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Thermoelastic equation of state of molybdenum
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We report some highP-T diffraction experimental results on molybdenum using synchrotron x-ray and
time-of-flight neutron-diffraction techniques. Unit-cell dimensions, measured up toP510 GPa andT
51475 K, were derived from the refinement results and fitted to a high-temperature third-order Birch-
Murnaghan equation of state. The derived thermoelastic parameters for molybdenum are: isothermal bulk
modulusKT05266(9) GPa with a pressure derivative of bulk modulus]K/]P54.1(9), temperature derivative
of bulk modulus ]K/]T523.4(9)31022 GPa/K, volumetric thermal expansivitya5a1bT having a
51.32(14)31025 K21 andb51.26(15)31028 K22. Further, all of the previous experimental data involving
shock wave, ultrasonic, thermal-expansion measurements were also analyzed and fitted to a high-temperature
Birch/Vinet equation of state~EOS! and the thermal pressure approach of Mie-Gru¨neisen EOS, respectively.
With the greatly extendedP-V-Tdata coverage, we refined the thermoelastic parameter set for molybdenum as
isothermal bulk modulusKT05268(1) GPa with pressure derivatives of bulk modulus]K/]P53.81(6),
]K2/]P2521.41(13)31022, temperature derivative of bulk modulus]K/]T522.13(31)31022 GPa/K,
volumetric thermal expansivitya5a1bT havinga51.31(10)31025 K21 andb51.12(11)31028 K22, and
an invariant ofaKT55.43(5)31023 GPa/K over a wideP-T range. We have conducted a neutron-diffraction
study at simultaneous high pressures and high temperatures. Thermal vibrations of atoms~Debye-Waller
factors! of molybdenum were derived as a function of pressure and temperature. The experimental results of
thermoelastic equation of state parameters are compared with previous experimental data derived from shock
wave and ultrasonic elasticity measurements.
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INTRODUCTION

Molybdenum is a high technology metal with wide eng
neering applications for its thermal and mechanical stren
and also chemical resistances. The extreme stability and
fractory properties of molybdenum are considered to be
sociated with its body-centered-cubic~bcc! structure
(Oh

9-Im3m), the result of a high percentage of ‘‘d charac-
ter’’ in bonding hybrid orbits. It has been used as corrosio
resistant lining in chemical reactors and as an excellent h
strength material applicable at extreme conditions. Molyb
num has a very high melting temperature,Tm52893 K, and
the Tm increases with applied pressure.1 It is observed in
acoustic velocity measurements that there is a phase tr
tion of bcc-hcpat high shock pressure of 210 GPa and h
temperature of 4100 K.2 However, further investigation by
static compression in a diamond-anvil cell up to 420 G
~Ref. 3! could not confirm this phase transition and mu
higher transition pressure has been suggested by com
tional modeling.4 Molybdenum has been used as flyer and
back reflector for shock wave experiments to provide cer
equation of state references.5,6 Accurate and precise mea
surements of its thermoelastic equation of state are crit
for theoretical/practical implications.

The thermoelastic equation of state~EOS! is a measure of
relationship between pressure, volume, and temperature~P-
V-T!. The inclusion of temperature makes it distinct from t
P-V equation of state. The term ‘‘thermoelastic’’ emphasiz
that the final outcomes of the EOS determination are
thermoelastic properties of the matter, such as tempera
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derivative of bulk modulus and Gru¨neisen parameters. Th
thermoelasticity is fundamental behavior of condensed m
ter and has been applied in the modeling of high-P-T phe-
nomena under dynamic shocks7 and inside the planetary
interiors.8 However, to date, the thermoelastic equations
state, specifically the pressure and temperature derivative
bulk modulus and thermal expansion, of most metals a
ceramics have not been studied in a completed form.
cently, high P-T x-ray/neutron-diffraction experiment ha
been the most important way to derive the thermoela
EOS. Large-volume high-pressure device running at h
temperature plus high intensity synchrotron x-ray and
time-of-flight neutron-diffraction techniques provide th
means to derive thermoelastic EOS, crystal structure,
Debye-Waller factors of the sample materials.

HIGH P-T X-RAY AND NEUTRON DIFFRACTION

High-pressure/temperaturein situ x-ray diffraction of the
present study was achieved by integrating a DIA-type cub
anvil press, the SAM-85 at SUNY Stony Brook, with a sy
chrotron white radiation source from the superconduct
wiggler port X-17B, NSLS, Brookhaven.9 The energy dis-
persive spectra of the powder sample were collected wit
Ge solid-state detector at a fixed Bragg angle and displa
in real time on a multichannel analyzer. The relationsh
between diffraction energy, which gives thed spacing, and
recording channels was calibrated using theg-radiation stan-
dards of Fe55, Co57, Cd109, and I129. The spectra of a mixture
of diffraction standards Si, Al2O3, and MgO were taken righ
8766
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PRB 62 8767THERMOELASTIC EQUATION OF STATE OF MOLYBDENUM
before and just after each experimental run to calibrateu
and energy. The incident x-ray beam was collimated t
beam dimension of 2003100mm ~horizontal by vertical!,
and the detector optics limited 2u acceptance angle to 0.006
which ensures high resolution of the observed diffract
spectra.

