strongly suppressed to less than 1.5
by the nonmagnetic impurities,5,6 ~5! no Hebel-Slichter peak
was seen in 1/T1 ,7 and~6! the NMR Knight shift8 andm-SR
~Ref. 9! experiments indicate that the spin triplet state bre
ing the time-reversal symmetry is realized.

In an early stage of investigation, it was considered t
the symmetry of the superconducting order paramete
Sr2RuO4 is of the p wave similar to that in3He and the
pairing is caused by ferromagnetic spin fluctuation enhan
by the Hund’s coupling.10 From these facts, it was consid
ered that the most consistent superconducting order pa
eter is represented byd(k)5 ẑ(kx1 iky). Recently, some ex
perimental results suggest the existence of line nodes in
superconducting gap.11 This result is incompatible with the
above assumed form ofd(k). Also, the inelastic neutron
scattering data do exhibit the incommensurate magn
response12 consistent with the nesting vector predicted fro
the band-structure calculation,13 but no discernible respons
aroundq50. In view of these experimental results throwin
some doubts about thep-wave scenario, it is desirable t
develop a more detailed theory from a microscopic point
view.

In this paper, we investigate the mechanism of the sup
conductivity in Sr2RuO4 based on a degenerate Hubba
model having four on-site interaction parameters: the C
lomb integral between the same orbital electronsU, the di-
rect Coulomb integral between the different orbital electro
U8, the Hund’s coupling constantJ, and the pair-hopping
constantJ8.

The model Hamiltonian mentioned above is described
follows:

H5H01H I , H05(
k,s
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niania81J8 (
aÞa8

aia↑
† aia8↑aia↓

† aia8↓G ,

whereakas is the Fourier transform of the annihilation op
erator for theda-orbital electrons (a5xy,yz, zx). eka de-
scribes the energy dispersions of the tight binding ba
measured from the Fermi level as follows;eka52e0
22tx coskx22ty cosky14t8 coskx cosky . In what follows we
choose the same values for the parameter
(e0 ,tx ,ty ,t8) as in Ref. 14, ~0.50,0.44,0.44,20.14!,
~0.24,0.045,0.31,0.01!, and ~0.24,0.31,0.045,0.01! eV for
dxy ,dyz ,dzx-orbital, respectively. These bands are occup
by four electrons per site, corresponding to a tetraval
Ru atom. We show the results of calculation for the Fer
surfaces and theq dependence of the static susceptibiliti
xaa

(0)(q) in Figs. 1~a! and 1~b!, respectively. Each pea
of xaa

(0)(q) corresponds to the nesting vector depicted
Fig. 1~a!.

Following the standard prescription,15,16we can derive the
following effective interaction Hamiltonian which is rota
tionally invariant in the spin space:

H I
eff5

1

4 (
a,b

(
mnzh

(
k,k8

Vab
mnzh~k2k8!akam

† a2kbn
† a2k8bzak8ah

1
1

4 (
aÞb

(
mnzh

(
k,k8

V̄ab
mnzh~k2k8!akam

† a2kan
† a2k8bzak8bh ,

Vab
mnzh~q!5Sab~q!smh•snz2Cab~q!dmhdnz ,

V̄ab
mnzh~q!5S̄ab~q!smh•snz2C̄ab~q!dmhdnz , ~2!

where s is the Pauli matrix.Sab(q) and Cab(q) are the
scattering matrices in which the particle-hole pair is scatte
from the da orbital into thedb orbital, while S̄ab(q) and
C̄ab(q) describe the scattering matrices in whichda particle
anddb hole is scattered intodb particle andda hole, respec-
tively. These four scattering matrices are given as follows
treating the degenerate Hubbard model within RPA;
R14 641 ©2000 The American Physical Society
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Sab~q!52Uab
s 1(

g
@Ûsx̂0~q!#agSgb~q!,

Cab~q!52Uab
c 2(

g
@Ûcx̂0~q!#agCgb~q!,

S̄ab~q!5
2J8

@12~U82J/2!xab
(0)~q!#22@J8xab

(0)~q!#2
,

C̄ab~q!5
2J8

@12~U813J/2!xab
(0)~q!#22@J8xab

(0)~q!#2
, ~3!

where

Ûs5F U 2J 2J

2J U 2J

2J 2J U
G , Ûc5F U 2U8 2U8

2U8 U 2U8

2U8 2U8 U
G ,

x̂0~q!5F xxy
(0)~q! 0 0

0 xyz
(0)~q! 0

0 0 xzx
(0)~q!

