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Experimental critical current patterns in Josephson junction ladders
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We present an experimental and theoretical study of the magnetic-field dependence of the critical current of
Josephson junction ladders. At variance with the well-known case of a one-dimensional~1D! parallel array of
Josephson junctions the magnetic-field patterns display a single minimum even for very low values of the
self-inductance parameterbL . Experiments performed changing both the geometrical value of the inductance
and the critical current of the junctions show a good agreement with numerical simulations. We argue that the
observed magnetic-field patterns are due to a peculiar mapping between the isotropic Josephson ladder and the
1D parallel array with the self-inductance parameterbL

eff5bL12.
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I. INTRODUCTION

A Josephson junction ladder is an array of coupled sup
conducting loops containing small Josephson junctions
shown schematically in Fig. 1~a!. In the past years, ladders o
Josephson junctions have attracted considerable interest
number of reasons. On one hand, more complex syst
such as two-dimensional arrays of Josephson junctions
be viewed as elementary ladders coupled to each other.1,2 On
the other hand, the ladders are an ideal model system fo
investigations of discrete nonlinear entities,3–6 such as
breathers7–10 and vortex propagation.11

Superconducting~static! properties of Josephson ladde
are also of a great interest due to a peculiar shielding o
external magnetic field12 and the presence of different met
stable states11,13 in these structures. Although the numeric
and theoretical studies of such systems have been very
vanced, a systematic experimental verification of as sim
facts as the magnetic pattern~that does not involve any in

FIG. 1. ~a! The electrical scheme of a Josephson junction ladd
crosses (3) indicate Josephson junctions.~b! Optical image of one
of the studied samples.
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vestigation of the dynamics! has not yet been carried out. I
fact, the magnetic patterns have been investigated in Refs
and 14; Grimaldiet al.14 have performed numerical simula
tions on these systems. Their findings are that the behavio
ladders is quite different from that of one-dimensional~1D!
parallel arrays. In contrast to a ladder, a 1D parallel ar
contains Josephson junctions only in the direction of the b
current I B but not transverse to it. A 1D parallel array o
Josephson junctions placed in magnetic field shows a pa
of critical current with as many minima as the number
loops ~for relatively low bL , as defined below!.15,16 In Jo-
sephson ladders with junctions on the horizontal branc
not only does the number of minima in the pattern not c
respond to the number of loops even for extremely lowbL ,
but also the pattern dependence on the parameterbL is dif-
ferent: the critical currentI C never reduces to zero for fully
frustrated arrays~i.e., when there is a half flux quantum i
each cell!. Baharonaet al.11 have shown that one can an
lytically estimate the depinning current of fluxons trapp
into the ladder in the limit of zero inductance. They ha
also computed the onset of instability in the case of no fl
ons, thus retrieving analytically the numerical result of R
14 for very low inductance. Moreover, the authors of Ref.
have estimated that the critical current of a ladder with
fluxon trapped in each second cell is higher than the de
ning from the empty ground state for a moderately high m
netic field.

The aim of this paper is to present experiments perform
on isotropic Josephson ladders with various values of
self-inductance parameterbL . We call as isotropic a ladde
consisting of identical junctions. We also make an analy
of the model to explain the observed dependence of the
tern uponbL . The work is organized as follows. In Sec.
we describe a model for the Josephson ladders, in Sec. II
show the experimental findings and make the compari
with the numerical predictions. Finally, Sec. IV contains
discussion of our results and Sec. V is the conclusion.

II. MODEL

To derive the equations for the ladder, we start from
fluxoid quantization over a cell:

r;
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(
cell

w52
2p

F0
@Fext1F ind#, ~1!

wherew are the phases of all the junctions in the cell,F0 is
the flux quantum, andFext and F ind are the applied and
induced flux, respectively. To evaluateF ind we retain only
self-inductance terms, i.e., we assume thatF ind5LI s,I s be-
ing the screening current circulating in the elementary c
andL is the self-inductance of the cell. More correctly,F ind

should include the field generated by all currents, includ
the bias current. Such effects can be included using, for
stance, the approach of Ref. 15. However, the influence
mutual inductances on the dynamic properties of parallel
rays has been studied in Ref. 18 and it was found that
effect is rather small. It is because in 1D arrays as well a
ladders the fields generated by not nearest-neighbor cur
are mostly outside the cells. Thus we take into account o
self-inductances in our numerics. For the junctions we
sume the resistive and capacitive shunted junction~RCSJ!
model and suppose that all junctions are identical~isotropic
ladder!. With these ingredients it is possible to derive t
following set of equations for the gauge invariant phase
ference across the vertical (f i) and horizontal (c i)
junctions:6

f̈ i1aḟ i1sinf i5
1

bL
@f i 2122f i1f i 1112~c i2c i 21!#

1g, i 52, . . . ,N,

c̈ i1aċ i1sinc i5
1

hbL
@f i2f i 1122c i22p f #,

i 51, . . . ,N. ~2!