Molybdenum powder~Alfa, 99.99% purity! was packed
together with NaCl powder mixture in a cylindrical hexag
nal boron nitridehBN sample chamber of 1 mm in diamet
and 2 mm in length. NaCl serves as the pressure stand10

as well as the pressure medium. We purposely introduc
big volumetric ratio~;70%! of NaCl in the sample mixture
so as to reduce the x-ray opaqueness of the heavy metal
The cylindricalhBN sample chamber was placed in an am
phous carbon heater and embedded in a boron-epoxy cu
form the high-P-T cell assembly. With our miniature diffrac
tion optics and relatively high 2u angle (2u58.510°) only
sample diffraction at high-P-T conditions was observed an
total elimination of diffraction from thehBN sample cham-
ber was achieved. The sample temperature of the h
pressure/temperature cell assembly was monitored usi
W/5%Re-W/26%Rh thermocouple~C-type, Omega Engi-
neering, Inc.! and was controlled by a dc power supply. F
the high-P-T experiments the temperature was stable
within 2 °C over the time period of several hours and w
constant to within 5 °C in the sample volume.9 Pressures for
the sample were all calculated from the lattice constants
the NaCl pressure calibrant and were estimated to be a
rate withinDP560.1 GPa.

Significant deviatoric stress is applied to the sample d
ing the initial ‘‘cold’’ compression stage, which is indicate
by the remarkable broadening of the diffraction peaks.9,11

Upon heating, deviatoric stress in the sample decreases a
temperature rises. The quasihydrostatic condition can be
tained when yield strength of the material drops drastically
high temperatures and plastic flow occurs in the sample
surrounding cell. The yield strength of the refractory meta
quite high and quasihydrostatic condition can only
achieved by softening of NaCl andhBN sample chamber
The total yield of NaCl at high temperatures was verified
comparing the peak width@full width at half maximum
~FWHM!# of the diffraction spectra. We used aP-T path
~Fig. 1! that the initial compression slightly exceeded t
highest desired pressure, and then the whole cell asse
was heated to the highest desired temperature. Those
points collected during the cold compression stage invol
severe deviatoric stress and were not included in the la
refinement. Quasihydrostatic conditions during the exp
ment were achieved because of~i! large volume proportion
of the NaCl ~;70%! in the sample mixture,~ii ! high-
temperature creeping of NaCl pressure medium andhBN
cell assembly,~iii ! refinements of diffraction data only fo
those of decompression and cooling. The peak width for m
lybdenum and NaCl observed at high-P-T conditions were
about same as those observed at ambient conditions, a
indication of quasihydrostatic condition.3 The deviatoric
stress on sample is estimated to bes1-s3<0.3 GPa at high
pressure and room temperature and it decreases to a lev
less than 0.02 GPa at high temperatures ofT>800 K.9

A diffraction spectrum of molybdenum at elevated pre
sures and temperatures is compared with the diffraction
a
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lected at ambient conditions in Fig. 2 to show the quality
diffraction data. Only thoseP-V-T data collected at quasihy
drostatic compression conditions, as listed in Table I a
plotted in Fig. 3, were used to derive the thermoelastic
rameters. We ran a le Bail profile refinement12 for synchro-
tron x-ray-diffraction data using general structure analy
system~GSAS!.13 Structure and thermal factors are extract

FIG. 1. TheP-T path for diffraction study of molybdenum. Th
quasihydrostatic compression conditions are achieved at the
temperature and remain so for the decompression and cooling s
The circular symbols are for synchrotron x-ray data and diam
symbols are for time-of-flight neutron data. The empty diamo
symbols are to indicate preheating processes before the neutron
collection. Only thoseP-V-T data collected at quasihydrostat
compression conditions are used to derive the thermoela
parameters.

FIG. 2. High-P-T synchrotron x-ray diffraction of molybdenum
~marked with subscriptM! and NaCl~marked with subscriptS for
salt!. The similar peak width~FWHM! for data collected at ambien
conditions and at high-P-T conditions is a good indication of quas
hydrostatic condition for sample.
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TABLE I. Cell volumes of molybdenum at highP-T.

P ~GPa! T ~K! V ~Å3! P ~GPa! T ~K! V ~Å3!

0.00 301 31.150~3! Neutron diffraction
10.80 301 29.998~3! at high-P-T conditions
9.97 874 30.379~1!

9.58 1073 30.578~2! 0.00 300 31.181~3!

8.89 1274 30.787~2! 0.61 300 31.105~5!

8.63 1475 30.947~2! 1.94 300 30.946~4!

8.17 1272 30.849~1! 3.11 300 30.834~5!

7.70 1072 30.730~1! 4.23 300 30.687~2!

7.45 871 30.651~2! 4.43 475 30.765~2!

7.02 674 30.588~1! 4.70 675 30.842~5!

6.79 473 30.532~1! 4.97 875 30.939~2!

6.55 306 30.481~1!

7.39 1275 30.981~3!

7.00 1073 30.833~2!

6.60 873 30.734~2!

6.20 674 30.671~2!

5.89 473 30.621~3!

5.53 307 30.567~3!

6.20 1270 31.066~2!

5.76 1072 30.958~2!

5.43 874 30.874~2!

5.09 672 30.795~2!

4.68 473 30.729~2!

