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Magnetic excitations and exchange interactions in the spin-1
2 two-leg

ladder compound La6Ca8Cu24O41
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Using a pulsed neutron source we have been able to observe inelastic signals at high energies from the
ladders of La6Ca8Cu24O41. These signals constitute the magnon branch (;30<E<;190 meV! for the lowest
triplet excitation. A fit to a theory including a coupling along the leg (Jleg) and rung (Jrung) alone gives the
value Jleg/Jrung;2 that is not consistent with expectations from a geometrical consideration and the exact
diagonalization calculation. This inconsistency is removed when our data are fitted withJleg5Jrung5110 meV
and a four-spin exchange interaction,Jring516.5 meV.
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I. INTRODUCTION

Quantum antiferromagnetism in lower dimensions has
tracted much attention from condensed-matter physicists
recent years, spin-ladder systems have been the subje
intense theoretical and experimental studies.1 A spin ladder
is composed ofn coupled one-dimensional magnets with
interchain~or rung! interactionJ' (Jrung). The most exten-
sively studied spin-ladder system is the one in which
magnetic atoms have spin quantum number~S! 1

2 with an
antiferromagnetic intrachain~or leg! interactionJi (Jleg) as
well as an antiferromagneticJ' . The magnetic properties o
such S5 1

2 antiferromagnetic ladders~AFL’s! change radi-
cally depending on whethern is even or odd.2,3 The ground
state of anS5 1

2 AFL with even n is a singlet with a short
spin-spin correlation length and an energy gap to the low
excited triplet. On the other hand, anS5 1

2 AFL with odd n
has no gap in the excitation spectrum and the spin-spin
relation decays as a power law.

The existence of an energy gap in the excitation spect
of an S5 1

2 two-leg AFL can be understood intuitively a
follows. WhenJ'@Ji (.0), the system is viewed as a co
lection of almost independentS5 1

2 dimers. In this case, the
low-energy spectrum consists of a singlet ground state
an excited triplet with an energy gap ofJ' . Theoretical
studies4–8 showed that on decreasingJ' the energy gap de
creases and the triplet excitation has a dispersion. The e
tation energy is minimum at wave vector~Q! equals top.
The energy gap~spin gap! at Q5p is given by 0.504J' for
an isotropic (J'5Ji) two-leg ladder.9 Despite this progress
in theoretical studies, little is known experimentally abo
the low-energy excitation spectrum of a spin ladder. In t
paper, we report the observation of a dispersion curve for
low-energy excitation in a spin-ladder material.

The compound chosen for this study is La6Ca8Cu24O41.
The parent compound Sr14Cu24O41 consists of both CuO2
PRB 620163-1829/2000/62~13!/8903~6!/$15.00
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chains and Cu2O3 ladders of copper ions10,11 as shown in
Fig. 1. The Cu2O3 ladder is a good realization of anS5 1

2

Heisenberg two-leg ladder. As shown in Fig. 1~b!, the copper
moments are coupled by almost 180° Cu-O-Cu bonds al
the a and c axes. The neighboring ladders are coupled
almost 90° Cu-O-Cu bonds which give a ferromagnetic
teraction. Because this ferromagnetic interaction is mu
weaker than the dominant antiferromagnetic interaction
gether with a frustration that occurs between the two int
actions, these ladders are almost decoupled.5 A number of
experiments showed that the two-leg ladder has a spin ga
28256 meV.12–16An important point in the Sr14Cu24O41 sys-
tem is that stoichiometric Sr14Cu24O41 contains hole car-
riers. It has been reported that most of the holes are local
in the chain and some exist in the ladder.17–20 When Sr21

sites are substituted by Ca21 ions, the total number of hole
in the sample is unchanged but holes are transferred from
chain to the ladder.19,20 These holes in the ladder ma
broaden the excitation spectrum and make the observa
difficult. On the contrary, the compound La6Ca8Cu24O41 has
no holes either in the chain or in the ladder, therefore,

FIG. 1. Structure of~a! the Sr14Cu24O41 system viewed from the
c axis and~b! the Cu2O3 ladder layer.
8903 ©2000 The American Physical Society
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expect that a cleaner spectrum will be observed in this c
pound.