The boundary conditions are

f̈11aḟ11sinf15
1

bL
@f22f112c112p f #1g,

f̈N111aḟN111sinfN115
1

bL
@fN2fN1122cN22p f #

1g. ~3!

Here,g5I B / i c
ver is the bias current normalized to the sing

vertical junction critical current,bL52pLi c
ver/F0 is the self-

inductance parameter~the self-inductanceL of a square cell
with the sidea can be estimated17 asL51.25m0a, wherem0

is the magnetic permeability!, the ratioh5 i c
hor/ i c

ver between
the horizontal and the vertical junction critical currents is t
anisotropy parameter,a is the normalized dissipation param
eter, f 5Fext/F0 is the normalized external flux which i
called frustration, andN is the number of loops. For the stat
case, the parallel arrays considered in Refs. 4, 5, and
correspond to the limith→`. In deriving Eqs.~2!–~3! we
take advantage of the fact that, due to the symmetry of
system, the current flowing in the top and bottom horizon
junctions of the same cell@see Fig. 1~a!# differs only in di-
rection but not in amplitude, and therefore we can write
equation for just one of them.1 Finally, we want to stress tha
in this work we are interested only in the transition po
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from the static to the dynamic solutions~the critical current!,
therefore the dynamics is nothing but a computational me
to find the current point at which the static solution becom
unstable. The value of the dissipation used in the simulati
is fictitious, and it has been chosen equal to 1 for compu
tional convenience. The experimentally studied arrays
actually underdamped and therefore have a much sm
damping coefficient,a.0.005–0.08, that can be controlle
by temperature.

III. EXPERIMENTAL I C VS f PATTERNS

We present an experimental study of ten-cell Joseph
junction ladders. Each elementary cell of the ladders conta
four identical small Nb/Al-AlOx /Nb Josephson tunne
junctions,19 which have an area of 333 mm2. To get differ-
ent values ofbL , we used samples with different critica
current densityj c (100 A/cm2 or 1000 A/cm2) and also var-
ied the loop sizea (2.8 mm or 9.9mm). An optical image of
a typical ladder is shown in Fig. 1~b!.

We have measured the ladder critical currentI C versus
frustrationf for four isotropic ladders (h51) with different
bL . The values selected arebL53, 0.88, 0.25, and 0.088,
range where the peculiar behavior of the ladders should
clearly visible. The measurements were performed in a c
operm shield. The magnetic fieldH applied perpendicular to
the substrate was provided by a coil placed inside the shi
The uniform bias currentI B was injected at every node vi
on-chip resistors. The voltage across the first vertical ju
tion was measured to define the depinning current of
ladder. Finally, theI C vs f dependencies were measured u
ing GoldExi software.20

In Fig. 2 we present two measured features of the ladd
In contrast to the case of a 1D parallel array, there are
additional lobes betweenf 50 and f 51. Also, the critical
current I C remains relatively large, despite abL as low as
0.088. Similarly to Ref. 14 we numerically solved Eqs.~2!–
~3! by using the same parameters as in the experim

FIG. 2. Experimental~symbols! and numerical~lines! g vs f
patterns of ladders with different cell sizes. Parameters areN
511;bL53.0 ~squares and dotted line!, 0.88 ~circles and dashed
dotted line!, 0.25 ~up triangles and dashed line!, 0.088 ~down tri-
angles and solid line!.
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~except fora, see above!. In Fig. 2, we compare the numer
cal simulations~lines! with the experimental data~symbols!,
which show good agreement. ThebL used in the simulations
was calculated from the critical current of a single juncti
measured in the experiment. The calculations show so
flattening atf 50.5 for low bL , which is also present in the
experimental data. We found in simulations that in this
gion the ladder gets first filled with flux and only subs
quently undergoes the depinning. We have observed this
havior only for low inductance, in good agreement with t
analytical prediction of Ref. 11~that neglects inductanc
terms!. In experiments withbL53 andbL50.88 we note the
presence of two different states at the same frustration va
We suppose that this is due to distinctly different initial co
ditions that can be realized in the ladder, while sweeping
bias currentI B through zero. This contradicts the predictio
of Ref. 11 where it is stated that the depinning of the wh
ladder from a state different from the empty ground st
occursonly around f 50.5. We suppose that this disagre
ment is due to the neglect of the inductance in calculat
~Ref. 11!. In our simulations, deviations from the predicte
behavior have been occasionally found. Such deviations
ascribed to the contemporary presence of metastable sta
the array. When presenting the simulation results we sh
only the states with the highest critical currents. Other sta
have been discussed in Ref. 11.