4.41 308 30.671~2!

4.80 1275 31.253~3!

4.53 1075 31.153~3!

4.03 872 31.015~4!

3.66 674 30.950~3!

3.35 472 30.873~2!

3.06 307 30.829~3!

3.67 1273 31.425~3!

3.30 1075 31.267~3!

2.78 873 31.170~3!

2.44 674 31.083~3!

2.18 473 31.024~3!

1.87 307 30.955~2!

2.24 1274 31.542~3!

1.82 1070 31.494~3!

1.31 872 31.424~3!

1.01 672 31.279~4!

0.72 472 31.209~2!

0.40 307 31.105~4!
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from the refinement of energy dispersive spectra using
Bail’s technique. Peak positions and lattice parameters of
diffraction spectra are refined simultaneously for multip
phases. The fitting of the diffraction profile is achieved
least-squares minimization of the differences between
observed pattern and a synthetic pattern. The relative er
of the lattice parameters are determined to be less
0.02% in all refinement results. Accordingly, the absolu
error in the pressure determination is about60.04
;60.06 GPa for the high-pressure/temperature cell ass
bly.

The high-P-T neutron-diffraction data were collected o
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e

e
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the High Intensity Powder Diffractormeter~HIPL! at the Los
Alamos Neutron Science Center~LANSCE!. The time-of-
flight neutron-diffraction spectra of the powder sample we
collected by the detector banks at a fixed Bragg angle
2u5690° for the high-P-T experiments. The powde
sample of molybdenum and NaCl mixture was loaded int
specially designed high-P-T ceramic cell assembly14 for tor-
oidal anvil press and compressed by a Paris-Edinbu
cell.15 To avoid deviatoric stress on the polycrystallin
sample, in our high-P-T neutron-diffraction experiments, w
always preheat the powder sample to 800 K at each in
ment in pressure for about 3–5 min, empty diamond symb
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in Fig. 1. At this temperature, the NaCl~in a multilayer stack
mixed with molybdenum! becomes very soft and the stre
field applied to the sample reaches a quasihydrostatic p
sure condition at high temperature. We took care in the pa
ing of the powder sample and pressure calibrant mixture
avoid further uncertainty in the pressure measurement. It
been demonstrated that a pressure reading from a po
mixture of hard and soft materials can be quite different. T
so-called Lame´ effect in the powder mixture makes the ha
material experience noticeably higher stress than the
material,16 even if the total yield occurs in the soft materia
We used a multilayer packing scheme to achieve the ‘‘i
~P,T!’’ condition for both sample and pressure calibrant14

The layered packing of powder mixture is also essential
metallic samples to prevent electrical shorts between
heating elements, since the protection tube between sa
and furnace is sometimes eliminated in order to have m
sample volume and less diffraction contamination from
surroundings. A particular routine to correct diffraction o
tics and to determineP-V-T was taken for the data
reduction.17 Eight data points of unit-cell volumes collecte
by high-P-T neutron-diffraction technique are listed in Tab
I and plotted in Fig. 3 as square symbols.

HIGH-TEMPERATURE EQUATION OF STATE

Based on finite-strain theory, Murnaghan18 and Birch19

have derived an equation of state that is independen
bonding character and interatomic potentials to describe
thermal compression. The so-called Birch-Murnaghan E

FIG. 3. Cell volumes of molybdenum observed at high-P-T
conditions are plotted as a function of pressure. Fitted isother
compressions are inDT5200 K steps fromT5473 K up to T
51673 K. The circular symbols are for syncrotron x-ray-diffracti
data and square symbols are for neutron-diffraction data. The
angle symbol is shock experiment data at room temperature~Carter
et al., 1971! which falls nicely on theT5300 K isotherm of the
present study. The shaded line next to theT51673 K isotherm
compression is EOS fit of shock experiments atT51400 °C~Miller
et al., 1988,zero-order fit!. The thermoelastic parameters listed a
for high-T Birch-Murnaghan EOS and those in parentheses are
high-T Vinet ‘‘universal’’ EOS. Two high-T EOS fitting curves
overlap perfectly.
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is now recognized as empirically the best and widely appl
in high-pressure geophysics:

P53K0f ~112 f !5/2@11A f1B f2#, ~1!

whereA53/2(K824), B59/6@K0K91K8(K827)#1143/6
and f 51/2@(V0 /VP)2/321# is the Eulerian strain,

K52V~]P/]V!T , K85]K/]P, K95]2K/]P2.

Later, Vinet et al. proposed that the isothermal pressu
volume ~P-V! relations for a wide variety of matters can b
accurately described by the ‘‘universal equation
state:’’20,21

P53K0~11x!x22expF3

2
~K821!~12x!G , ~2!

wherex5(VP /V0)1/3 is simply the linear compression.
This EOS is based on the universal relationship betw

binding energy and the interatomic separation. Thermal c
tribution to the pressure arises at high temperatures as
entropy of the system increases. Many approaches have
proposed on equation of state to deal with thermal effects
as to processP-V-T data. We apply two widely employed
methods, namely high-T EOS and thermal pressure a
proach, to derive thermoelastic parameters fromP-V-T data
of molybdenum.

