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Vibrational density of states in the archetypical icosahedral quasicrystali -Al62Cu25.5Fe12.5:
Neutron time-of-flight results
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We study the neutron-weighted vibrational density of statesg(E) in the i-AlCuFe quasicrystal measured by
time-of-flight inelastic neutron scattering~INS!. The samples studied werei -Al62Cu25.5Fe12.5 with different
isotopic substitutions. These results are compared to our previous57Fe inelastic nuclear-resonant absorption
~INA ! results for the iron-partialg(E) @R. A. Brandet al., Phys. Rev. B59, R14 145~1999!#. The neutron-
weightedg(E) measured on samples with different isotopes~natural Cu and65Cu; natural Fe and57Fe) shows
that the aluminum and copper-partialg(E) is strongly peaked at a significantly lower energy than that for iron.
We show in addition that the low-energy square term ing(E) is the same for both INS and INA but a
significantquartic termexists in the neutron-weightedg(E). The neutron-weighted and iron-partialg(E) are
used to calculate lattice-dynamical properties such as the lattice specific heatClatt(T). The Clatt(T) as calcu-
lated from the neutron-weightedg(E) agrees with the experimentalClatt in the low T range where an anoma-
lous power law had previously been found@J. C. Lasjauniaset al., J. Phys. I7, 959 ~1997!#. These results are
discussed in terms of possible non-acoustic modes at low energy.
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I. INTRODUCTION

A. Lattice dynamics of quasicrystals

The discovery of quasicrystalline alloys with icosahed
( i -) point symmetry1 profoundly changed conventional cry
tallography. In addition, this interesting type of long-ran
nonperiodic order has led to different dynamical propert
in these materials. Theoretical considerations show that t
are two types of elementary excitations of the lattice degr
of freedom: phonons and phasons.2 The vibrational density
of states~VDOS! g(E) predicted from many models3–6 is
highly structured at high energy, with an infinite number
van Hove singularities. However in the low-energy limit, t
weight of these singularities diminishes so that well defin
acoustic modes are expected. The VDOS is thus predicte
be Debye-like~quadratic inv or E) at low energy in these
calculations.3–5 The character of the vibrational eigenstat
in an aperiodic lattice depends on the competition betw
two characteristic features. The first is the aperiodic
which leads to a tendency for localization. The second is
the self-similarity which means that any finite section will
repeated infinitely many times. This leads to a tendency
extended states. Numerical studies7 have shown that mos
states are ‘‘critical’’: they are intermediate between extend
and localized and show power-law decay.

Many types of techniques have been applied to the st
of phonon dynamicsi-AlCuFe and QC in general. Cohere
inelastic neutron scattering~INS! has been used to study th
phonon dispersion relationsv(kW ) in i-AlPdMn,8,9 in
i-AlLiCu,10,11 and in i-AlCuFe.12,13 Generally well-defined
PRB 620163-1829/2000/62~13!/8849~13!/$15.00
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acoustic phonon modes with instrumental linewidth a
found below a certain wave vectorkW of about 0.4 Å21.
Above this, they broaden out into a band of mixed acous
and optical modes.8,9 However, it has been shown that th
expected proportionality between the dynamical and
static structure factor holds, so that the acoustic branches
seen in coherent INS.5 It is not possible strictly speaking to
define a Brillouin zone for a quasiperiodic lattice. But o
result from the elastic and inelastic scattering studies is
it is possible to define a pseudo-Brillouin zone~PBZ! defined
from the strongest diffraction peaks.5

On the other hand, inelastic neutron-scattering meas
ments lead to smooth featureless ‘‘generalized’’ vibratio
density of states~GVDOS!.14–16In the case ofi-AlCuFe this
is a smooth VDOS with double maximum. The GVDOS h
been studied ini-AlPdMn at higher temperatures:16 a general
softening is found which correlates with the hig
temperature transition to soft plasticity. As we shall see
major problem with studies of the VDOS using incohere
inelastic nuclear scattering is the difficulty of removing~at
least approximately! the multiphonon contributions. In, fo
example, Refs. 14, multiphonon corrections could only
calculated assuming a uniform effective mass over the
ergy range~see, for example, Ref. 17, Chap. 7.6!. As we
shall see later, this initial simplest model~justified at the
time! is not sufficient to correctly account for the heterog
neous structure of the effective mass as can be seen from
iron-partial VDOS presented in Ref. 18.

Several systems have also been studied by spe
heat19–22 and thermal conductivity, ultrasound, and lig
scattering.5 In the case ofi-AlPdMn, the usual expression,
8849 ©2000 The American Physical Society
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CV5gT1bT31dT5, ~1!

has been used by Wa¨lti et al.22 and Chernikovet al.19 to
explain the measured low-temperature specific heat.
usual, the first term,gT, is due to the conduction electron
where the value ofg is reduced as compared to similar me
als, reflecting the low density of electronic states at the Fe
energy. The latter two terms are the lattice contributio
Clatt . A Debye-like phonon density of states would lead
thebT3 term alone~equivalent to a linear dispersion relatio
v5vukW u). Wälti et al.22 have also discussed the disagre
ments between different physical properties testing the in
Debye-like part of the VDOS. They compared the phononT3

term in Clatt with that predicted from the measured speed
sound, and with that predicted from the measured neut
weighted GVDOS. The strong disagreement with the pred
tions based on the GVDOS might be traceable to experim
tal problems with the inelastic neutron-scattering res
~difficulty of multiphonon corrections in the GVDOS, prob
lems with removing the elastic peak from the small ene
region: see Ref. 22!. However, they did note that the me
sured sound velocity would predict a smaller cubic term th
that derived from specific-heat data. This can be attribute
nonacoustic vibrations at low energy. One difficulty with t
specific heat of i-AlPdMn is the presence of a low
temperature magnetic transition, making the extraction of
lattice specific heat itself rather difficult.23–25 The low-
temperature variation of the sound velocity has been in
preted in terms of the existence of nonacoustic low-ene
tunnel states ini-AlCuFe,26 i-AlPdMn,27 and i-MgZnY.28