In the ladder with the largestbL parameter (bL53.0), we
have measured theI C vs f dependence also as a function
the temperatureT. This allows to further compare the exper
mental behavior with the numerical one. At higher tempe
tures the decreased critical current causes a decrease obL .
The results of both simulations and experiments are repo
in Fig. 3, in physical units to underline the actual change
the critical current. Also in this case the agreement betw
the model and the experiments is rather good.

IV. DISCUSSION

We have characterized the static properties of Joseph
ladders for different values of the self-inductance param

FIG. 3. Experimental~symbols! and numerical~lines! I C vs f
patterns of one of the ladders measured at different temperature
order to vary the critical current. The temperature has been der
from the gap voltage. Parameters are:N511; bL53.0 ~squares and
dotted line!, 2.6 ~circles and dashed dotted line!, 2.1 ~up triangles
and dashed line!, 1.8 ~down triangles and solid line!.
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bL . The experimentally observed dependencies of the c
cal current on frustration are in good agreement with
numerical simulations and show that the behavior of the l
der is clearly different from that of the 1D parallel array~see
Fig. 2!. As is well-known, in 1D parallel arrays the critica
~depinning! current is determined by the parameterbL , and
in the limit of smallbL the minimum frustration-dependen
critical current is very small. Instead, the ladder critical cu
rent, even in the case of smallbL , never goes to zero. As i
was already pointed out in Ref. 14, with respect to 1D p
allel arrays, the presence of the horizontal junctions in
ladder leads to an ‘‘effective’’ increasedbL

eff , which for
small discreteness can be by up to two orders of magnit
larger than thenatural bL of the system, calculated~similar
to 1D arrays! from the junction critical current and the ce
inductance.

In order to show the particular mapping between Jose
son ladders and 1D parallel arrays, we carry out a sim
quantitative analysis of the Eqs.~2!. Let us consider the
static case, when all Josephson junction phases are inde
dent of time and satisfy the system of nonlinear equation

h~sinc i 212sinc i !5sinf i2g, i 52,N. ~4!

By making use of the particular assumption that the horiz
tal phasesc i are small, we can eliminate the phasesc i from
all equations and write the system of equations for phasef i
in the form

sinf i5
h

hbL12
@f i 2122f i1f i 11#1g. ~5!

This system of equations coincides with the one describ
the static properties of 1D parallel array~with horizontal
junctions replaced by superconducting electrodes!. The dif-
ference between a ladder and 1D parallel array is that for
ladder we have now to use an effective parameter

bL
eff5bL12/h. ~6!

The deviation ofbL
eff from bL originates from an additiona

shielding ~and vortex pinning! due to the presence of hor
zontal junctions, i.e., the horizontal junctions can accomm
date part of the phase change. Thus we expect that this
viation disappears in anisotropic ladders when the criti
current of horizontal junctionsi c

hor is much larger than the
critical current of vertical junctioni c

ver(h@1).
To verify the mapping given by Eq.~6!, in Fig. 4 we

compare the patterns of a 1D parallel array withbL
1D52.7

and an isotropic ladder withbL50.88. For the ladder we
expectbL

eff'bL
1D . The agreement is particularly good at lo

frustration, but not in the vicinity off 5 0.5, where the mos
critical assumption of our theory, i.e. is small values of t
horizontal junction phases, breaks down.

We would like to note here that a similar analysis f
anisotropic ladders in the limit of smallbL has been carried
out in Ref. 12. Moreover, for the case of ladder with thr
junctions per cell the mapping takes the form:bL

eff5bL

11/h. This mapping is in good accord with previously pu
lished data on theI C( f ) dependence for ladder with thre
junctions per cell.21 We want to stress here that this mappi
is supposed to work only for the static case. In the dynam

, in
ed



dd
an
o
st

be

t in
n
the

od
vior
on
s.
the
be

eter

n
ec-

is
rd,

8682 PRB 62BRIEF REPORTS
state, when the Josephson vortices propagate in the la
the phases of the horizontal junctions start to oscillate
Eqs. ~4! are not valid anymore, especially in the regime
large vortex velocities. Theoretical and experimental inve

FIG. 4. I C vs f dependencies of the 1D parallel array withbL

52.7 ~solid circles! and the ladder withbL50.88 ~open circles!.
l
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er,
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gation of vortex propagation in Josephson ladders will
reported elsewhere.22

V. CONCLUSION

We have reported measurements of the critical curren
ladders of Josephson junctions. ThebL parameter has bee
varied by changing both the geometrical inductance and
critical current of the junctions. The results are in go
agreement with numerical simulations, and show a beha
clearly distinct from the case of the 1D parallel Josephs
junction array without junctions in the horizontal branche
Using a simple quantitative analysis, we have shown that
static properties of 1D parallel arrays and ladders can
mapped by properly scaling the self-inductance param
bL . This analysis agrees well with experimental data.
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