G ,

xab
(0)~q!5(

k

f ~eka!2 f ~ek1qb!

ek1qb2eka
, xa

(0)~q![xaa
(0)~q!,

~4!

where f (e) is the Fermi distribution function.Saa(q) and
Caa(q) are connected with the spin and charge fluctuati
for da orbital, respectively.

The magnetic~charge or orbital! instability appears when
the following relation is satisfied:

det@17Ûs(c)x̂0~q!#50 for Sab~q!@Cab~q!#. ~5!

This equation of the instability forSab(q) @Cab(q)# is re-
duced to the following cubic equation with respect
J(2U8);

x31as(c)x21cs(c)50, x5Jq~2Uq8!

as(c)52
1

2 (
a

1

x̃a
s(c)~q!

, cs(c)5
1

2)a

1

x̃a
s(c)~q!

,

1

x̃a
s(c)~q!

5
1

xa
(0)~q!

7U, ~6!

whereJq (Uq8) is the solution of the above cubic equation f

eachq. Whenx̃a
s(c)(q).0 as expected, it can be proved th

the above cubic equation gives always three real solut
~one negative and two positive!. Since we haveJ,0 and
U8.0, we should assign the negative solution of the up
one of Eq. ~5! to Jq and the smaller one of the positiv
solutions of the lower one of Eq.~5! to 2Uq8 . From this cubic
equation, it is always expected that the absolute value of
solution for Jq decreases with the increase ofU, while the
value of the solution for 2Uq8 increases withU. Thus,Sab(q)
is enhanced with the increase ofU or uJu, while Cab(q)
develops due to the increase ofU8. Also, it is expected tha
s

t
s

r

e

both instabilities ofSab(q) and Cab(q) should occur only
within small regions in theq space wherexa

(0)(q) has the

peak structures. Instabilities forS̄ab(q) and C̄ab(q) are not
found for realistic parameter values in the present case
cause of the small value ofxab

(0)(q) (aÞb).
Carrying out the mean-field prescription with respect

the obtained effective Hamiltonian, we derive the gap eq
tion for the superconducting transition with the assumpt
that the effect of̂ akam

† a2kbn
† & for aÞb is negligibly small.

This assumption seems to be reasonable, since the non
value of^akam

† a2kbn
† & for aÞb can be important only at the

wave vectork where two Fermi surfaces cross with ea
other. We thus obtain the following gap equation for t
singlet (h5s) and triplet (h5t) spin state:

Da
h~k!5(

b
(
k8

Vab
h ~k2k8!

tanh~ek8b/2kBT!

2ek8b
Db

h~k8!,

Vaa
h ~q!5chSaa~q!1 1

2 Caa~q!,

Vab
h ~q!5chS̄ab~q!1 1

2 C̄ab~q! ~aÞb!

cs5
3
2 , ct52 1

2 , ~7!

wherekB is the Boltzmann constant. We note that the sup
conducting transition occurs simultaneously at a tempera
for all orbitals as far as we keepJ8Þ0 or nonvanishing
values of S̄ab(q) and C̄ab(q), as pointed out earlier by
Agterberget al.17

FIG. 1. Calculated results of~a! Fermi surfaces and~b! q depen-
dencies ofxaa

(0)(q) using the parameter set described in the text.qA

andqB are nesting vectors.



i-
-

s
at
ha
g

lu
e
te
f
e
at

ur

s

.
he
f
a
.