Equivalent to calculating theT3 term in Clatt , we can
compare different physical properties which measure lat
vibrations through the calculated Debye temperatureQD ~as
we do in the following!. In the Debye model, the Deby
temperature enters various different experimental parame
such as the lattice specific heatClatt , the Debye-Waller fac-
tor in both diffraction and in EXAFS, the average~Debye!
speed of soundvD , and the vibrational density of state
g(E). The values ofQD calculated from most of these dif
ferent parameters are not the same since the physical pa
eters are sensitive to different energy regions ofg(E) @usu-
ally as a power of the energyE in an integral overg(E)#. We
present values ofQD both as calculated by using the initia
curvature ofg(E) at smallE and by averagingg(E) overE.
We emphasize that the first method is essentially in the z
energy, zero wave-vector limit and thus usually tests the l
wavelength acoustic phonons. We will compare these w
values ofQD determined from the speed of sound, as well
the measured low-temperature lattice specific heat from L
jauniaset al.21 In crystalline materials these different calc
lations generally agree well~see Ref. 29, Chap. 2 for a dis
cussion, and Ref. 30 for a recent work on metallic iron!. We
present our results as well in terms of an effective Deb
cutoff energy as defined for a pure Debye model, or incl
ing the first corrections~quartic term in energy!.

In nonmetallic amorphous materials,31 large discrepancies
between the predictions of the sound velocity, and the s
cific heat below 1–2 K are well known. The specific he
varies linearly withT ~although the system is insulating!,
instead of the expectedT3 from the Debye model, and i
much larger than that expected from the speed of sou
s
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Thus there must be additional excitations of the lattice
grees of freedom~often described as two level systems, TL
also denoted tunneling states32,33!. At higher temperatures
these additional states are often described in terms of
‘‘soft potential model.’’34 A broad band of excitations is pos
tulated in this model, extending from the low-energy tunn
ing states~TLS! up to localized harmonic excitations a
higher energies. Many computer simulations35 have also
shown these vibrational modes in simple models. Althou
this model has recently been questioned,36 it has been suc-
cessfully used to describe the thermal and vibrational pr
erties of glasses. One aspect of these studies interestin
the current study is the realization that these local TLS
be due to the motion of groups of atoms in a collecti
manner,37 as well as that they can interact with the extend
sound wave states.38 We return to this point later when w
discuss possible models for the lattice dynamics in qu
crystals.

The specific heat of icosahedrali -Al62Cu25.5Fe12.5 has
been studied by Lasjauniaset al.21 Their results seem to in
dicate a complicated behavior for the lattice contributionClatt
in the low-temperature region with nonintegral power e
pressionT3.55 being used by the authors to describe th
results. These results were, however, difficult to underst
since the lattice thermal properties ofi-AlCuFe are not ex-
pected to be different from those of the other icosahed
quasicrystals. We will address this point by calculating t
lattice specific heat directly from the measured vibratio
density of states in the case ofi-AlCuFe, and comparing this
to the results presented by Lasjauniaset al.21

We will discuss the different lattice-dynamical behavi
of iron and copper presented here in terms of the local c
figuration around the iron and copper atomic sites. In or
to do this, we present a short description of the perfect ico
hedral quasicrystal model. The structure of the stable qu
crystalline phases~such asi-AlCuFe andi-AlPdMn! is best
described by this model.39 The six-dimensional~6D! face-
centered Bravais lattice is decorated by three different ato
surfaces40 denoted ‘‘node’’n, ‘‘node-prime’’ n8 and ‘‘body-
center’’ bc. The problem of the atomic decoration is th
most difficult, and only partially resolved. The propos
atomic decoration39,41 consists of Al and Fe onn, Cu onbc,
and all three onn8 atomic surfaces. The atomic structure
then obtained by projection into the 3D parallel space
turns out that much of the resulting structure can be
scribed very simply. The Cubc sites are surrounded by 1
Al n-site atoms on an icosahedron, and 20 Al, Cu, and
n8-site atoms on a dodecahedron. This forms a cluster o
atoms reminiscent of the Bergman cluster, and about 65%
the structure can be thus described. The remaining ca.
of the structure is built from pieces of what seem to
Mackay icosahedra. It is known that the icosahedral phas
stable in the AlCuFe ternary system along a line of com
sition, rather than at one point.42 It is the Makay icosahedra
which provide the chemical flexibility necessary to expla
this property. For both Cu and Fe, the nearest-neighbor s
is dominated by Al. From this model, it is quite clear th
iron and copper play a very different role in the structu
and this is the origin of the different lattice dynamics whi
will be presented here. Characteristic is the absence of F
bc sites occupied by Cu. These structural differences
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tween the lattice sites occupied by Cu and Fe will justify
simple model for the effective vibrating mass in differe
energy regions ofg(E). It is also interesting to note the larg
differences in the phason dynamics between Cu and
which have been found by quasielastic scattering exp
ments as well.43,44

B. Inelastic methods: Vibrational density of states

In addition to INS, a different method to study the vibr
tional density of states is provided by inelastic nucle
resonant absorption~INA ! of synchrotron radiation, re
viewed in Ref. 45. This method yields the element-par
g(E) directly. Recently18 we have addressed the question
the phonon structure in quasicrystals using this method
the nuclear resonance of 57Fe in icosahedra
i -Al62Cu25.5Fe12.5. Our aim was to determine the elemen
partial VDOS by a purely inelastic method in order to ga
more insight into the lattice dynamics of quasicrystals
general andi-AlCuFe in particular. We found the surprisin
result that the Fe-partialg(E) in this system is quite sharpl
peaked at a certain energy, which was above the br
double maximum which had been found earlier in t
neutron-weighted GVDOS found from incoherent inelas
neutron scattering~INS!.14 This result has led us to recon
sider the incoherent INS results under a different light, wh
is the subject of this paper.

The experiments were performed at the cold neutron tim
focussing time-of-flight spectrometer IN6 of ILL. At the neu
tron wavelength of 4.1 Å, this instrument has an elastic
ergy resolution of 170meV. The maximum momentum
transfer is 2.6 Å21, and maximum energy gain of 200 me
~only up scattering is important!. The instrument is describe
in Ref. 46, and on the ILL web site.47 The experiments a
IN6 provide information on the double differential cross se
tion d2s/d vdV which is defined as46,48

d2s

dv dV
5

N

4p

kf

ki
@scohS~QW ,v!1s incSinc~QW ,v!#. ~2!

