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Magnetoresistance of a two-dimensional electron gas in weakly modulated magnetic fields

A. Matulis* and F. M. Peeters†

Department of Physics, University of Antwerp (UIA), B-2610 Antwerp, Belgium
~Received 25 January 2000!

The semiclassical conductance of a two-dimensional electron gas is calculated in the presence of a one-
dimensional modulated magnetic field with zero average. In the limit of small magnetic-field amplitudes~B!
the contribution of the magnetic modulation to the magnetoresistance increases asB3/2 in the diffusive limit,
while the increase is linear inB in the ballistic regime. Temperature does not influence the power law behavior
but it decreases the prefactor of this functional behavior.
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In recent years there has been an increased interes1 in
hybrid systems which promise to increase the functiona
of present day semiconductor devices. One example of s
type of systems is those in which semiconductors and m
netic materials are combined where the magnetic mate
provides a local magnetic field which influences locally t
motion of the electrons in the semiconductor. The latte
usually a heterostructure which contains a two-dimensio
electron gas~2DEG!. The 2DEG acts as a detector measur
the magnetic state of the magnetic material. Previously,
coupling between such a nonhomogeneous magnetic
and the 2DEG was demonstrated2 in the case where the mag
netic field~B! was directed perpendicular to the 2D plane.
this case one has a modulation of theB field on top of a
homogeneous background field and the influence of
B-field modulation on the 2DEG is relatively weak.3

When the magnetic field is directed parallel to the 2DE
the magnetic material is magnetized parallel to the 2D pl
which leads to fringing fields near the edge of the magn
material having a nonzero magnetic-field component perp
dicular to the 2D layer. Those fields form a magne
barrier4,5 for the electron motion in the 2D plane. Becau
now there is no background perpendicular magnetic field
the 2DEG, the influence on the resistance of such magn
barriers is much more pronounced and large increases in
magnetoresistance have been found.6–8

In the present work we investigate the magnetotrans
in weak modulated magnetic fields for which the averagB
field is zero. For the case the typical magnetic energy
much smaller than the Fermi energy a semiclassical ana
is applicable. We find that in the diffusive regime the corre
tion to the magnetoresistance exhibits anonanalyticalbehav-
ior in the limit of small magnetic-field amplitudes whic
differs from the behavior in the ballistic regime.

We consider electrons moving in a two-dimensionalxy
plane. The magnetic field, directed along thez direction, is
periodic along thex directionBW 5B„0,0,b(x/ l 0)… with period
l 0, whereb(x) is a periodic@b(x11)5b(x)# dimensionless
function describing the magnetic-field modulation with ze
average value.

In a semiclassical analysis the electron motion in a m
netic field is described by the following Hamiltonian~or its
energy!:

«5
1

2m H px
21Fpy2

eBl0
c

a~x/ l 0!G2J , ~1!
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where m is the electron effective mass,pW 5(px ,py) is the
electron canonical momentum, and the dimensionless p
odic function

a~x!5Ex

dx8b~x8!, ~2!

characterizes the vector potentialAW 5Bl0„0,a(x/ l 0),0… which
is taken in the Landau gauge. The quantum energy spec
of electrons in modulated magnetic fields was studied
Refs. 9 and 10.

We restrict our analysis to the case where the elect
transition through a single period is ballistic, i.e., the me
free pathl 5vFt@ l 0 (vF is the electron Fermi velocity andt
the relaxation time! and the motion in the sample is diffu
sive; i.e., the mean free path is smaller than the size of
sample (l !Lx ,Ly). For diffusive transport and in the limit o
small magnetic fields (vct!1) the expression for the aver
age conductivity tensor is given by the following integr
over the electron phase space (x,px ,py):

s i j 52
e2

~2p\!2Lx
E

0

Lx
dxE

2`

`

dpxE
2`

`

dpytv iv j

] f F

]«
,

~3!

where the symbolf F(«)5$exp$(«2m)/kBT%11%21 stands for
the equilibrium electron Fermi-Dirac distribution functio
with T the temperature andm the chemical potential which
equals the Fermi energyEF5p\2n/m in the zero-
temperature limit, wheren is the 2D electron density. Note
that the coordinatey is excluded from the phase space as
system is homogeneous in that direction. The expression
the electron velocities follow from the Hamilton equations
motion:

vx5
]«

]px
5

1

m
px ,

vy5
]«

]px
5

1

m H py2
eBl0

c
a~x/ l 0!J . ~4!