II. EXPERIMENTAL DETAILS

The single crystals of La6Ca8Cu24O41 were grown using a
traveling solvent floating-zone~TSFZ! method at 3 bars oxy
gen atmosphere. An array of four mutually aligned sin
crystals was used. The dimension of the cylindrically sha
crystals is about 535340 mm3. The neutron-scattering ex
periments were carried out on the High Energy Trans
~HET! Chopper Spectrometer on the ISIS Pulsed Neut
Source at the Rutherford Appleton Laboratory. The exp
ments were carried out with incident neutron energies
150, 300, 500, and 600 meV that were monochromated b
rotating Fermi chopper that was phased to the source.
energy resolution atDE50 meV is 6.2, 12, 24.8, and 3
meV for Ei5150, 300, 500, and 600 meV, respectively. T
single crystals were mounted on a closed-cycle refrigera
The experiments were performed with two configuratio
incident beam parallel toa ~the rung direction! or c axes~the
leg direction!. Since the chains in La6Ca8Cu24O41 show
long-range antiferromagnetic ordering below 12.2 K,17,21 all
the measurements were performed at 20 K where the m
netic properties in the ladder are not affected by stagge
magnetic fields from the chain.

III. EXPERIMENTAL RESULTS AND DISCUSSION

A. Inelastic neutron-scattering experiments

Figure 2 shows the inelastic neutron spectra
La6Ca8Cu24O41 at 20 K with incident beam (Ei5300, 500,
and 600 meV! parallel to thec axis. The filled circles repre
sent the raw spectra. The inset shows the scan loci in en
versus Q (v2Q) space. Several inelastic peaks are o
served. The signal originates from both magnetic excitati
and a background contribution. The majority of the bac
ground signal is multiple phonon scattering in the samp
with a smaller single phonon scattering contribution and
small contribution from the Al sample cell and the he
shields of the closed-cycle refrigerator.

The scattering function of a spin ladder along thea direc-
tion ~i.e., perpendicular to the ladder direction and in the c
of these data the incident beam direction! is sinusoidal, being
zero atka50 and a maximum atka50.8 Å21 correspond-
ing to the length of a rung. Consequently we expect to
magnetic scattering from the ladder in thea2c plane, but
not in theb2c plane. With the crystal aligned as it was fo
our experiment, detectors in the horizontal plane probe
a2c plane whereas those in the vertical plane probe thb
2c plane. As a result we were able to use the vertical de
tor bank to simultaneously collect the background scatte
data under identical experimental conditions. Although
vertical detectors are probing a different portion of recipro
space, the multiphonon background is isotropic to a go
approximation at the high energies at which we have m
sured. The open circles in Fig. 2 represent the backgro
signal. As an additional check of our estimates of the ba
ground subtraction, we performed scans withki perpendicu-
lar to thec axis that once again means that there is no m
netic signal in the vertical detector banks. Even from the r
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data in Fig. 2, one can see the magnetic peaks. The o
triangles represent the inelastic spectra after subtracting
background. The broken curves in Fig. 2 are the results
fits to a convolution of the resolution function with Gaus
ians.

As will be described in Sec. III C, the minimum and max
mum of the triplet excitation band should be known to d
termine the exchange constants in the Cu2O3 ladder. In order
to determine these values, we performed the same exp
ments as reported in Ref. 16. The experiments were
formed with the incident beam parallel toa ~the rung direc-
tion!. We sum the data collected in the horizontal detec
banks at each incident energy, thereby integrating over
proximately one Brillouin zone inQi . In Fig. 3 the data
collected with incident energies of 150, 300, 500, and 6
meV are shown. The insets illustrate the range of (Q, v)
space over which the integration is made and its relations
to the dispersion relation. The data are analyzed with
method similar to that in Ref. 16. The scattering function a
the dispersion relation are assumed as in Ref. 16. In
calculation the misalignment of the four crystals is taken in
account. The function was then convoluted with the inst
mental resolution function and fitted to the data collec
with incident energies with 150, 300, 500, and 600 m
simultaneously. The fits to the four data sets are shown
Fig. 3, and yielded the band minimum~spin gap! of 30.5
65 meV and the band maximum of 19165 meV. The
model fitting in Fig. 3 is not as good as in Ref. 16 because
smaller sample mass and mostly because of a misalignm
of the crystals, which cannot be fully corrected with th
model function. However, the upper limit of the scattering
observable at;200 meV particularly in the 300 meV an
500 meV data as shown in Fig. 3, suggesting that the b
maximum should be similar to the fitted value.