Here,ki andkf are the initial and final neutron wave vector
QW 5kW f2kW i is the momentum transfer,scoh/inc is the coherent/
incoherent neutron cross section, andS(QW ,v) andSinc(QW ,v)
are the coherent and incoherent scattering functio
respectively.46,48 In the incoherent approximation,49 we con-
sider only the inelastic incoherent scattering functionSinc

inel . In
the case of a monoatomic cubic crystal, this leads to
following relationship for the double differential cross se
tion ~see Ref. 48, Chap. 4.4.! for one-phonon inelastic up
scattering~phonon annihilation!:

d2s

dv dV U
inc,11

inel

5
Ns inc

8pM

kf

ki
Q2e22W

g~v!

v
@n~v!11#. ~3!

g(v) is the vibrational density of states for a vibrating ma
of M and Debye-Waller factorW. Q is the modulus of the
scattering vector, andv is the energy transfer. When ave
aged over different atomic species with indexi, this expres-
sion yields the nuclear-partial density of statesgi(v) for the
i th nucleus with scattering cross sections i , Debye-Waller
factor Wi , and atomic massMi . In the incoherent approxi
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mation, an average over the reciprocal space is assume
that the coherent contributions~involving relative motions
between two atoms! are lost. This approximation has bee
found adequate to analyze the data as long as enough
are collected at largeQ as compared to the Brillouin zon
~for example, see Ref. 50!. However, kinematical conditions
prevent one from measuring in the region of reciprocal sp
where the phonon velocity is larger than the neutron vel
ity: see Figs. 3 and 4 of the first reference in Ref. 14.~For a
discussion of the approximations used, see Ref. 51 as we
Ref. 52.! In a quasicrystal, we need to define the pseu
Brillouin zone ~PBZ! constructed from the strongest Brag
diffraction peaks. If eachgi(v) is known, thenSinc can be
calculated, but in fact we need to solve the inverse prob
of extracting at least a neutron-weightedg(v) knowingSinc .

There is a general problem of extracting the sing
phonon contribution from the experimentally measured da
The formalism for extracting the multiphonon contributio
is similar in both the nuclear scattering~INS! case and the
nuclear resonant~INA ! case. In the harmonic approximatio
knowledge of the effective vibrating mass over different
gions of energy is sufficient to estimate the multiphonon c
tribution. For INA experiments, the question of the effecti
vibrating mass is quite simple. This makes the multiphon
corrections straightforward. For INS, this is certainly not s
we need some input. In our case, we will show that this c
be obtained synergistically from combining~i! the results of
our INA iron-partial experiments,18 and~ii ! from comparing
INS results for samples with different isotopic substitution
This allows us to obtain the single-phonon neutron-weigh
vibrational density of statesg(E). This differs from the cor-
rections made in Ref. 14, where presumably an aver
atomic mass was used over the whole energy range.

II. EXPERIMENTAL RESULTS

Our aim in this experiment was to further investigate t
discrepancy between the previous inelastic neutron studie
the VDOS ini-AlCuFe ~Ref. 14! and our iron-partial vibra-
tional density of states experiment.18 It is known that the
compositioni -Al62Cu25.5Fe12.5 produces a stable icosahedr
( i -) structure over the widest range of temperature, up to
least 1100 K~see Refs. 40 and 42!. This makes this compo
sition predestined for a comparative study of phonon~and
phason! dynamics. We have studied icosahed
i -Al62Cu25.5Fe12.5 with various isotopic substitutions. Th
samples used in this study have already been describe
Ref. 53~other than the isotopic substitutions65Cu and57Fe).
After melt spinning, they were heat treated to remove
residualb phase present in the as-made material, as wel
all phason disorder. The quality of all samples was co
trolled using x-ray diffraction. Peak positions, intensitie
and linewidths were found characteristic of high-grade m
tidomain icosahedral samples~flakes!. At the Nuclear Reso-
nance Beamline ID18~see Ref. 54! of the ESRF, we previ-
ously studied the nuclear-resonant inelastic absorption~INA !
of synchrotron radiation by the57Fe nuclei in an57Fe en-
riched sample~natural Cu!.18 At the time-of-flight inelastic
beamline IN6 of ILL,47 we studied the neutron-weighte
GVDOS, presented here. The samples were containe
standard thin-walled aluminum cans. INS spectra were ta



cross
d
t

8852 PRB 62R. A. BRAND, A.-J. DIANOUX, AND Y. CALVAYRAC
TABLE I. Effective composition-weighted nuclear cross sections for samples in barns. The total
section is defined ass tot5ss1sa wheress is the total~coherent plus incoherent! scattering cross section an
sa the absorption cross section at a neutron wavelengthl54.12 Å ~Ref. 55!. Samples of the INS experimen
are labeled a, b, and c.

Sample Cu Fe ss
Al ss

Cu ss
Fe sa s tot

a nat nat 0.931 2.05 1.45 3.266 7.698
b 65 nat 0.931 3.70 1.45 2.325 8.408
c nat 57 0.931 2.05 0.13 3.243 6.348
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ity
on three samples with different isotopic enrichment in or
to change the contrast mainly between Cu and Fe: samp
natural Cu and Fe; b,65Cu, natural Fe; c, natural Cu,57Fe.
Sample a was considered the reference. The composi
weighted neutron-scattering cross sections are given in T
I ~see Ref. 55!. That of sample b was strongly increase
high sensitivity to Cu. The cross section of sample c w
decreased: insensitivity to Fe. Measurements using a neu
wavelength of 4.12 Å at 300 and 600 K were compared
detect any significant anharmonic effects. The empty sam
can was also measured at 300 and 600 K and this si
removed. The counted neutrons were summed over the
range of angles accessible at IN6. The edge of the ela
peak was removed using the measured vanadium stan
signal.