One practical way is to introduce temperature effects i
modify equation of state to fit theP-V-Tdata.22,23The high-T
EOS modeling first heats the ambient volumeV0 to high
temperature isobarically alongP50 and then compress th
expanded volumeV(0,T) along an isotherm to reach th
V(P,T). The following two essential modifications are ma
to Eq. ~1! and/or Eq.~2! to obtain high-T EOS so that the
temperature effects are accounted for:

~i! To replaceV0 /VP with VT /VPT , where V0 is cell
volume at ambient conditions,VT5V(0,T) at high-T, VP
5V(P,300 K) at highP, and the observedVPT5V(P,T) at
simultaneous highP-T conditions. TheVT can be obtained
from isobaric thermal expansion at atmospheric press
VT5V0 exp(adT) anda5a(0,T)5a1bT2c/T2.24 The Eu-
lerian strain in high-T Birch EOS is thus written asf
5 1

2 @(VT /VPT)2/321#, and the linear compression in high-T
Vinet EOS is written asx5(VPT /VT)1/3.

~ii ! To replaceK0 with KT , whereK0 is bulk modulus at
ambient conditions andKT is isothermal bulk modulus a
high temperatures:KT5KT0

1K̇(T2300) andK̇5]K/]T is
the temperature derivative of the bulk modulus. The highT
bulk modulusKT is applied to reduceVT to VPT in an iso-
thermal compression.

One may further modify EOS with temperature effects
high-order derivatives, such as]2K/]P]T,]2K/]T2, etc.
However, such further modifications are usually limited
experimentalP-T range and become impractical in mo
cases. With the limitedP-T coverage and a quite small volu
metric compression (DVmax/V0,4%) of the molybdenum
sample in present study, we ignore thec/T2 term in thermal
expansion and high-order derivatives of the bulk modu
K9, K̈, andK̇8. It is important to indicate that, when fitting
the equation of state parameters, theV(P,T) data should be
independent of theP-T path. Therefore we are able to app

al
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FIG. 4. All experimental data of molybdenum observed at high-P-T conditions are plotted as a function of pressure. The inver
triangles along they axis of P50.0 GPa represent thermal-expansion data observed at atmospheric pressure. The circular symbo
synchrotron x-ray-diffraction data and square symbols are for neutron-diffraction data observed at simultaneous highP-T. The triangle
symbol is shock experiment data at room temperature~Carteret al., 1971! which falls nicely on theT5300 K isotherm of the present study
The inverted triangles are for shock data atT51400 °C and the line is thezero-order fitof Miller et al. ~1988!. The thermoelastic parameter
listed are for high-T Birch EOS and for thermal pressure approach of Mie-Gru¨neisen EOS, respectively. The high-T EOS isothermal
compression lines are drawn for the experimental pressure range up toP5200 GPa, in a temperature step ofDT5200 K fromT5473 K to
T51673 K. The diamond symbols representP-V-T data calculated from the isochoric heating on the basis ofT5300 K isothermal
compression. The results from two different approaches,~i! isobaric heating (P50.0 GPa) followed by isothermal compression and~ii !
isothermal compression (T5300 K) followed by isochoric heating, matches one another within 2% over the whole experimentalP-T range.
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the ‘‘global fit’’ to process all observedP-V-T data simul-
taneously, even though the experimental data were ta
along isotherms.

Thermoelastic parameters for molybdenum are derived
global fitting of the P-V-T data ~Table I! to the high-T
Birch-Murnaghan EOS@truncated to third order, i.e.,B50 in
Eq. ~1!# and to high-T Vinet EOS, respectively. The derive
parameters from these two EOS are essentially identica
theP-V-T data coverage of the present high-P-T diffraction
study. The isothermal bulk modulus isKT05266(9) GPa and
pressure derivative of bulk modulusK85]K/]P54.1(9),
temperature derivative of bulk modulusK̇5]K/]T
523.4(9)31022 GPa/K, volumetric thermal expansivit
a5a1bT with values of a51.32(14)31025 K21 and b
51.26(15)31028 K22. Figure 3 plots the cell volumes as
function of pressure together with the isothermal compr
en

y

or

-

sion lines calculated from the fitted thermoelastic parame
for high-T Birch-Murnaghan EOS and for high-T Vinet EOS,
respectively. The diagram clearly shows that the thermoe
tic parameters derived in the present study produce good
to the P-V-T data of molybdenum and two high-T EOS,
high-T form of Eqs.~1! and ~2!, overlap perfectly.

Numerous experiments have been done on molybden
including shock wave experiments at room temperature5 and
at high temperature,28 ultrasonic measurements of elast
constants at high temperatures,29–31 and thermal-expansion
measurements at atmospheric pressure.32,33 The shock wave
experiment at room temperature has reached an ultra
pressure of 200 GPa and a significant volumetric comp
sion ofDV/V0532%, which provides a very good constra
on the bulk modulus and its pressure derivative. The hi
temperature shock wave experiment has reached high p
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TABLE II. Thermoelastic parameters of molybdenum derived from different experimental data. Thermal expansion:a05a, b
5]a/]T, aT5300 K5a1bT at T5300 K. The parentheses~##! are to show the errors for the derived parameters~from last digit!. The Ref.
Nos. indicate where the data are derived/quoted from.~Fig. 4B! and~Fig. 4V! stand for the high-T Birch EOS fit and high-T VinetEOS fit,
respectively. Boldfaced data derived from present study is the preferred data set of thermoelastic parameters of Mo.