First, let us consider the conductivity in the zer
temperature limit when the derivative of the Fermi functi
reduces to ad function. The componentsyy can be calcu-
lated straightforwardly, and as the sample is homogene
91 ©2000 The American Physical Society
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along they direction, all trajectories have to be taken in
account. Inserting expression~4! into the conductivity ex-
pression~3! we obtain

syy5
e2

~2p\!2Lx
E

0

Lx
dxE

2`

`

dpxE
2`

`

dpyt
1

m2

3H py2
eBl0

c
a~x/ l 0!J 2

3dH EF2
1

2m Fpx
21S py2

eBl0
c

a~x/ l 0! D 2G J , ~5!

which leads to the well-known magnetic-field-independ
result

syy5s05
e2EFt

2p\2
. ~6!

We assumed that the relaxation time depends only on
electron energy and therefore for the case of zero temp
ture it can be replaced by the constant valuet5t(EF). Thus
the weak magnetic-field modulation in thex direction does
not change the conductivity in they direction, as expected.

The calculation ofsxx is more complicated because fo
sufficiently strong magnetic fields~or small electron veloc-
ity, but such that\vc!EF) some electrons can be force
into snake orbits. The electron motion on such orbits osc
lates in thex direction around the average valuex0. There-
fore, such electrons do not contribute toj x , and conse-
quently, in the expression for the conductivitysxx those
snake orbits have to be excluded. The classification of
possible electron orbits is given in Fig. 1 where the Fer
surface«(px ,py ,x)5EF is plotted. In the case of zero tem
perature only electrons with trajectories on the Fermi surf
contribute to the conductivity integral. As the energy~1!
does not depend ony, the momentumpy is conserved, and
consequently the trajectories are defined by the intersec
of the above Fermi surface with thepy5Cte planes. It is
apparent from Fig. 1 that there are two types of trajector
The trajectories as indicated by the symbolD are able to run
along the wholex axis. Such electrons are moving alon
opentrajectories and they will contribute to the current alo
the x direction. The other trajectories, indicated by the sy
bol E, are closedand they correspond to the snake orbi
Thus we can separate the conductivity into two parts

FIG. 1. Fermi surface~thick solid curve! in phase space. Plane
A and B are surfaces for the constant of motionpy delimiting the
open and closed orbits. CurveE(D) is an example of a closed
~open! orbit.
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sxx5s02sxx
s.o., ~7!

where the symbolsxx
s.o. stands for the snake orbit contribu

tion. The latter term defines the decrement of the conduc
ity due to the modulated magnetic field, and in the limitin
case of small magnetic fields it is proportional to the incre
of the magnetoresistance due to the magnetic field mod
tion.

The snake orbits are located above the planeA and below
the planeB. Those planes are defined bypy(A)5A2mEF

1(eBl0 /c)amin and py(B)52A2mEF1(eBl0 /c)amax,
with amin5min$a(x)% and amax5max$a(x)% the extremal
points of the vector potentiala(x). Thus we can write

sxx
s.o.5sA1sB , ~8!

where the contribution from the snake orbits above theA
plane is given by

sA5
e2

~2pm\!2Lx
E

0

Lx
dxE

2`

`

dpxpx
2E

2`

`

dpyt

3dH EF2
1

2m Fpx
21S py2

eBl0
c

a~x/ l 0! D 2G J
3QH py2

eBl0
c

amin2A2mEFJ ,

5
e2EFt

2p2\2Lx
E

0

Lx
dxE

2w0

w0
sin2~w!dw. ~9!