Figure 1 gives the experimental generalized freque
distributions for samples a, b, and c at 300~left! and at 600
K ~right! with the empty can data already subtracted and
edge of the elastic peak removed. These curves have
normalized by the sample mass, the time and neutron flux
well as detector efficiency. We observe the dramatic incre
in the height of the first peak with increasing copper cro
section~sample a to b!, and decrease in the second peak w
decreasing iron cross section~sample a to c!. Due to the fact
that these peak structures are broad, there is also an ov
r
a,

n-
le

:
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effect as well. However, we can conclude that the most
portant cross section for the energy region of the first pea
that of copper, and for the second that of iron. This is o
starting point to calculate the multiphonon contributions. U
ing a formalism similar to the case of INA,56 the mul-
tiphonon signal was calculated assuming bands in energ
different effective atomic masses. It was found necessary
sufficient to assume a low-energy band of atomic mass gi
by Al and Cu ~atomic mass a.m. 44, position̂E&
;14 meV), a middle band given by Al and Fe~a.m. 35,
^E&;28 meV) , and an upper band of only Al~a.m. 27,
^E&;41 meV). It is clear that this is consistent with the ra
data. In addition, it is consistent with the previous iro
partialg(E) results as well, which were highly peaked at t
upper peak of the neutron raw data. Figure 2 gives the
perimental generalized frequency distribution for sample a
300 and at 600 K. The multiphonon as well as the ba
ground intensities calculated in this way are also shown. T
last contribution is essentially a constant level in the time-
flight spectra, a reasonable assumption since one ca
completely remove the frame-overlap signal.46 By subtract-
ing these two latter contributions from the uncorrected G
DOS, we arrive at the neutron-weighted vibrational dens
of statesg(E). This is then normalized to have unit area.

Figure 3 shows~a! the 300-K and~b! the 600-K neutron-
FIG. 1. The experimental generalized frequency distributions of samples a, b, and c at~left! 300 K and~right! 600 K.
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FIG. 2. The experimental generalized frequency distributions of sample a at~left! 300 K and~right! 600 K. Shown as well are the
calculated multiphonon and background intensities which have to be subtracted to arrive at the vibrational density of statesg(E).
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weightedg(E) curves as corrected for multiphonon effec
as well as the Debye-Waller factor. Henceforth we will r
serve the term GVDOS for the uncorrected neutron data.
curve for the sample a can be directly compared to the
vious GVDOS results of Kleinet al.,14 which were, how-
ever, corrected for multiphonon effects by assuming a c
stant atomic mass over energy. The multiphonon correct
presented above have reduced the previously observedupper
maximumnear 22 meV into thebroad plateaushown here.
Thus this maximum is mostly due to multiphonon contrib
tions. Comparing the three samples, the strongest effec
g(E) of the different scattering cross sections is theincrease
in the relative intensity of the first peak at about 14–15 m
-
e

e-

-
ns

-
on

and a systematicloss in intensity near the high-energy pla
teau for increasing Cu and decreasing Fe scattering c
section. This is the same conclusion which we made fr
considering the raw data presented in Fig. 1. However, n
this second maximum is practically absent in the neutr
weightedg(E), which is heavily weighted by copper an
aluminum. The second point is that the results forg(E) in all
three samples at a given temperature superpose in the re
from zero up to about 8 meV. There is thus little depende
on the relative scattering cross section in this region.

Figure 4 shows a comparison of the neutron-weigh
g(E) measured on sample c and the previously publis
iron-partialg(E) ~see Ref. 18: both have multiphonon com
e
FIG. 3. The neutron-weightedg(E) ~INS! for the three samples a, b, and c at 300 K~left! and 600 K~right!. Corrections have been mad
for the multiphonon and background contributions.
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ponents deleted!. The most striking feature of this figure i
the difference in positions of the rather sharp maxima:
about 14–15 meV for the neutron-weightedg(E) data and at
about 27 meV for the iron-partialg(E), both marked with
arrows in the figure.~Both curves have been normalized
unit area.! The maximum of the iron-partialg(E) lies at the
upper edge of the plateau found in the neutron-weigh
g(E) curve of sample a, while this plateau progressiv
decreases going from sample a to b to c. The second stri
feature in this comparison is the low intensity of the iro
partial VDOS in thelow-energyregion up to~and actually
above! the maximum observed in the neutron-weightedg(E)
as compared to the intensity at larger energies.

III. DISCUSSION

From a comparison between our data on the iron-pa
g(E) and the GVDOS of Kleinet al.,14 we previously
made18 the simple conclusion that the upper maximum
dominated by Fe, and the lower one by Cu. We have n
presented different data for isotope-substituted samples
the same composition. A comparison of the raw data fr
these samples strongly reinforces this simple conclus
Sample b is characterized by a stronger weighting for Cu
sample c a smaller weighting for Fe. In both cases, the G
DOS ~Fig. 1! sharpens considerably in the region of t
maximum near 14–15 meV. Since, as is clear from the co
position ~and the structure model discussed in the Introd
tion!, the nearest neighbors of both Cu and Fe must be do

FIG. 4. The neutron-weightedg(E) ~INS! of sample c as com-
pared to the iron-partialg(E) ~INA !. Top of figure: the lower peak
of the neutron-weightedg(E) curve is marked with an arrow at 1
meV, and the peak of the iron-partialg(E) result at 27 meV. Bot-
tom of figure: the two arrows mark the Debye cutoff energyED as
calculated with the quadratic term~2! only, or the quadratic and
quartic terms(2&4) in g(E) at low E, as discussed in the text.
t

d
y
ng

al

w
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d
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nated by Al, we can conclude that the energy range of
lower peak is dominated by Al and Cu while that of th
upper by Al and Fe. In addition, the multiphonon calcu
tions show the presence of a broad region at even hig
energies dominated by Al. We observe as well that
neutron-weightedg(E) tends to be as sharply peaked, but
lower energy, as that observed for the iron-partialg(E). The
simplest physical interpretation of this difference betwe
iron and copper would be based on a different stiffness
efficient: that for Fe with its neighbors being larger than th
for Cu with its neighbors. This difference would then b
related to the different local environments for Fe and Cu
the Katz-Gratias model ofi-AlCuFe,39 described above. It is
known that above about 10 meV, the phonon dispers
curves for quasicrystals are composed of an overlap
acoustic and optical, and, perhaps, critical modes. T
makes an interpretation in terms of acoustic phonons d
cult. Thus we will in the following first make model-fre
conclusions on the thermal properties and average stiffn
coefficients. But to understand the differences between
~Al and Cu dominated! neutron-weightedg(E), and the iron-
partialg(E), we must consider the differences in local stru
ture between Cu and Fe as well.