at
p

en

ture

te
ib-

f

is

e

try
d
ay

ow

n-
2
ting
be-

d

f

RAPID COMMUNICATIONS

PRB 62 R14 643ORBITAL FLUCTUATION-INDUCED TRIPLET . . .
Hereafter, we restrict ourselves to the smalluJu region
with J85uJu, the relation satisfied practically in any trans
tion metals.18 We carried out the calculation at a fixed tem
peraturekBT50.005 eV. Although this temperature look
too high compared with the observed value in the ruthen
it seems to be sufficient insofar as we look for the mec
nism of the superconductivity within the weak couplin
theory without energy cutoff which overestimates the va
of Tc . When a solution is found at this temperature, low
values ofTc may be obtained easily by changing parame
values. In the parameter space around both instabilities
Sab(q) andCab(q), we solve the gap equation for both th
singlet and triplet spin states numerically, using a finite l
tice with 1283128 meshes.

In order to decide the phase diagram at fixed temperat
we have to find out, first of all, the instabilities ofSab(q) and
Cab(q). The instability of Sab(q) @Cab(q)] is given by
uJcriu5minuJqu (Ucri8 5minUq8). We show the phase diagram
of this model forU85U and U851.14U in Figs. 2~a! and
2~b!, respectively. The mode of the magnetic state in Fig
is qA shown in Fig. 1. Thus, it is easily understood that t
singlet superconductivity in Fig. 2~a! has the symmetry o
dx22y2 due to the enhanced spin fluctuations around the
tiferromagnetic mode.13 On the other hand, it is seen in Fig
2~b! that the instability line ofCab(q) at q5qB gets into the
paramagnetic parameter space in the smalluJu region. We
find that bothSaa(q) andCaa(q) have the peak structures
the sameq points as shown in Fig. 3. Thus, from the ga
equation we see that the triplet pairing interaction is

FIG. 2. Calculated phase diagrams onU-uJu plane ~a! for U8
5U and ~b! for U851.14U. uJu5J8 is assumed. Inset: Calculate
phase diagrams onU-U8 plane.
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hanced due to the strong and relatively wide-peak struc
of Caa(q) (a5yz,zx) aroundq5qB while the singlet one is
considerably reduced with the increase ofU8. Thus, increas-
ing the value ofU8 favors the triplet superconducting sta
rather than the singlet one. In order to clarify what contr
utes toCaa(q), we define the orbital~charge! operators from
dyz and dzx orbitals asniyz7nizx , and show in the inset o
Fig. 3~b! theq dependencies ofCaa(q)1Cbb(q)72Cab ~q!
(a5yz,b5zx) where ‘‘minus’’ and ‘‘plus’’ are connected
with the orbital and charge fluctuations, respectively. It
evident that the orbital fluctuation betweendyz and dzx or-
bitals mostly contributes to theq dependencies ofCaa(q)
(a5yz,zx). Also, we show in Fig. 4 thek dependence of
Dyz

t(y)(k) whereDa
t(j)(k) is odd with respect tokj . Under this

condition the magnitude ofDyz
t(y)(k) is much larger than

Dzx
t(y)(k) and Dxy

t(y)(k). From this figure, it is seen that th
triplet superconducting state in Fig. 2~b! belongs to theA1g
3Eu irreducible representation under tetragonal symme
D4h , becauseDyz

t(y)(k) at kx50 has the nonzero value an
the direction of the node deviates from the diagonal. We m
think of the form of the gap functionDyz

t(y)(k) proportional to
sinky@A1B(coskx1cosky)#. We show in Fig. 4 a rough fit-
ting result due to this function. Nonzero value ofA seems to
be essential for better fitting. For comparison, we also sh
a fitting by using the function sinky(coskx2cosky) ~belong-
ing to B1g3Eu). Thus, summarizing these results, it is u
derstood that the superconducting phase obtained in Fig.~b!
is the phase of the orbital dependent triplet superconduc
state which is induced by the strong orbital fluctuations
tweendyz anddzx orbital with the increase ofU8. However,
it remains to discuss if the value of the parameterU8 used in
Fig. 2~b! is realistic.

