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Test of the frustrated spin-cluster model to describe the low-temperature physics of NaDs
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Recent experimental evidence suggests the existence of three distinct V-valence state&/t¥", and
V®*") in the low-temperature phase of Ng®% in apparent discrepancy with the observed spin gap. We
investigate a spin cluster model, consisting of weakly coupled, frustrated four-spin clusters aligned along the
crystallographicb axis that was recently proposed to reconcile these experimental observations. We have
studied the phase diagram and the magnon dispersion relation of this model using DMRG, exact diagonaliza-
tion, and a cluster-operator theory. We find a spin gap for all parameter values and two distinct phases, a
cluster phase and a Haldane phase. We evaluate the size of the gap and the magnon dispersion and find no
parameter regime which would reproduce the experimental results. We conclude that this model is inappro-
priate for the low-temperature regime of NzO%.

Introduction Recent investigations of electronically ence of free isolated moments on thd*Vions on the re-
quasi-one-dimensional1D) transition metal compounds maining ladders, which is inconsistent with the existence of
probe the limits of our understanding of the interplay be-such a gap.
tween structural and electronic effects in such low- As one possible reconciliation, Boet al* recently pro-
dimensional materials. In Ng@s, a prototypical example posed that the ¥ moments are quenched by their interac-
for this class of materials, V ions are arranged in laddersion with the neighboring ¥°" sites of the adjacent dimer-
along the crystallographib direction. Measurements of the ized V-O-V ladder. Within this model, clusters of six
magnetic susceptibilifyin the high-temperature phase indi- vanadiums eachand with four spins would be weakly
cate the presence of only one equivalent Vsiteith va-  coupled and the observed spin-gap would arise not from the
lence V*°*, consistent with a model where the electrons indimerization but locally from the gap of the isolated clusters.
bonding V-O-V orbitals along the rungs of the ladder forma  TO distinguish between these fundamentally different
1D Heisenberg chaifi? mechanisms we study this model by a series of complemen-

At Tc=34 K the unit cell doubles along treandb and tary approaches, using DMR’é,exact' diagonalization gnd a
quadruples along theaxis® in a phase transition of as-of-yet bond-cluster theory, to map all physically relevant regions of

unknown origin. At the same time a spin-gap Af,i,

=10 meV opensand charge ordering 2" — V4" +V5* :82;
sets in® The observed charge ordering is inconsistent with aev*
generic spin-Peierls scenariand raises the question about ©V.,

the driving force(lattice, magnetic, or Coulomlvesponsible 0 N
for this transition. Since Na)Os is an insulator, the discus- ’ ‘/ 1 \‘
sion of the material is simplified by the introduction of pseu- C
dospins for the charge degrees of freedom that couple to th
spin degrees of freedoM!Y The effective spin Hamiltonian °
depends, consequently, on the pattern of charge Yreed
may differ in the high- and the low-temperature phase.

The occurrence of two well defined magnon-branches for
T<T¢ in NaV,Og along thea direction(perpendicular to the _
chaing, as measured by neutron scattertAidiad been ex- * »
plained tentatively by a model, where the charge orders in € o P
“zig-zag” pattern in the low-temperature phaseThis pro- s
posal has been questioned by recent analysis of the low- "
temperature crystal structuld'* Based on bond-charge  FIG. 1. The spin-cluster model for Na@s. On the left the
models, the existence of three different V-valence statesharge valency in one V-O plan®efs. 15 and 14 The dashed
(V4*, V45" and \P*) has been proposéd*as illustrated lines indicate the proposed dominant interactions. Note tHat V
in Fig. 1. In this analysis, pairs of %" form dimerized spin 2 (3d)?, V45" Z(3d)®S and \P* = (3d)°. On the right is the pro-
chains on every other ladder, which alone could explain the@osed cluster spin modéRef. 14. Note, that two V** on one
observed spin gapl. A puzzle is posed however, by the pres- rung share one electron.
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its phase diagram. We find that the ground-state varies con - g Tl 08

tinuously from a cluster phase for largé to a Haldane 05 . .
phase for small’ (see Fig. 1 We evaluate the gap and the | [ E A
dispersion and find that there is no parameter regime tha s W A APy
would explain the neutron-scattering dafa. sy N e i ‘

The spin-cluster modeWe denote byg,; (i=1,...,4) B _
the four spins of thaath cluster, compare Fig. 1. The Hamil- _;5| E, EQ
tonian is then , S