A. Comparing the Debye temperatures

The vibrational density of states is expected to be Deb
like in the low-energy limit. From this, we can extract th
Debye temperatureQD from the quadratic term ing(E). We
define the Debye-model density of states extending up
Debye cutoffED as:

gD~E!5H a(2)E2, EP$0,ED%

0 otherwise, ~4!

where the constanta(2) is given by the normalization o
g(E) as 3/ED

3 and the Debye temperatureQD as kBQD

5ED . Thus we take the zero energy limit as

lim
E→0

g~E!

E2
5a(2)5

3

ED
3

~5!

which gives the Debye temperatureQD in terms of the low-
energy limit of g(E). In such a model, the experiment
g(E) is replaced by the Debye expression, Eq.~4!. The next
higher approximation would be to add a quartic term:g(E)
5a(2)E21a(4)E4. In this case, we must change the expre
sion for the Debye energy calculated from the normalizat
of g(E): a(2)ED

3 /31a(4)ED
5 /551. In order to extract such a

quartic term, in Fig. 5 we plotg(E)/E2 for the three neutron-
weightedg(E), as well as the iron-partialg(E) as a function
of E2. The low-E2 region is fitted with a linear function in
E2 yielding a(2) and a(4). All results give nearly the same
intercept, yielding nearly the samea(2), and thus in the sim-
plest model, the same Debye temperature and denotedQD

(2) .
These are all presented in Table II. However, the values
tained for the extended model including the quartic term
the neutron-weightedg(E) are much smaller. These are d
notedQD

(2&4) . Since the quartic term is virtually absent fro
the iron-partialg(E), here there is no change. Also shown
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the table are the Debye temperatures as calculated from
average over the wholeg(E) in the usual way:

^E&[E
0

`

Eg~E!dE5
3

4
kBQD

(^E&) . ~6!

These results are similar to those calculated from Eq.~5!
except that for the iron-partialg(E) which is much higher.
The rest of the figure and remaining data in the table will
discussed below.

Another expression for the Debye temperature in the ze
energy, zero-wave-vector limit is provided by the~Debye!
average sound velocityvD . This is the average over the lon
gitudinal and transverse sound velocitiesv l and v t , respec-
tively. For icosahedral symmetry these are isotropic so

FIG. 5. The low-energy region of the neutron-weightedg(E)
~INS! as compared to iron-partialg(E) ~INA !. Plotted isg(E)/E2

as a function ofE2. Linear fits to both are also shown. Also show
are the predictions from the measured low-temperature lattice
cific heat~Lasjauniaset al. Ref. 21!, and~arrow! room-temperature
sound velocity from Brillouin scattering~Vanderwall et al. Ref.
57!. The former are calculated from the parabolic fit shown
Fig. 7.
he

e

o-

at

this average is given by 3/vD
3 51/v l

312/v t
3 . Unfortunately,

we have not been able to find such results for exactly
compositioni -Al62Cu25.5Fe12.5, and as we shall discuss late
such results are sensitive to composition as well as temp
ture. Quilichini and co-workers5,12,13give results on the pho
non dispersion curves for the compositioni -Al63Cu25Fe12
measured by coherent neutron scattering. They report5 v t
53650 m/s and v l57700. From this we obtainvD
54106 m/s. However, due to the small sample used, th
data are not too accurate and even different velocitiesv l and
v t have been extracted from these same dispersion curv21

Vanderwal et al.57 report on room-temperature Brillouin
scattering fromi -Al63.5Cu24.5Fe12. This method is highly
surface sensitive but the authors present arguments for
interpretation of bulk values of the velocity. They reportv t
53809 m/s and v l57191. From this we obtainvD
54257 m/s. The usual expression forvD is

kBQD5vDS 6p2
N

VD 1/3

.

These results yield a Debye temperature of 495 K for
results of Quilichiniet al. and 514 K from those of Vander
wal et al.These are shown compared to other determinati
in Table III. Thus fori-AlCuFe there is a discrepancy in the
Debye temperature as calculated from the VDOS g(E) and
from the sound velocityvD . It must be emphasized that th
iron-partial g(E) and the neutron-weightedg(E) data pre-
sented here have been corrected for multiphonon effects
in all cases we have been very careful not to distort the d
in the low-energy region. In the usual case, these two dif
ent determinations of the Debye temperature do agree
within experimental errors. The discrepancy found here is
the same direction as that found in Ref. 22: we find a lar
Debye temperature or smallerClatt term calculated from the
sound velocity. Additionally in Table III we give the Deby
temperature as calculated from standard Mo¨ssbauer spectra
using the Lamb-Mo¨ssbauer factor~LMF! and the second-
order Doppler shift~SOD!.43 Since these involve other pow
ers ofE in the integration overg(E), there is little agreemen
with our data presented in Table II.

We shall compare the calculations of the Debye tempe
ture as determined from the lattice specific heatClatt below.
It has been found thatClatt depends sensitively on the state
the sample.20,21 Thus we want to consider results fo
i-AlCuFe at the same composition and in the highly annea
state. The x-ray-diffraction spectra show no addition
phases, and the line positions, widths, and intensities
characteristic of phason-free icosahedral phases.42 The re-

e-
s;

TABLE II. a(n): Coefficients of the linear fit tog(E)/E2 as a function ofE2. QD : Different values of the

Debye temperature. Source:~2!: from low-E quadratic term;(2&4): including both square and quartic term
(^E&): from average ofE over theg(E) ~INA 57Fe); INS, samples a, b, c.