Here the angular integration has to be performed o
the white sections of the circleC in Fig. 1 or, equivalently,
along the bold arch shown in Fig. 2. The limiting ang
is defined as w05arccos(12Dpy /A2mEF), with Dpy
5(eBl0 /c)$a(x/ l 0)2amin%. In the asymptotic case of sma
magnetic-field modulations it becomes w0

5A2Dpy /A2mEF. In the latter case the integration in ex
pression~9! leads to

sA5
e2EFt

2p2\2Lx
E

0

Lx
dxE

2w0

w0
w2dw5syycAS B

B0
D 3/2

, ~10!

whereB05(2pcAmEF)/(el0), and

cA5
8321/4Ap

3 E
0

1

dx$a~x!2amin%
3/2. ~11!

FIG. 2. Contour for angular integration in expression~9!. Line A
corresponds to the Fermi surface intersection indicated by planA
in Fig. 1.
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The integration over the snake orbits below the planeB leads
to the same expression~10! except that now the coefficien
cA has to be replaced by

cB5
8321/4Ap

3 E
0

1

dx$amax2a~x!%3/2. ~12!

Thus the resistance change due to the modulated mag
field becomesDRxx /R05(cA1cB)(B/B0)3/2 whereR0 is the
resistance in the absence of any magnetic-field modulati

As a special case let us consider a simple cosine peri
magnetic field modulation~with period l 0) b(x)5cos(2px),
which leads toa(x)5sin(2px)/2p. In this case the coeffi-
cients can be easily evaluated:

c05cA1cB5
8323/4

3p E
21/4

1/4

dx$sin~2px!11%3/2

5
64321/4

9p2
'0.86. ~13!

In the present classical ballistic situation an electr
which passed through the first magnetic barrier will also p
through the other barriers. As a consequence the above r
can also be applied to theone-barriersituation. The periodic
oscillating Fermi surface shown in Fig. 1 reduces now t
single step. The trajectories ofD type ~i.e., the open orbits!
contribute to thesxx conductivity, but the snake orbits~tra-
jectories ofA type! are replaced by trajectories which refle
from the barrier. The integral in expression~10! must now be
evaluated over those reflected trajectories. When the ba
thicknessl o!Lx , the integral*

2Lx/2
Lx/2 dx@a(x/ l 0)2amin#

3/2 be-

comes the sample length multiplied by the total vector
tential increment over the barrier:Lx$amax2amin%

3/2, where
amax5a(Lx/2) andamin5a(2Lx/2).

A single magnetic-field barrier in a 2DEG, created expe
mentally by parallel magnetization of magnetic strips plac
on top of the 2DEG, can be represented by7,11

Bz~x!5
m0M

4p
ln

x21d2

x21~d1D !2
. ~14!

The magnetic strip has a thicknessD with magnetizationM
along thex axis and is placed a distanced from the 2D
electron system. The vector potential is obtained by integ
ing Eq. ~14! over (2Lx/2, Lx/2) which givesAmax2Amin
5m0MD/2 where use has been made ofLx@d,D which is
valid in typical experimental situations andA5Bl0a. Fi-
nally, we obtain for the contribution of the reflected traje
tories to the conductance

2
sxx

r.t.

syy
5

DRxx

R0
5

21/4

3p S em0MD

cAmEF
D 3/2

. ~15!

The main feature of the obtained magnetoresistance i
nonanalytical behaviorB3/2 for small magnetic-field ampli-
tudes. It is remarkable that it does not depend on the ac
form of the modulating field, but it is determined by th
density of snake orbits~or reflected trajectories! at the Fermi
surface.
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For nonzero temperature, the previous effect will be s
pressed by thermal fluctuations. To generalize our result
nonzero temperature we have to replace any functionG(EF)
which depends on the Fermi energyEF by the corresponding
average over the derivative of the Fermi function:

G~m!5
1

TE0

`

d«
exp@~«2m!/kBT#G~«!