H=312 S Shotdo2s Sy Shes o520 DMRG, 64 st ; °°
+--+3=1/3, DMRG, 32 sites )
---- §=1/3, analytic s
32 (Sh1t S (St o), (D £

where J;=J(1+6) and J,=J(1-6) (with J;,J5,) |

>0). & is the degree of dimerization. Fdr =0 the S, ;» . == ‘B e 0

form a dimerized chain with an in-chain gapl 5%, A par- ' Torn '

ticular property of Eq(1) is the local coupling to the total . . . . .

spin S, 3+ S, 4, Which is consequently docally) conserved FIG. 2. The(singlet-triple} gap in units of] for fixed =0 and

2_ 6=1/3 as a function ofl’. Filled Symbols: DMRG data. Lines:
gtuaetlgtlst:/, (fn 3; ?éﬁ;tedsprs?a;lv)wzﬁ;ling narl:(; tzecg[]oplfl?]c; Results from the cluster operator th_eory. Inset: The_ three low-lying
betweenS, ; and S, , has been studied by Richtet all? energy Iev_eIsEl, E;, andE, for an |so!ated cluster |n_un|ts o,

> - . as a function ofl’/J;. The corresponding wave functiong and
We consider first an isolated cluster and denote;pynd J2 are triplets i, is a singlet
. . A 4 Wl g et.
ti‘} the wave functions of the singlet and of the triplets (
=—1,0,+1) of the spind andj (i,j=1,...,4). Thelow- two complementary methods, namely by targeting two
energy states are states in the sector witN, =L/2=N, and (i) by targeting
the ground states it@) the sector wittN,;=L/2=N, and(b)
1 N;=L/2+1 andN =L/2—1. We find complete consistency
dy=—=[t0A3,— tiotas— tistal, (2)  and present the results in Fig. 2 for some selected values for
V3 the dimerizationd. The finite-size corrections are smaller
than the symbol sizes. We find a rapidly decreasing gap as a
Uo=S1534, P3=S1t34, (3)  function of decreasing’/J and a smooth crossover between
the cluster and the Haldane phase. As the symmetry of these
N two phases is the same, we do not expect a phase transition
¢4=E[t12t34—t12t34], (4)  in the thermodynamic limit.

Cluster-operator theoryln the cluster phase two low-
where ﬁ is the S>=0 component of the triplets¢. The lying triplet modes_;,lxg andyy , are re_Ievar_1t. In order to take
corresponding  energies areE; = —2J' +J,/4, E,=E, the effect of the intercluster couplindg, into account we
= —3J,/4, andE,=—J' +J,/4.18 describe the seven degrees of freedom of clusteloy

ForJ’/J,>0.5 the singlet, is the ground statéwve de-  Posonic degrees of freedors; for the singlet ¢;) bfs,
note this region the “cluster phasg”For J'/J;<0.5 the andb] , . for the triplets ¢ and¢4) The low-lying singlet
ground state of the isolated cluster is fourfold degenerate, thé. does not couple and may be disregarded here. This ap-
singlety, and the triplet); have the same energy. Note that Proach generalizes the bond-operator theory for dimerized
the intercluster coupling, will not mix i, andys, since the ~ SPin chaing’ to the case of spin clusters. The constraint
local spin S, s+ S, 4 is conserved. Intercluster coupliny ~ ShSnt=7.4b} - obn-o=1 (7=3,4) restricts the bosonic
will lead to an antiferromagnetic interactiondy Hilbert space to the physical one. The spin operators take the
~(J3'3,)%133 between the moments of the, states, as can form
be evaluated easily in second-order perturbatiod,ifusing +sh b! +sh
the complete set of eigenstates of the clyst€he total en- Fp== 13,05“ SnPn 30 Pn,4,0507T S nA40 (5)

ergy is therefore lowered by, when all cluster states are J12 J6

3. The S=1 moments of thel; states thus form an effec- N

tive spin-1 chain with a Haldane gap,=0.41050,,.'° We Note, that there are no termsby, , ,by .+ ,» correspond-
denote this region therefore the “Haldane phase.” ing to triplet-triplet interactions. In linearized Holstein-

We have evaluated the energy gap of the spin-clustePrimakov approximationLHP), we substitutes]—1 and
model by DMRG!® using the finite-size algorithm with open s,—1 in Eq.(5) and in similar expressions f(BX 12+ This
boundary conditions for systems with=32 andL=64  approximation retains spin-rotational invariance and we may
spins. The ground state hés =L/2 up spins andN|=L/2  disregard the indexx=—1,0,1 for the triplet operators. We
down spins. We retained typically 60 states of the densityobtain for the LHP Hamilton operator in momentum space
matrix, checking the convergence by additional calculationdd-"P)=Hg+HP+H?  with Hy= 2 A bk D (A
with 40 and 90 states, respectively. We evaluated the gap by E,.—E,). The mtercluster coupling is given by
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FIG. 3. The magnon dispersion fdr =2J,5=0.2. Note the FIG. 4. The magnon dispersion fdf =0.8],6=0.2. The sym-

zero of energy. The lines are the result of the cluster-operatoPOIS are as in Fig. 3. Note that the cluster-operator theory overesti-
theory, the circles of an exact diagonalization study with 16 spingnates the magnon dispersion.