Sample a(2) a(4) QD
(2) QD

(2&4) QD
(^E&)

1024 meV23 1026 meV25 K K K

57Fe 1.43 20.37 319 319 430
a 1.77 5.50 298 173 309
b 1.69 5.81 302 171 297
c 1.78 5.50 297 173 297
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TABLE III. Different values of the Debye temperatureQD(K). b: from theT3 term in the fit to the lattice
specific heat;b& d: from the fit to the lattice specific heat using both theT3 andT5 terms;vs : from sound
velocity as from either neutron scattering~n! or Brillouin scattering~B! results; LME: from Lamb-Mo¨ssbauer
factor; SOD: from second-order Doppler shift~the latter two from conventional Mo¨ssbauer spectroscopy!.
Power: power ofE involved in the average over the density of statesg(E).

Source b b& d vD
n vD

B LME SOD
Reference 21 21 5 57 43 43
Power 1 1 21 1
QD ~K! 427 185 495 514 550~10! 580 ~10!
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sults of Lasjauniaset al.21 have shown thatClatt is also very
sensitive to composition. However, they also present res
for the same composition as studied here. Possible mag
contributions ~which would affect the specific heat muc
more than the INS, or INA, experiments! were checked for
with sensitive susceptibility studies in a superconduct
quantam interference device magnetometer and found n
be present.

B. Lattice dynamics and thermal properties

We will now compare our results for the vibrational de
sity of statesg(E), and thermal properties. The vibration
part of the internal energy per atom can be expresse
terms ofg(E) as58,59

U5
3

2E0

`

Eg~E!S ebE11

ebE21
D dE. ~7!

In the above,b51/kBT, wherekB is the Boltzmann constan
andT the temperature, and this expression includes the z
point motion through the Bose factor in parentheses. If
neglect the temperature dependence of the density of s
~which we do in the following!, then the temperature differ
ential of U(T) yields the constant-volume lattice specifi
heat per atom:

CV53kBE
0

`

g~E!S bE

ebE21
D 2

ebEdE. ~8!

The vibrational entropy per atom can be calculated from
lts
tic

g
to

in

o-
e
tes

S523kBE
0

`

g~E!FbE

2 S ebE11

ebE21
D 2 ln~ebE/22ebE/2!GdE.

~9!

The mean square atomic displacements can be calcu
from

^~Dx!2&5
\2

2ME
0

`g~E!

E S ebE11

ebE21
D dE. ~10!

Notice that this expression contains the atomic massM, so
that for each atomic species we should use the elem
partialg(E) as well. This is only completely known for iron
but the neutron-weightedg(E) should give a very good ap
proximation for copper. The~temperature-independen!
mean force constantV can be calculated from

V5
M

\2E0

`

g~E!E2 dE. ~11!

~If the above integrals are calculated in energy units of me
then a useful constant is\2/M.0.052 meV nm2/A, where
A is the atomic mass.! Again, this does depend onM, so that
the element-partialg(E) should be substituted. However,w
expect that the neutron-partialg(E) gives a good estimation
of the average value for copper. The resulting vibratio
contributions to the internal energyU, specific heatClatt ,
entropyS, mean square displacement^(Dx)2&, and average
force constantV are given in Table IV. Representative valu
are give for 0 and 300 K. We make the following observ
tions of these results. At 300 K, the kinetic contribution toU
TABLE IV. Results for averages over the57Fe-partial and neutron-weightedg(E) results of the samples
a, b, and c. The average force constantV is independent of temperature. A is the relative atomic mass.U is
the vibrational-contribution to the internal energy.Clatt is the lattice specific heat.S is the vibrational contri-
bution to the entropy.̂(Dx)2& is the mean-square displacement.

Sample T V U Clatt S ^(Dx)2&
K A meV/nm2 meV/atom kB /atom kB /atom nm2/A

57Fe 0 541 42.23 0.00107
300 85.80 2.70 23.08 0.00320

~a! 0 526 41.04 0.00126
300 86.10 2.70 23.37 0.00635

~b! 0 506 39.46 0.00135
300 85.61 2.71 23.49 0.0188

~c! 0 516 40.23 0.00131
300 85.95 2.70 23.46 0.00718
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andClatt are essentially equal for all four results. There is
difference in the entropy, with that calculated from the iro
partial g(E) being the smallest. We will see this reflec
differences in the low-temperature lattice specific heat
atom as calculated from the differentg(E). Also we note the
large differences between the mean square atomic disp
ments, especially with increasing temperature. The res
from the neutron-weightedg(E), especially sample~b!, are
over twice that found from the iron-partialg(E). Notice that
sample b has the largest copper cross section, so that in
result both the iron and aluminum contributions are d
creased compared to sample a. The average force con
for the iron-partial g(E) is also significantly larger than
those for the neutron-weighted results. Note the correla
between these two latter results^(Dx)2& and V, despite the
fact of the energy weighting factors being quite different@see
Eqs.~10! and ~11!#.

We show in Fig. 6 the lattice specific heat at const
volume Clatt at low temperature as calculated from t
neutron-weightedg(E) of sample c, as well as from the iron
partial g(E) in a log-log plot. The results calculated for th
three different neutron-weightedg(E) results do not differ in
the temperature range shown due to the fact that they
dominated by the low-energy limit ofg(E). @The calculated
results below 2 K are not reliable due to the extreme weig
ing of the very low energy range ofg(E).# The Clatt result

FIG. 6. Lattice specific heat calculated from the neutro
weighted and iron-partialg(E) results as compared with the expe
mental results of Lasjauniaset al. Ref. 21, in a log-log plot. The
upper curve shows the correct high-temperature limit (3kB /atom).
The lower curve shows the comparison in more detail.
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from the iron-partialg(E) follows a T3 behavior in this
range, while that for the neutron-weightedg(E) ~dominated
by Al and Cu! shows a larger slope. These calculations
also compared to the experimental results of Lasjaun
et al.21 for icosahedrali-AlCuFe with the same composition
The Clatt per atom as calculated from the neutron-weigh
g(E) is practically identical both in slope and magnitud
with the experimental result in this range, while that calc
lated from the iron-partialg(E) lies somewhat below. This is
a quite surprising result in that the noninteger power oT
proposed by Lasjauniaset al.21 has been very difficult to
understand. The lattice specific heat presented by Lasjau
et al. deviates from the Debye result~cubic term! at anoma-
lously low temperatures. This is the reason why the auth
did not try to estimate a Debye temperature from their dat60

The very low-temperature region was analyzed in terms o
nuclear quadrupole contributionCnT

22 and an ‘‘electronic’’
contribution of AT0.88. This sublinear deviation from the
usual linear electronic contribution may be the result of t
level systems~see Ref. 61 for a discussion of this in the ca
of i-AlPdRe!, but does make the analysis difficult. It is als
known that polycrystallinei-AlCuFe quasicrystals~such as
used for the specific-heat measurements! often contain small
amounts of paramagnetic impurities as well which wou
strongly disturb such sensitive specific-heat measureme
In addition, the measured specific-heat as presented in
21 is extremely sensitive to small changes in compositi
Since the measuredClatt is compatible with the vibrationa
specific heat as calculated from our measured neut
weighted g(E), these problems do not seem to advers
affect the results presented in Ref. 21.