FIG. 3. Calculatedq dependencies of~a! Saa(q) and~b! Caa(q)
at a crossed point in Fig. 2~b!. Orbital and charge components o
Caa(q) (a5yz,zx) are shown in the inset of~b!.
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It seems difficult to explain the larger value ofU8 com-
pared withU insofar as we use the bare values for them.
actuality we should userenormalizedvalues for these param
eters in the present RPA scheme. In order to discuss
values of the renormalized interactions, we extend the m
tiple scattering problem18 between two electrons to th
present case. For simplicity, we assumeuJu5J850, since
we are interested only in the smalluJu region. As usual, the
renormalized interaction strengthsŪa ,Ū8ab with the mo-
mentum q8 for the center of gravity of two particles ar
given as follows:

Ūa~q8!5
Ubare

11Ubarefaa
(0)~q8!

,

Ū8ab~q8!5
Ubare8

11Ubare8 fab
(0)~q8!

~aÞb!,

fab
(0)~q8!5(

k

12 f ~e2ka!2 f ~ek1q8b!

e2ka1ek1q8b
, ~8!

where Ubare and Ubare8 are thebare interaction constants
which satisfy the usually expected relationUbare8 5Ubare .
Now, we consider the case in which a particle atk1qB and a
hole atk are scattered to a particle atk81qB and a hole atk8

by Ūa or Ū8ab . Because the value ofxyz(zx)
(0) (qB) is princi-

pally attributed to the contribution aroundk5kB shown in
Fig. 1~a!, we have k'k8'kB , that is, q85k1k81qB

'(2p,2p). It is expected thatfaa
(0)(q8) is much larger than

fab
(0)(q8) (aÞb) aroundq850 because of the different ge

ometry between these two Fermi surfaces. As a res
Ūa(q8) is more suppressed thanŪ8ab(q8) around q850.
Thus, if U andU8 are regarded as the renormalized inter
tions, U8.U seems to be satisfied in our case. This res
seems to favor the present mechanism for the orbital in
bility as shown in Fig. 2~b!. For more quantitative estima
tion, we need more detailed studies in future.

It is interesting to note that even though the calcula
intensity of the spin fluctuations as shown in Fig. 3~a! has the
peaks around the antiferromagnetic mode in accordance
recent inelastic neutron experimental results,12 we obtain the
n

he
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triplet superconducting phase rather than singlet one i
fairly plausible parameter regime. It is evident that the stro
orbital fluctuations enhanced by the increase ofU8 as com-
pared withU play the most important role in this mechanism
We expect the present mechanism to apply to other stron
correlated electron systems with degenerate orbitals and
tiple Fermi surfaces. In particular, it is tempting to conside
possible application of this mechanism to UPt3 which is an-
other triplet superconductor with both the multiple Fer
surfaces and the strong antiferromagnetic correlation.

In conclusion, we have investigated the mechanism
superconductivity in Sr2RuO4 using the Hubbard model with
degenerate orbitals within the weak coupling theory. It
shown that the triplet superconductivity appears, when
strongly correlated system approaches the orbital instab
achieved by the increase of the on-site Coulomb interac
U8 between the electrons in different orbitals as compa
with U between the electrons in the same orbital. It should
stressed that this superconducting mechanism is only a
able in the orbitally degenerate system with multiple Fer
surfaces.

This author is indebted to Professor T. Moriya, Profes
K. Ueda, Professor K. Yamaji, and Professor T. Yanagisa
for useful discussions. The author was supported by Ja
Science and Technology Corporation.

FIG. 4. Calculatedk dependencies ofDyz
t(y)(k) along thedyz

Fermi surface in the first quadrant. Selected parameter set is
same as Fig. 3. Fitting parameters are chosen asA50.51, B51.3.
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