Bulk modulus Thermal expansion Gru¨neisen parameter

KT05268„1… „Fig. 4B… GPa a0Ä1.31„10… „Fig. 4B…Ã10À5 KÀ1 gÄ1.75„22… „Fig. 4B…
264~1! ~Fig. 4V! 1.28~11! ~Fig. 4V! 1.71~24! ~Fig. 4V!

266~9! ~Fig. 3! 1.32~14! ~Fig. 3! 1.83~38! ~Fig. 3!
267 ~Ref. 5! 1.45 ~Ref. 32! 1.52 ~Ref. 28!
261 ~Ref. 28! 1.44 ~Ref. 33! 1.58 ~Ref. 35!
268 ~Ref. 29! 1.70 ~Ref. 2!
262 ~Ref. 30! aTÄ300 KÄ1.65„21… „Fig. 4B…Ã10À5 KÀ1

259 ~Ref. 31! 1.63~23! ~Fig. 4V!

273 ~Ref. 39! 1.70~29! ~Fig. 3!
1.52 ~Ref. 32! aKTÄ5.43„5… „Fig. 4…Ã10À3 GPa KÀ1

1.53 ~Ref. 33! ~derived from thermal pressure approach
KÕPÄ3.81„6… „Fig. 4B… aÕTÄ1.12„11… „Fig. 4B…Ã10À8 KÀ2 for largeP-T coverage!

4.05~2! ~Fig. 4V! 1.18~12! ~Fig. 4V!

4.1~9! ~Fig. 3! 1.26~15! ~Fig. 3! DaÕDPÄÀ2.97„33… „Fig. 7…Ã10À5 KÀ1 GPaÀ1

3.9 ~Ref. 5! 0.25 ~Ref. 32!
0.29 ~Ref. 33!

KÕTÄÀ2.13„31… „Fig. 4B…Ã10À2 GPa KÀ1 aÕPÄÀ2.97„33… „Fig. 4B…Ã10À5 KÀ1 GPaÀ1 Debye temperature
21.72~30! ~Fig. 4V! 22.44~32! ~Fig. 4V!

23.4~9! ~Fig. 3! 24.81~99! ~Fig. 3! QDWÄ455„8… „Fig. 10…
22.1~6! ~Fig. 5! 23.02~62! ~Fig. 5! QD5445 – 474~Ref. 30!
21.21 ~Fig. 5! ~Ref. 28! 21.77 ~Ref. 28!
22.07 ~Fig. 3! ~Ref. 28! 23.04 ~Ref. 28!
21.70 ~Ref. 29! 22.36 ~Ref. 29!
21.73 ~Ref. 30! 22.52 ~Ref. 30!
21.63 ~Ref. 31! 22.41 ~Ref. 31!

2KÕP2Ä1.41„13… „Fig. 4B…Ã10À2

24.34 ~Ref. 5!
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sure of 96 GPa atT51400 °C with volumetric compressio
of DV/V0521%, which should also provides a good co
strain on the pressure and temperature derivative of the
modulus. We have plotted both shock wave data sets on
3 and found out that the shock data at room temperature l
up very nicely with the isothermP(V,300 K) derived from
Birch EOS @Eq. ~1!# and Vinet EOS@Eq. ~2!#. While the
‘‘zero-order fit’’ of EOS for Miller et al.’s ~1988! T
51400 °C shock data has a signifiant mismatch with theT
51673 K isotherm.

The P-V-T data coverage can be greatly extended
including all of the previous experimental data. Thermoel
tic parameters for molybdenum are derived again with glo
fitting of all P-V-T data ~Fig. 4! to the high-T Birch EOS
~full expression! and to high-T Vinet EOS, respectively. The
derived isothermal bulk modulus is~Birch EOS–Vinet EOS!
KT05268(1) – 264(1) GPa; the pressure derivative of b
modulus K85]K/]P53.81(6) – 4.05(2), and double
pressure derivatives ]2K/]P2521.41(13)31022;
temperature derivative of bulk modulusK̇5]K/]T
522.13(31) – 1.72(30)31022 GPa/K; volumetric therma
-
lk

ig.
es
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k

expansivity a5a1bT with values of a
51.31(10) – 1.28(11)31025 K21 and b51.12(11)
– 1.18(12)31028 K22. As shown in the fitting results, Tabl
II, the difference between Birch and Vinet EOS are mos
within three sigma~three times of standard deviation!.