In order to further test this equality in experimental a
calculated lattice specific heat, we show in Fig. 7 the us
plot of Clatt /T as a function ofT2 ~note we use the units o
the Boltzmann constantkB proatom!. This emphasizes the
differences at higher temperatures as compared to Fig
Shown as well are the results from the neutron-weighted
the iron-partial g(E) calculations. Again, the neutron
weighted results are quite close to the experimental on
Lasjauniaset al. found that the usual model for the specifi

-

FIG. 7. Lattice specific heat calculated from the neutro
weighted and iron-partialg(E) results as compared with the exper
mental results of Lasjauniaset al., Ref. 21 asClatt /T vs T2. A
parabolic fit though the experimental data is also shown. This
used to calculate the expectedg(E) at low E as shown in Fig. 5.
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heat, given by Eq.~1!, did not work in general for the dif-
ferent compositions ofi-AlCuFe studied, and instead foun
for the same composition as studied here~not including the
nuclear term!

Cp5AT0.881BT3.55. ~12!

Thus the physical interpretation of the two contributions
not very straight-forward. The first contribution may not on
be due to the conduction electrons but to that of TLS kno
from insulating glasses, which we briefly discussed abo
The second contribution, with the exponent of 3.55, can
simply be due to extended acoustical phonon states.
conclusion is further supported by a similar noninteg
power-lawBT3.87 for the ‘‘lattice’’ contribution in the nearby
compositioni -Al63Cu25Fe12, obeyed in an even larger tem
perature interval~between 0.7 and;12 K). In this case, the
interpretation of the specific-heat data is more straig
forward because of a strictly linear variation of the ‘‘ele
tronic’’ contribution below 1 K. In addition, the compariso
to the acoustic limit as estimated from the sound velocity
more correct, as data are available for this composition.57 For
both compositions, Lasjauniaset al. concluded that in the
low-temperature range (T,3 K), a strictly Debye-like cu-
bic term does not work.60 However, in order make a com
parison with results of the neutron-weighted and iron-par
g(E), we shall fit the ‘‘lattice’’ contribution proportional to
BT3.55 by the sum of the usualT3 andT5 terms as in Eq.~1!.
From this we can calculate an effectiveg(E)/E2. The poly-
nomial fit to the experimental data is shown in the figu
Clatt /T5bT21dT4. This results in b52.99 093
31026kB /atom K3, and d54.719631028kB /atom K5. The
usual expression forb in terms of the Debye temperature
b5(12p4/5)NAkB /QD . This yields a Debye temperature o
427 K, significantly above that found from the quadratic d
pendence ofg(E) at low E ~Table II!. By substituting the
extended Debye model including square and quartic te
into the expression for the specific heat, in Eq.~8! we arrive
at expressions forb andd in Eq. ~1!:

b5
4

5
~pkB!4a(2), ~13!

d5
16

7
~pkB!6a(4). ~14!

These can be used to calculate a ‘‘Debye’’ temperature u
both b and d, given in Table III, much smaller than th
above. In addition, we can now calculate an equival
g(E)/E2. This is given by the dash-dot line in Fig. 7. A
though the agreement with the experimentalg(E) is not very
good, it must be remembered the numerous approximat
involved @sublinear ‘‘electronic’’ term, leading two term
only in g(E) and specific heat, as well as the remaini
neutron cross section weighting ing(E), etc.#. The arrow is
the result for the zero energy limit from the sound veloc
reported by Vanderwalet al. from Brillouin scattering57 at
room temperature. This is significantly below the intercep
the measuredg(E), and that predicted from the specific he
These differences from the zero energy limit of themeasured
g(E)/E2 are a strong indication of nonacoustic excitatio
down to arbitrarily small energies. Note that the sound
n
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locity used was measured at room temperature.57 However,
the sound velocity, and thus also the calculatedQD , increase
at lower temperature~see Refs. 26, 27, and 62!, so that the
predictedg(E)/E2 would decrease. The effect is about 6
between room temperature and 4 K. This would, howev
only increase the differences with the measuredg(E) dis-
cussed here.

We have seen that in the low-energy region, the neutr
weightedg(E) can be expressed as a sum of a square
quartic terms. The power ofT3.55 for Clatt proposed by Las-
jauniaset al.21 might be seen as well as a superposition
the resultingbT3 anddT5 terms inClatt which could not be
resolved because of the fact that the quartic term ing(E) is
unusually large. However, a simple interpretation of t
neutron-weightedg(E), with square and quartic terms,
complicated by the fact that the iron-partialg(E) does not
show any anomalous quartic term in the low-energy reg
~below ca. 10 meV!. Thus iron does not participate in thes
extra excitations. Previously,22 this quartic term ing(E) had
been calculated from specific-heat results ini-AlPdMn qua-
sicrystals in the temperature range of 1.6–14 K. It was in
preted in terms of the leading deviation from linearity in t
transverse acoustic~TA! phonon dispersion relation. Th
quartic termb is given by25a t /(p

2v t
6) in the above.22 The

constanta t is related to the first deviation from linearity i
the dispersion relationE/\5v(k)5v tk1a tk