(periodic boundary conditionsThe cross denotes the DMRG re-
sult. Inset: The value af as a function of dimerizatiod needed to
fit the measured dispersion of Ng®s (LHP result, forJ/2<J’
<J).

phase. The agreement with the exact diagonalization and the
DMRG data is not good, since the precursors to the Haldane
phase are not included in the cluster-operator theory. The
low-lying magnon, which corresponds i; (see inset of
Fig. 2), has its minimum now ak=0 andk=s/b and a
T _pf maximum at k==/(2b), as measured by neutron

; [2 0% 2bk) (21 bya™bicaid) scattering:? The cluster-operator theory substantially overes-
) i + t timates the size of the magnon dispersion relative to the

+i242 SIN(2bk) (by by 4= by i 3)] (6) exact-diagonalization result near to the Haldane phase. The
and physical reason for this discrepancy can be understood: The
lattice constant of the effective spin-1 chain in the Haldane
phase is B and the minimum of the magnon dispersion is
therefore atr/(2b) in the Haldane phasg.It changes there-
fore at the crossover from the cluster phase and the Haldane
—i2\2 sin2bk)b] bT | s+ H.c]. (7)  phase. This change in the location of the gap is not included

Here b=3.611 A is the lattice constant of the high- in the cluster-operator theory. .
temperature phase. Note the opposite sign in the dispersion Discussion The exchange constant alorigis J~529
of two triplets. It is straightforward to diagonalizé(-"?).  —560 K(Refs. 1 and 2Bin the high-temperature phase of
We define c=(J,/6)cos(dK), 2t=A£+A§+2c(2A4—A3), NaV,O5 and the interladder co_uplmg is prok_)ably very small,
and s=A§A§+2cA3A4(2A3—A4)—2A3A4J§/9. The dis- a_J’/J%_ 1/45 has be_en found in an anaIyS|s of the magnon
persion w. = w. (k) of the two magnon branche@ach dispersion fofT< T in a model with zig-zag charge ord¥r.

: . This small ratio is consistent with the very small coupling
branch is threefold degenerate LHP approximation is then )
g 2 PP along a found in a LDA study? There are, however, two

wi=t= Ji2=s. (8)  reasons whyJ’ might be larger in the Iow-te_mperature
phase.(@ As noted by Horsch and Madkthere is a near
We have included the results for the magnon gap in Figcancellation forT>T¢ in between paths with intermediate
2. For large ratios)’/J the LHP result becomes asymptoti- singlet and triplet states and energieEg: J’
cally exact, in this limit it is equivalent to perturbation theory =0.5t;fy(1/Es— 1/E,), wheret,, is the V-V hopping matrix
in J,. In the LHP approximation the transition to the Hal- element ina direction. A corresponding calculation fdar
dane phase is signaled by a vanishing of the energy gap, the T in the phase shown in Fig. 1 yieldd =t>2<y(1/Es
crossover cannot be described by the cluster-operator theory.1/U — 1/E;) (U is the onsite Hubbart}). (b) t,, might be
In Fig. 3 we present the magnon-dispersion E).for  substantially larger in the low-temperature phase, since the
J'=2J and compare the LHP resultnes) with an exact- smallness of,, for T>T¢ is a subtle band-structure effect.
diagonalization study of a system with 16 sitéfled We have therefore scanned the complete phase diagram of
circles.?! The agreement is very good, due to the large gaphe spin-cluster Hamiltonian in order to determine whether
and(correspondinglysmall correlation length. Note that the there exists a parameter range able to fit the neutron-
low-lying magnon, which corresponds i, (see inset of scattering data.
Fig. 2), has its minimum ak= =/(2b). We have tried to reproduce, within the spin-cluster model,
In Fig. 4 we present the magnon-dispersion E).for  four known properties of NayOs: (i) The gap(averaged
J’=0.8] which is closer to the transition to the Haldane overk,) is A,;,=10 meV.(ii) The maximum of the disper-