THERMAL PRESSURE APPROACH

The thermal pressure approach to processP-V-T data has
been widely applied for its thermodynamic significance.
this approach, the sample volumeV0 is first compressed
alongT05300 K isotherm toVP and then heated up to hig
temperature isochorically toV(P,T)5V(P08300 K). The
equations of state~1! and~2! may be followed exactly for the
isothermal compression fromV0 to VP and an additional
thermal pressurePth term is introduced to take isochori
heating (]P/]T)V into account for constant volumeVP
5VPT , i.e.,

P~V,T!5P~V,300 K!1E
300

T

~]P/]T!VdT. ~3!
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FIG. 5. The bulk modulus of
molybdenum plotted against tem
perature, which shows the ‘‘elas
tic softening’’ effect due to in-
creasing temperature. The fille
diamond symbols are bulk modu
lus derived directly from indi-
vidual V(T)-P plots for each tem-
perature step. The empty diamon
symbols are bulk modulus derive
from individual high-T EOS fit-
ting curves of each temperatur
step. The regression result o
dK/dT value of the present high
P-T diffraction study is
20.021~6! GPa/K. The dK/dT
values derived from different data
sets~Ref. No. in bracket! of ultra-
sonic and shock wave experimen
are labeled and placed next to th
linear regression lines.
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It has been observed experimentally that above Debye t
peratureQD , thermal pressurePth is a linear function of
temperature, i.e., the (]P/]T)V in the second term is an in
variant inT.QD high-temperature region.25,26Using simple
calculus, one may get the invariant of (]P/]T)V
52(]V/]T)P /(]V/]P)T5aKT , and write thermal pres
sure at constant volume in a rather simple form,Pth

5*300
T aKTdT5aKr(T2300). Thus we get

P~V,T!5P~V,300 K!1aKT~T2300!. ~4!

This resembles the Mie-Gru¨neisen equation of state, wit
the difference that the first term refers toT5300 K isotherm,
instead of toT50 K. The thermal pressure approach wor
over a large P-T range, with substantial compressio
DV/V0 , and for many different materials.21,26,27 Next, we
compare high-T EOS and thermal pressure approaches to
if these two match one another in theP-V-T data analysis.
In the mean time, we include all the experimental data p
formed for molybdenum and greatly expand theP-T cover-
age of the investigation.

We conducted the global fit using thermal pressure
proaches to fit all the data with Eq.~4! to derive isochoric
heating effects. The isochoric thermal pressures are plo
in Fig. 4, shown as empty diamond symbols, together w
the isothermal compression lines derived from high-T EOS.
It is observed that the derived pressures and volumes
these two different approaches match within 2% for
whole P-T range.

We have used the complete formula of the equation
state with higher-order derivatives, to fit the much more
largedP-V-T data. The present high-P-T synchrotron x-ray
and time-of-flight neutron-diffraction experiments occu
only a very small portion in the data space. Neverthele
they are still greatly valuable in fitting the thermoelas
equation of state. We did not use Milleret al.’s ~1988! shock
wave data atT51400 °C in the nonlinear regression of th
high-T EOS and for the thermal pressure approach, for
-

e

r-

-

ed
h

th
e

f
-

s,

e

reason that it does not have the intrinsic EOS feature p
sented in the room-temperature shock data. The isotherm
the zero-order fit together with five experimental data ob
served in theT51400 °C shock wave experiment show
significant concave curvature, which represent a smallK,
large dK/dP, ud2K/dP2u, and an unrealistically smal
dK/dT. It has been considered that the isochoric therm
pressure may not be true invariant over theP-V-T space and
additional modification may also be involved. In such ca
thermal pressure is written as:Pth5*300

T (]P/]T)VdT
5@aKT2(]KT /]T)Vln(VPT/V0)1¯#•(T2300). This for-
mula was found to work quite well for many minerals, how
ever, present study indicates that it is not applicable to
metal Mo case.

OTHER THERMOELASTIC PARAMETERS

Furthermore, thermal Gru¨neisen parameter at ambie
conditions, which quantifies the relationship between therm
and elastic properties, can be derived for molybdenum fr
the refined thermoelastic data with the thermodynam
formula

g th5
aV•KT

r•CV
. ~5!

With aV051.65(21)31025 K21, KT05268(1) GPa, and
r0510.23 g/cm3 plus the isochoric heat capacityCV
524.7 J/mol/K,11 the derived thermal Gru¨neisen paramete
of molybdenum is thus:g th51.75(22) for ambient condi-
tions. This value is consistent with the derivation of t
shock wave experiments:g51.58– 1.70.2,34,35 We have de-
rived an invariantaKT55.43(5)31023 GPa/K over a wide
P-T range using thermal pressure approach. With the higT
EOS parameters derived for molybdenum in present stu
one should be able to plot thermal Gru¨neisen parameter as
function of pressure and temperature if there were such
for specific heat.
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The change of thermal expansion with pressure is dire
related to the change of bulk modulus with temperatu
Through the thermodynamic identity,

S ]a

]PD
T

5
1

KT
2 S ]KT

]T D
P

. ~6!

Using the derived thermoelastic parameters, the pres
derivative of thermal expansion for the molybdenum
calculated to be ]a/]P522.97(33) –24.81(99)
31027 K21 GPa21, depending on the choice ofP-T range
and thermoelastic equation of state. We derive the b
modulus from individualV(T)-P plots and from individual
high-T EOS fitting curves for each temperature step, resp
tively. Plotted in Fig. 5 are bulk moduli as a function
temperature for all experimental data. The regression res
of dK/dT of the present high-P-T diffraction study is
20.021~6! GPa/K and the corresponding value of]a/]P
523.02(62)31027 K21 GPa21. The regressiondK/dT val-
ues of different data set for ultrasonic29–31and shock wave28

experiments are also derived and shown in Fig. 5.
A different approach can be applied to evaluate this th

modynamic derivation. We plot cell volumes versus te
peratures along isobaric heating lines~Fig. 6! in order to
derive thermal expansions at different pressures. The
experimentalP-V-T data, as shown by the empty circles, a
pretty much lined up in the diagram, although with differe
pressures. One may correct the rawV(P,T) data to certain
constant pressuresPcs to get the isobaric volumesV(Pc ,T)
using high-T Birch-Murnaghan equation of state. The tr
of this correction is to back deriveV(0,T) from V(P,T) first
and then compressV(0,T) to V(Pc ,T). Here, we use the
derived thermoelastic parameters:KT05266 GPa;K854.1;
and K̇523.4331022 GPa K21 for the P-T coverage of