3. The results
for the iron-partialg(E) are, however, in contradiction to
this explanation. It is not reasonable to conclude that
extended acoustic phononsare so different at copper than a
iron sites in the energy range up to 10 meV. Thus this re
suggests that there is a significantnonacousticcontribution
to the vibrational density of states at arbitrarily low energi
From the results on theoretical models,5 critical modes, that
is, almost spatially confined lattice excitations, are expec
at high energy. These modes would then be at least part
localized in reciprocal space as well, and would not follo
any dispersion curve. They result from the essentially infin
number of van Hove singularities.5 In these calculations
such singularities exist as well down to low energy, but w
such diminishing weight that they are not expected to dist
the Debye limit of the acoustic phonons. From our resu
we propose thateven in the low-energy limit, there must be
many such critical modes in icosahedrali-AlCuFe ~and thus
in quasicrystals in general!. These modes would strongly a
fect the thermal properties such as the low-temperature
cific heat. The direct evidence which we present here is
difference in the quartic term in the vibrationalg(E) be-
tween the neutron-weighted and the iron-partialg(E). In ad-
dition, there is a large difference in the measured zero ene
limit of g(E)/E2 as compared to the value calculated fro
the sound velocity. This term also leads to the unusual lo
temperature lattice contribution to the specific heat as m
sured by Lasjauniaset al.,21 which is in good agreement with
the predictions of the neutron-weightedg(E). The small re-
sidual differences seen in Fig. 7 may be due to approxim
tions involved in subtraction off the electronic contributio
to CV , or to the weightings of the neutron scattering cro
sections ofg(E) still remaining.

The origin of the different properties at iron and copp
sites may lie in the different local structures in the model
Katz and Gratias. A significant feature of this model is t
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copper present on thebc sites, which turn out to be at th
center of an Al icosahedron. It seems that these copper a
can move rather freely as evidenced by the larger m
square displacements and smaller average force cons
~see Table IV! and by the quartic term in the neutron
weightedg(E).

We now want to compare the properties ofg(E) at low E,
and the positions of the sharp maxima. For this, we calcu
the Debye cutoff energyED as predicted from thea(2) term
alone, or includinga(4) in the g(E) expansion. These ar
shown as the lower arrows in Fig. 5. They agree reason
well with the maximum in the iron-partial and the neutro
weightedg(E), respectively. Thus the presence of the qu
tic term in g(E), and the significantly lower position of th
sharp maximum correlate with each other. The square t
in g(E) alone is related to the higher maximum seen for
iron-partial g(E). We are then forced to conclude that th
copper are significantly less rigidly bound in the quasilatt
than the iron atoms, and this is related to the presenc
nonacoustic elementary excitations present at the co
~and aluminum!, but not the iron sites. The comparison wi
the calculations based on the speed of soundvD indicate that
there may be further such nonacoustic excitations on
sites as well. However,vD has been determined in a samp
with a slightly different composition.

It is interesting to note that it is also the same cop
atoms which should be responsible for the very high pha
jump rates measured for Cu by quasielastic neutron sca
ing ~QNS!.44 It is also significant that local tunneling state
have also been observed in icosahedral AlCuFe as well.
et al.26 have reported evidence of TLS~tunneling states!
from measurements of changes of velocity and attenuatio
acoustic waves. These local tunneling states could very
bedynamicalphason tunneling~rather than static phason de
fects which they ruled out!. As reported by Dolins˘ek et al.,63

aluminum phason jumps can be observed down to very
temperatures by two-dimensional NMR correlation spectr
copy. In the assisted phason jump model of Coddens,44 the
aluminum jumps allow copper jumps to occur. The rec
QNS studies on single-graini-AlPdMn ~Ref. 64! have shown
that at least some phason jumps are collective events
tween several nearby atoms. We reached the same co
sions for the high-temperature range for iron using quasie
tic Mössbauer spectroscopy.43 It is feasible that local phason
phonon coupling at copper sites then leads to the excess
fluctuations seen here. If such a model is correct, it wo
mean that aluminum and/or copper sites are affected ove
energy scales by such dynamical tunneling, but not iron s
at least at these temperatures. Recent numerical65 studies
have demonstrated that the phason-phonon coupling pa
eter to be non-negligible. Thus a phonon-phason mode m
provide an alternative scenario to explain our results, in
dition to the one considering the almost localized ‘‘critica
modes.
ms
n
nts

te

ly

-

m
e

e
of
er

n

r
n
r-

rt

of
ll

w
-

t

e-
lu-
s-

cal
d
all
s

m-
ht
-

IV. CONCLUSIONS

We have presented time-of-flight inelastic neutro
scattering results on the lattice dynamics of the icosahe
quasicrystali -Al62Cu25.5Fe12.5 with various isotopic substitu-
tions. By combining the scaling of the experimental gener
ized frequency distributions with changes in nuclear cr
sections, we were able to model the effective atomic mas
over the energy range of the VDOS, allowing us to ma
more detailed multiphonon corrections than previous stud
By doing this, we were able to show that the neutro
weighted vibrational density of statesg(E) is sharply
peaked, in contrast to earlier conclusions. However,
neutron-weightedg(E) differs considerably from the iron
partial g(E) which we presented previously.18 Since the
neutron-weightedg(E) is sensitive practically to Al and es
pecially Cu, this shows that the partial vibrational density
states differ greatly between Cu and that of Fe. The res
for different thermal properties as calculated from the diff
ent neutron-weighted and iron-partialg(E) results lead to
several conclusions. All results show the same initial Deb
like quadratic term, yielding the same lattice Debye tempe
ture QD . The calculated lattice specific heat reproduces
measured low-temperature lattice specific heat previou
published.21 We conclude that the quartic term in th
neutron-weightedg(E) is due to the presence of nonacous
vibrational elementary excitations mainly on copper and a
minum. A possible reason for the large differences in latti
dynamical properties between copper and iron is sugge
by differences in lattice site occupations in the perfect ico
hedral crystal model of Katz and Gratias.39,41 One result of
these studies is the evident need for numerical studies of
atomic-partial vibrational density of states in icosahed
models. Mihalkovic˘ et al.66 have recently started such
study of approximant structures for the decagonald-AlNiCo
quasicrystal and find nonacoustic highly localized states
very low energies. Clearly further studies along this line a
necessary.
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