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Electromigration of vacancies in copper
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The total current-induced force on atoms in a Cu wire containing a vacancy are calculated using the
self-consistent one-electron density matrix in the presence of an electric current, without separation into
electron-wind and direct forces. By integrating the total current-induced force, the change in vacancy migration
energy due to the current is calculated. We use the change in migration energy with current to infer an effective
electromigration driving forceFe . Finally, we calculate the proportionality constantr* betweenFe and the
current density in the wire.
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The atomic flux caused by the passage of an electric
rent in a metal, known as electromigration~EM!, has been
investigated both theoretically1 and experimentally2 for de-
cades. Since 1967 when Blechet al.3 found that EM was one
of the main failure mechanisms in Al conductors, a full u
derstanding of EM mechanisms has been considered par
larly important in the microelectronics industry, where r
duced widths of wires increase the potential for EM dama

Despite intensive study, meaningful and consistent m
surements of quantities associated with EM processes, e
cially in polycrystalline wire, continue to be frustrated b
variations in the microstructures of samples.4–6 For example,
it is common to measure experimentally the electromigrat
activation energyQEM and the effective valenceZ* for a
given wire.2,7 QEM determines the mobilitym of the migrat-
ing defects andZ* characterizes the driving force for EMFe
via the equations

m5
a2n

kT
exp~2QEM /kT!, ~1!

Fe5Z* eE, ~2!

wherea is the lattice parameter,n is the attempt frequency
for migration, andE is the externally applied field. Howeve
QEM also reflects the mobility of the atoms before the curr
is applied, resulting in large discrepancies in the measu
values ofQEM depending on whether the migration path
through the bulk, along grain boundaries, or on t
surface.4–11 Similarly, Z* , which is often presented as a
intrinsic material property,12 is actually dependent on com
plicated multiple electron scattering effects in the immedi
vicinity of migrating defects,13–18 as well as on scattering
from all other defects in the wire.14,15 As a result, measured
values forZ* in the same metal can vary by as much
300%,11,12,19andQEM in pure Cu by as much as 250%.5,8

In theoretical studies, the driving force for EM is trad
tionally divided into two parts—the electron-wind forceFw
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and the direct forceFd . Fw is the force on the defect due t
the momentum transfer from the current-carrying electro
scattered by the defect.Fd is the force exerted on the pa
tially screened charge on the defect by the externally app

field.2 The separation ofFe into Fw and Fd , and especially

Fd itself, is highly controversial.1,15,16,20–24However, this
separation ofFe has been deemed unnecessary in the fi
instance,25 and it has been argued that the most satisfact
calculations ofFe to date have not used this separationa
priori .1,16,22,26

In this report, we present a calculation of thetotal current-
induced force on individual atoms in a Cu wire containing

single vacancy. In contrast with previous calculations13,27–31

no separation into electron-wind and direct forces is ma
Furthermore, the current-induced forces are calculated u
the fully self-consistent one-electron density matrix in t
presence of the current, rather than by merely repopula
the zero-current electron states near the Fermi level. We
tegrate the residual force, both with and without the curre
for an atom as it migrates along the lowest-energy path
the vacancy, to determine the change in the energy ba
for migration with currentDE. UsingDE for each migration
direction we obtain a vacancy drift velocity, and show th
for typical experimental current densities, the activation e
ergy for EM, QEM , is equal toQ—the energy barrier for
migration in the absence of current—to within 1025 eV. We
also show thatFe can be written asd̂DET /d, whereDET is
the difference betweenDE for migration with and agains
the current,d̂ is the unit vector in the direction of drift, and
d is the migration distance in that direction.