FIG. 6. The cell volumesV(P,T) of molybdenum plotted
against temperature. The empty circles represent the rawP-V-Tdata
while filled solid symbols are the corrected cell volumesV(Pc ,T)
for isobaric Pcs of 1.5, 3.0, 4.5, 6.0, and 7.5 GPa, respective
Data points in between any two isobaric heating lines are corre
twice to bothPcs ~volume up and down corresponds to decompr
sion and compression, respectively!. The cell volume data forP
50.0 GPa~dotted squares! are derived from Kirby’s~1963! thermal
expansion data~Ref. 32!.
ly
.

re

lk

c-

lts

r-
-

w

t

present study. The solid symbols plotted in Fig. 6 are
correctedV(Pc ,T) data for five constantPcs.

The thermal expansions at these five constant press
can be traced out in the isobaric heatingV(Pc)-T plot with a
second-order linear regressions ofV5b01b1T1b2T2. Thus
the thermal expansiona5a1bT has the valuea5(b1 /b0)
andb5(2b2 /b0). We plot the six averaged thermal expa
sions for temperature range of 300–1300 K against pres
in Fig. 7. It is clearly shown that the volumetric therm
expansion of molybdenum decreases monotonously with
creasing pressure. The fitted slope of the straight line is
pressure derivative of volumetric thermal expansio
Da/DP523.7(5)31027 K21 GPa21. This regression re-
sult falls right within the range of thermodynamic derivatio

.
ed
-

FIG. 7. Thermal expansions of molybdenum plotted as a fu
tion of pressure. The diamond symbols represent thermal expan
data derived from Fig. 6 and the dotted square atP50.0 GPa is for
Kirby’s ~1963! thermal expansion data~Ref. 32!. The slope of the
fitted straight line represents pressure derivative of thermal exp
sion, Da/DP, which is well comparable to the thermodynam
derivation@Eq. ~6!#.

FIG. 8. The time-of-flight neutron-diffraction spectrum of mo
lybdenum and NaCl at simultaneous high-P-T condition. The
crosses are the experimental neutron counts and the curve i
Rietveld refinement fit to the experimental data.
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]a/]P522.9;24.831027 K21 GPa21, two different
thermodynamic approaches result in comparable outcom

DEBYE-WALLER FACTOR

The Debye-Waller factor is to indicate the thermal vibr
tion of the crystal lattice.36 The intensity of Bragg diffraction
peak decreases as temperature of the crystal increased
thermal effect is more pronounced at largeQ5u2p/dhklu
value ~higher hkl, smaller d spacing!. The atoms undergo
large amplitude random thermal motion with instantane
nearest-neighbor spacing differing significantly from sta
positions. For a crystal lattice, the diffraction intensity a
weakened by the Debye-Waller factor:

DW5e24p2^u2&hkl /dhkl
2

, ~7!

where ^u2& is the mean-square thermal displacement of
atom from its equilibrium position normal to the planehkl
anddhkl is thed spacing associated with that plane.

Synchrotron x-ray diffraction in energy dispersive mo
does not provide a good intensity calibration at the highP-T
conditions. Furthermore, x-ray diffraction, scattering
atomic electrons not nuclei, attenuates significantly at la
Q5u2p/dhklu value in a fashion ofu f e(Q)u2 in addition to
Debye-Waller factors. Thus it is difficult to apply Rietve
refinement37 to obtain structural and thermal parameters. T
time-of-flight neutron diffraction directly sense the motion
nuclei and the spectra collected~Fig. 8! cover a much large
range of scattering vectorQ ~d spacing down to 0.5 Å!!. For
only five free parameters involved~lattice and thermal pa
rameters for Mo and NaCl, respectively! plus fitting for
background and absorption correction, the neutr
diffraction data are of qualities suitable for Rietveld refin
ment. The refinement result on isotropic thermal vibrat
shows significant dependence on temperature, however

FIG. 9. Normalized~to data collected at ambient condition!
isotropic thermal vibration of molybdenum at high-P-T conditions.
The P-T conditions are labeled next to the data points for e
reading of the diagram.
s.
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e

e
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sensitive to pressure. Plotted in Fig. 9 are isotropic ther
parameters as a function of pressure and temperature, re
tively. The corresponding pressures and temperatures ar
beled next to each data point. As pressure increases up t
GPa, thermal vibrations of molybdenum atoms were vir
ally unchanged within the experimental error. The increa
of temperature drastically raises up the thermal vibrations
molybdenum atoms. The mean-square thermal displacem
^u2& of the molybdenum atom increases more or less i
linear fashion with temperature as shown in Fig. 9. One m
consider the manifest of thermal vibration of atom as
indication of entropy of the system, where temperature do
nates the process.