J2

1—
=1

3.
HE? =75 2 [co92bK)(2bT bl = b i bk
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sion of the lowest magnon branch is at(2b), the mini- ~38 meV. Note, that the cluster-operator theory overesti-

mum at 0 andn/b. (iii) The value of the maximum of the mates the dispersion in this phase amtlerestimateshe

dispersion of the lowest magnon branch isvalue of J needed. We therefore conclude safely, that the

Amax=40 meV?? je., the ratio iSA . /Amin=4. (iv)  model is not able to reproduce the measured magnon disper-

The value of the coupling alonl is J~441 K=38 meV  sjon of Na\,Os and that Eq(1) is unlikely to be the appro-

for T<Tgp.t#2° priate model for the low-temperature phase of Nay, at
Condition (i) implies that only the cluster phase of |east in its one-dimensional version. It might be possible, in

Hamiltonian Eq.(1) with J'<J, is a candidate for the low- principle, that two-dimensional couplings change the sce-

temperature phase of NaWs. This impliesJ,/2<J"<J;.  parip obtained in the present study, though we note, that an

Within the cluster-operator theory one obtai\ga./Amin  increase in dimensionality does, in general, reduce the size of

=4 for values ofJ’ near to the gap closing. One needs 4 spin gap.

consequently large coupling constadtésee inset of Fig. B Note added in proofThe same model as in E¢l) has

in order to reproduce\ ;=10 meV. We have evaluated psan considered in Refs. 26 and 27.

the values of)’ andJ needed to reproduce the gap ratio as a

function of dimerizations and find a minimum inJ for & We would like to acknowledge discussions with P. Lem-

=0.2 (see inset of Fig. B This minimum isJ~126 meV, mens and the support of the German Science Foundation, the

substantially larger than the experimental value BMBF, and the Fonds der chemischen Industrie.

IM. Isobe and Y. Udea, J. Phys. Soc. JBB, 1178(1996. 165, R. White, Phys. Rev. Let69, 2863(1992; I. Peschelet al.,

2H. Smolinskiet al, Phys. Rev. Lett80, 5164 (1998. Density-Matrix RenormalizatiofSpringer, Berlin, 1999

3H. G. von Schneringet al, Z. Kristallogr. 213 246 (1998; 173, Richter, N. B. Ivanov, and J. Schulenburg, J. Phys.: Condens.
A. Meetsmaet al, Acta Crystallogr., Sect. C: Cryst. Struct. Matter 10, 3635(1998.

\ Commun.54, 1558(1998. 8The remaining eigenstates are th8=2 state £ (B
P. Horsch and F. Mack, Eur. Phys. J5B367(1998. =—2,...,2) and thariplet ¢:¢=1{,Ss,, with energiesEs=J’

°Y. Fujii et al, J. Phys. Soc. Jpi6i6, 326 (1997). +3,/4 andEg=J,/4.

®T. Ohama, H. Yasuoka, M. Isobe, and Y. Ueda, Phys. R&$9B 195 R \White and D. A. Huse Phys. Rev.4B, 3844 (1993.

| 3299(1999). 203, sachdev and R. N. Bhatt, Phys. Rev4B 9323(1990; B.

.1 Seo and H. Fukuyama, J. Phys. Soc. i 2602(1998. Normandet al, ibid. 56, R5736(1997); W. Brenig, ibid. 56, 14
P. Thalmeier and P. Fulde, Europhys. L&d, 242 (1998. 441 (1997

M. Mostovoy and D. Khomskii, Solid State Commutl3 159 21For the method used, see V. N. Muthukuneaml, Phys. Rev. B

(1999.
10 54, R9635(1996.

D;: miﬂghi; and C. Gros, condmat/0004025, Eur. Phys(td. B ZSee,_e.g., . Affleck, J. Phys.: Condens. MalteB047(1989.
11¢, Gros and R. ValehtPhys. Rev. Lett82, 976 (1999. F. Mila, P. Millet, and J. Bonvoisin, Phys. Rev. B, 11 925
12T Yoshihamaet al, J. Phys. Soc. Jpi&7, 744 (1998. 0 199, _ o
13). Lidecke, A. Jobst, S. van Smaalen, E. Mo@ Geibel, and 25T' Yos!hama(prlvate communication

H.-G. Krane, Phys. Rev. Let82, 3633(1999. M. Weidenet al, Z. Phys. B: Condens. Mattd03 1 (1997).
143. L. de Boer, A. M. Meetsma, J. Baas, and T. T. M. Palstra, Physz.as- Trebst and A. Sengupta, preceding paper, Phys. Re32, B
Rev. Lett.84, 3962(2000. R14 613(2000.

155, van Smaalen and J. tlecke, Europhys. Leté9, 250 (1999. ’A. Honecker and W. Brenig, cond-mat/00092@&published