$exp@~«2m!/kBT#11%2
. ~16!

Consequently, taking into accountsyy @Eq. ~6!#, and the de-
pendence ofB0 on EF we obtain for the snake orbit contri
bution to the conductivity:

sxx
s.o.~T!5S e2tc0

2p\2D
3S Bel0

cAm
D 3/2

1

TE0

`

d«
exp@~«2m!/kBT#«1/4

$exp@~«2m!/kBT#11%2
,

~17!

where we assumed that the relaxation time does not dep
on the energy. In the limit of small temperatures the integ
can be evaluated analytically and we arrive at the final
pression for the conductivity along the direction of th
magnetic-field modulation:

sxx

s0
5H 12c0~T!S B

B0
D 3/2J , ~18!

where

c0~T!5c0H 12
p2

32 S kBT

m D 2J . ~19!

Notice that the temperature decreases the nonanaliticity
efficient c0 ~with about 30% whenkBT5m) but does not
influence the power law dependence.

Tunneling through magnetic barriers in the ballistic r
gime was studied numerically in Refs. 4 and 5. For we
barriers only electrons impinging on the magnetic barr
under an angleu'p/2 @i.e., cos(u)'(p/22u)5f# are re-
flected and thus we obtain from Eq.~6! of Ref. 5 the con-
ductance change due to tunneling through a weak magn
barrier:

2DG'
1

2
G0E

0

w0
wdw, ~20!

where G05e2mvFLy /p2\25(2e2/h)(2Ly/lF) with Ly
5W the width of the sample andlF the Fermi wavelength.
Notice that the difference with the diffusive case is the pow
of the anglew in the expression for the conductance a
conductivity. In the case of ballistic transport the condu
tance is proportional tovx , while for diffusive transport@see
Eq. ~3!# we havevx

2 . This difference leads to a linearB
dependence in the ballistic regime:

2
DG

G0
5

DRxx

R0
5

Dpy

2A2mEF

5
em0MD

4cA2mEF

. ~21!

The above expression is obtained for the single barrier~14!
and agrees with Eq.~3! of Ref. 7 withc5D/2.
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Let us compare these results with the experiments of R
6 and 7. In Ref. 6 a Costrip of thicknessD590 nm was
placed a distanced535 nm from a 2DEG formed in a GaA
heterostructure withEF515.7 meV. The magnetization o
the Co strip12 wasm0M'9B with a saturation magnetizatio
of 1.6 T. In this experiment one is in the diffusive regim
and inserting these values in Eq.~15! we obtainDRxx /R0
54.3B(T)3/2. The estimated zero field resistance12 was R0
52.35V which results in DRxx(V)510.1B(T)3/2 and
agrees with the experimental12 low-magnetic-field behavior
DRxx(V)59B(T)3/2.

In contrast, the experiments of Vancˇura et al.7 are closer
to the ballistic regime~they have been performed on short
samples, i.e.,Lx534 m m). They placed rectangular Co do
of thicknessD5100 nm above a 2DEG of widthLy5W
520 mm in a GaAs heterostructure withEF519.7 meV. In-
serting these values into Eq.~19! we obtain DRxx /R0
51.8B(T) whereR051/G0510.8V. This givesDRxx(V)
519.4B(T) which is a factor of 2.2 larger than the expe
fs.

e

r

-

mental resultDRxx(V)58.75B(T). Thus we find a reason
able agreement between theory and experiment but it is c
that all details are not yet fully understood. The discrepan
may be due to the fact that the Co dots are not homo
neously magnetized. Nevertheless, the linear magnetic-
dependence is nicely reproduced.

In conclusion we obtained the change in the magneto
sistance due to the presence of magnetic barriers with
average magnetic field. We found that for diffusive transp
the magnetoresistance increases asc(T)B3/2 with the ampli-
tude of the magnetic barrier~B! where the coefficientc(T)
decreases with increasing temperature. This result is diffe
from the ballistic regime where the increase is linear inB.
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