The Debye approximation is applied in discussing the
tegral vibrational properties of crystals.36 For a monatomic
cubic crystal with Debye frequency distribution, the tem
perature dependence of mean-square thermal displaceme
the atom is written as

^u2& ideal5
3\2T

mkBQDW
2 S 1

4

QDW

T
1

T

QDW
E

0

QDW/T udu

eu21D ,

~8!

wherem is the mass of the atom,kB is Boltzmann’s constant
\ is Planck’s constant andQDW is the Debye-Waller tem-
perature, a characteristic temperature of the particular m
rial. Strictly speaking,QDW is not identical with the Debye
temperature determined from heat-capacity measurem
but their numerical values are generally close.38 At high tem-
perature, i.e.,T.QDW , the ^u2& is proportional to the abso
lute temperatureT. The^u2& versus temperature curve is thu
linear and the slope of the curve is inversely proportiona
square of QDW . In the low-temperature region, i.e.,T
!QDW , zero-point motion is predominant and independe
of temperature. The current thermal vibration data of moly

y
FIG. 10. The isotropic thermal vibration of molybdenum plott

as a function of temperature for two different data sets~present
study and Ref. 38!. See text for the details of the diagram interpr
tation.
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denum observed at high pressures and high temperature
plotted together with Lawsonet al.’s low-temperature data in
Fig. 10 in order to demonstrate the Debye approximation

There is an apparent mismatch between two data set
their absolute values. Also noticed is that both data sets n
some corrections to make the measurements meaningful.
low-temperature data have negative values at tempera
rangeT,100 K ~discussed in Ref. 14 as ‘‘offset’’ phenom
enon!, while high-temperature data have an unusual k
from T5300 K to T.400 K. The reasons for these effec
are not clear to us for now and more experimental studies
needed to exclude the system error. Nevertheless, both
sets can still be fitted with straight lines of similar slop
~Fig. 10!. The dashed line drawn in the diagram is the b
representative curve of thermal vibration of molybdenum
a function of temperature. The derived Debye-Waller te
perature,QDW5455(8) K, is inversely proportional to th
square root of the fitted slope of the curve at hig
temperature portion (T.200 K).

The derived Debye-Waller temperatureQDW5455(8) K
is comparable to the acoustic and calorimetric Debye te
perature QD5445– 474 K.30 The Debye temperature ha
been related to the acoustic phonon modes with a cutoff
quency

QD5
\

kB
S 6p2N

Vm
D 1/3S E

r D 1/2

, ~9!

whereN is the Avogadro’s number,Vm is the molar volume,
r is the density, andE is the elastic constant for acoust
wave propagation. Equation~9! has been used to derive
thermal Debye temperatureQD value in a range of 400–60
K depend on the choice of elastic constant~bulk, shear, or a
combination!. The Debye temperatureQD derived from
acoustic approach has been demonstrated in general a
ment with the derivation from the calorimetric approach u
ing specific-heat data of the low temperatures. A mechan
interpretation ofQDW may be given by equating the therm
energykBQ to the phonon energy of an atom at its resona
~Einstein! frequency,\AE/r. The Debye-Waller tempera
ture is thus a measure of the local atomic spring constan
microscopic point of view. It may be related to macrosco
elastic constant and heat capacity in a more general sen

CONCLUSION

A complete thermoelastic equation of state for molybd
num has been derived from theP-V-T data set collected by
eo
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high-P-T synchrotron x-ray/neutron-diffraction experiment
Different equation of state approaches, namely high-T EOS
and thermal pressure, have been applied in the data ana
and the overall thermoelastic parameters obtained are in
sistent with one another. Previous experimental data of sh
wave, ultrasonic elasticity, and thermal expansion have b
utilized in the global fitting of the thermoelastic equation
state of molybdenum. There are noticeable differences in
derived thermoelastic parameters when the experimental
cover a much large pressure range. However, better c
straints are needed on the high-temperature related t
moelastic parameters, i.e., to greatly extend theP-T cover-
age. Thermal Gru¨neisen parameter has been derived for
ambient conditions and itsP-T function could be determined
if the corresponding heat-capacity data were available.
temperature derivative of bulk modulus and pressure der
tive of thermal expansion of molybdenum are derived ind
pendently from the curve fittings of isothermal compress
~Figs. 3 and 4!, isobaric heating~Figs. 6 and 7!, and elastic
softening ~Fig. 5!, respectively. These two derivatives a
comparable with one another by different approaches
can be well interpreted by a thermodynamic relationship@Eq.
~6!#. The thermal vibrations of molybdenum atoms are
fined from neutron-diffraction experiments are plotted as
function of pressure and temperature. Temperature has
nificant effect on the thermal vibrations while pressu
shows little effect. The derived Debye temperatureQDW ,
based on the Debye-Waller factor measurement, is a ther
dynamic measure of the elastic behavior of the material. I
virtually identical at high-P-T conditions to those derived
from the low-temperature data. This indicates that
Debye-Waller temperature is an intrinsic and atom-spec
property generally applicable over a wide thermodynam
P-T range, as demonstrated by its comparability to the aco
tic and calorimetric approaches.
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