B. vÀq dispersion

The dispersion datav(Q) as obtained from the peak po
sitions are shown in Fig. 4. The signals at 30–60 meV or
nate from the bottom of the excitation band in the first Br
louin zone and those at 100–170 meV from the excitation
the second zone. The minima of the dispersion are expe
at Q;0.8 and;2.4 Å21, which corresponds to thep and
3p points, respectively. As shown in Fig. 5, all the expe
mental points are reduced to a single Brillouin zone. Th
points constitute a dispersion curve for the lowest ene
excitation.

C. Exchange interactions between copper ions

The standard analysis of experimental data for spin l
ders uses the two parametersJleg and Jrung only, assuming
the simplest symmetric structure of the two legged ladd
For this model we have calculated the dispersion of the lo
est triplet excitation using the Lanczos method for ladd
with 12 rungs~i.e., 24 spins! and periodic boundary condi
tions. Although this ladder is of limited length and allows
to calculate the energy of the excited triplet for a limite
number ofQ values only, the results are reliable owing to t
short correlation length of the spin ladder~about three
rungs!.



f

V.
w

ec-
m
es
the
n
he
in

g-
nt

PRB 62 8905MAGNETIC EXCITATIONS AND EXCHANGE . . .
FIG. 2. Inelastic neutron scans o
La6Ca8Cu24O41 measured atT520 K with inci-
dent neutron energies of 300, 500, and 600 me
The filled and open circles represent the ra
spectrum and the background signal, resp
tively. The open triangles represent the spectru
after subtracting the background. The gray curv
are guides to the eye. The broken curves are
results of fits to a convolution of the resolutio
function with Gaussians. The solid curves are t
fitted value added to the background. The inset
the top figure shows the scan loci inv2Q space.
The inset in the middle figure shows neutron si
nals around 130 meV measured with an incide
neutron energy of 500 meV.
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With Jrung and Jleg as only exchange parameters we o
tained the reasonable fit to our data forJrung553 meV and
Jleg5106 meV, corresponding toJleg/Jrung52, as shown in
Fig. 5. It is noted that these parameters are determine
that the minimum and maximum of the triplet excitatio
band, which are determined as shown in Sec. III A, are
produced. These values are in good agreement with th
obtained before;16 they are, however, not consistent~i! with
-

so

-
se

the expectation from a geometrical consideration that the
O-Cu exchange on legs and rungs should be approxima
equal ~due to identical exchange paths and approximat
equal distances and also in analogy to 2D materials suc
La2CuO4) and ~ii ! with the results of an exact diagonaliza
tion calculation for the electronic state of cuprates perform
by Mizuno et al.,22 which gives Jrung;150 meV andJleg
;170 meV, corresponding toJleg/Jrung51.1.
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We, therefore, considered whether or not the introduct
of additional exchange interactions gives a fit to our d
with comparable accuracy and concomitantly is consis
with the expectationJrung'Jleg. We first calculated the dis
persion for the fixed valueJleg/Jrung51 with an additional
next-nearest-neighbor exchangeJdiag ~exchange across di
agonals of the basic ladder plaquette!. The reasonable fit to
our dispersion data was obtained forJdiag/Jrung;20.4. This

FIG. 3. Scattering integrated over the low angle bank with in
dent energies 150, 300, 500, and 600 meV. The solid lines are
results of fits described in the text. The insets show the relation
between the dispersion relation and the portions of (Q, v) space
over which the scattering was integrated.
n
a
nt

possibility, however, has to be discarded since it is inco
patible with the theoretical result23–25 that Jdiag is antiferro-
magnetic.

Next, we calculated the dispersion with an additional ri
exchangeJring . A possibility of the presence of a four-spi
exchange interaction of the form

H ring52Jring@~S1•S2!~S3•S4!1~S1•S4!~S2•S3!

2~S1•S3!~S2•S4!#, ~1!

which for S5 1
2 describes ring exchange around a plaque

formed by the four spinsS1 , S2 , S3, and S4 was recently
proposed by Brehmeret al.26 It was shown that the ring ex
change reduces the gap energy atQ5p considerably,
thereby requires larger values forJrung and Jleg. The four-
spin terms in Eq.~1! actually are the simplest ones present
an S5 1

2 ladder, since the best known four-spin term, t
biquadratic exchangeJbiq(S1•S2)2, reduces to two-spin ex
change interactions forS5 1

2 and is not an independent op

-
he
ip

FIG. 4. v2Q dispersion relation for the two-leg spin ladder
La6Ca8Cu24O41. The various symbols represent the positions wh
magnetic excitation peaks are observed. The thin and thick l
represent the scan loci and the error bars of the observed data

FIG. 5. v2Q dispersion relation reduced to a single Brillou
zone for the two-leg spin ladder in La6Ca8Cu24O41. The broken
curve represents the theoretical one withJleg5106 meV andJrung

553 meV. The solid curve represents the theoretical one withJleg

5Jrung5110 meV andJring516.5 meV. These theoretical curve
are drawn through the points calculated forQ5(n/6)p
(n50,1, . . .,6).
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erator. We calculated the dispersion, again with the fix
valueJleg/Jrung51 for nonzeroJring . The solid curve in Fig.
5 shows the theoretical one withJrung5110 meV,Jleg5110
meV, andJring516.5 meV.

These results suggest that a moderate amount of ring
change around the basic ladder plaquettes~about 15% of the
main Cu-O-Cu bilinear exchange! should be included into
the Hamiltonian of the two-leg ladder. We emphasize, ho
ever, that this conclusion is not based on a difference
quality between the two calculations presented in Fig. 5~to
the contrary: the two calculations presented in Fig. 5
essentially of same quality! but on the following arguments

~i! The result obtained includingJring is consistent with
the geometrical expectationJrung'Jleg which is also found in
the exact diagonalization calculation.

~ii ! The values forJrung and Jleg found in this way are
close to those obtained in La2CuO4 (J;130– 190 meV!,23–25

in which the Cu-O-Cu exchange paths are similar to thos
the ladder compound.

~iii ! The value forJring obtained here is close to the the
retical oneJring519 meV predicted for La2CuO4.24 Very re-
cently,Jring andJdiag in the Cu2O3 ladder have been obtaine
from the exact diagonalization calculation.27 Jring and Jdiag
are calculated to be 18 meV and 3 meV, respectively, wh
is quite consistent with our experimental results. It is no
that Jring has been considered in the CuO2 planes by Loren-
zanaet al.28 very recently in order to interpret the optic
absorption results in La2CuO4, YBa2Cu3O6, and
Sr2CuO2Cl2. They claim thatJring should be finite and have
a value of;0.3J, whereJ is the interaction between neares
neighbor copper ions in the CuO2 plane.

The ratioJleg/Jrung;1, at a glance, does not seem to
consistent with the recent result of Imaiet al. who obtained
Jleg/Jrung;2 for both La6Ca8Cu24O41 and Sr14Cu24O41 from
17O NMR measurements.15 The actual quantity they mea
sured is the spin density at the two oxygen sites.15 If one
assumesJleg andJrung only, one getsJleg/Jrung;2 from the
d

x-

-
in

e

in

h
d

experiment. So, there is no contradiction between the N
and the present experiments. The absolute values ofJleg and
Jrung determined from the present study are still considera
smaller than the theoretical ones.22 One reason for this dis
crepancy would be that the calculation was made
SrCu2O3 which has a similar ladder structure a
La6Ca8Cu24O41. A detailed calculation of the exchange co
stants in La6Ca8Cu24O41 using the parameters appropriate f
this material will give a better result.

IV. SUMMARY

Using a pulsed neutron source we have been able to
serve inelastic signals up to;200 meV from the ladders o
La6Ca8Cu24O41. These signals constitute the magnon bran
for the lowest triplet excitation. A fit to a theory including
coupling along the leg (Jleg) and rung (Jrung) alone gives
values which are not compatible with the expectation from
geometrical consideration and the theoretical predictionJleg
'Jrung. Therefore, we introduced a four-spin exchange
teraction (Jring) in addition toJleg andJrung. A reasonable fit
is obtained withJleg5Jrung5110 meV, andJring516.5 meV.
In a future experiment, it would be interesting to measure
temperature dependence of the excitation spectrum. The
perature dependence of the intensity atQ5p is predicted to
exhibit a peak at a temperature below that correspondin
spin gap.29
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