Finally, we introducer* , the constant of proportionality
betweenFe and the current density. UnlikeZ* , which relates
Fe to the externally applied field,r* should be an intrinsic
property of a given defect and its immediate surroundin
that is nearly independent of the environment in which
defect is placed.
8568 ©2000 The American Physical Society
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The method for the present calculations has been
scribed in detail elsewhere.32 Our system consists of two
semi-infinite perfect fcc leads with~111! surfaces, connecte
by an atomic-scale wire. The electronic structure of the s
tem is described by an empirical single-orbital tight-bindi
model, fit to the bulk cohesive and elastic properties of C
The electron eigenstates for this system may be divided
two classes. The first,$uC1&%, consists of an incident elec
tron wave in the left lead, partially reflected back into t
same lead and partially transmitted through the connec
wire, and conversely for$uC2&%. The states$uC1&% and
$uC2&% are populated up to electrochemical potentialsEF
1eW andEF , respectively, whereEF is the position of the
Fermi level in the absence of current flow. The two ele
trodes are rigidly shifted relative to each other in energy
an amount equal to the applied biaseW so as to preserve
atomic charge neutrality in the bulk of each electrode. S
consistency is maintained by adjusting the onsite energie
all lead atoms bonded to wire atoms, as well as on all w
atoms, until all these atoms are charge neutral.

The system is described by the one-electron density
trix

rnm~W!5
1

2p i RC
Gnm~z!dz1E

EF

EF1eW

~d1!nmdE. ~3!

HereG(z) is the Green function for the system, defined
G(z)(z2H)5(z2H)G(z)51, whereH is the tight-binding
Hamiltonian, andd15(1uC1&d(E2E1)^C1u, whereE1 is
the eigenenergy ofuC1&. All electron operators are ex
pressed as matrices in the tight-binding positional basis
which indicesn andm refer to atomic sitesn andm respec-
tively. The closed contourC cuts the real energy axis atEF
and at a second point well below the lower band edge.

The total force on atomn at positionRn is expressed as

Fn524 (
mÞn

~¹nHmn!Re@rnm~W!#2 (
mÞn

¹nfnm , ~4!

where¹n5]/]Rn , Hnm is the Hamiltonian matrix elemen
between atomsn andm, andfnm is a repulsive pair poten
tial. If Rnm is the distance between atomsn and m, then
fnm5e(af /Rnm)p and Hnm52(ec/2)(af /Rnm)q, whereaf
is the fcc lattice parameter.fnm andHnm are truncated jus
beyond the second nearest-neighbor distance in fcc.
model is fitted to the lattice parameter, bulk modulus a
cohesive energy of bulk Cu. We choose a band filling
0.24304 electrons per atom, excluding spin degener
and setaf53.61 Å, p59, q53, e50.012611 eV, andc
5112.35. The details of the fitting procedure and of the c
culation ofG(z) andd1 are given elsewhere.32

The current-induced force on atomn and the local elec-
tron bond current from atomm into atomn are then given,
respectively, by

DFn524 (
mÞn

~¹nHmn!Re@Drnm# ~5!

and

I nm52
4e

\
Hmn Im@Drnm#, ~6!
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whereDrnm5rnm(W)2rnm(0).32

Importantly, while the bond current depends on the ima
nary part of Drnm , which arises only from the partially
populated electron states with energies betweenEF and EF

1eW, the current-induced force depends on the real par
Drnm , which contains contributions fromall occupied
states, not merely the states nearEF . For this reason a fully
self-consistent density matrix in the presence of the curren
needed to calculate current-induced forces.

For calculating the vacancy migration energy in the pr
ence of a current, the following system was used. The w
was composed of 4~111! planes, containing 31 atoms eac
One atom from near the center of the wire was removed
create a vacancy in such a way that the atomic geome
before and after migration in the@111# direction were
equivalent by symmetry. Then the atoms in the wire we
allowed to relax to establish the starting geometry for
simulation.

Migration of the vacancy was accomplished by choos
one of its neighboring atoms and moving it into the vacan
in a stepwise fashion. All other atoms in the wire were
laxed at each step until the forces on each was less than 125

eV/Å . The migrating atom was relaxed to the same precis
in the plane perpendicular to the diffusion direction. Th
ensured that the migration was carried out along the low
energy path. The residual force on the chosen atom was
calculated at each step and integrated along the entire pa
determine the energy barrier for migration.

Using our potential for Cu,32 Q for vacancy migration in
the forward@111# direction was found to beQf50.641 eV,
and Qb50.646 eV for migration in the opposite direction
For migration within the~111! plane,Q was given byQp

50.600 eV. The experimental value for the migration ene
of a vacancy in Cu is 0.76 eV.33 The small difference be-
tweenQf and Qb arises from the accumulation of errors
the residual force on the migrating atom, stemming fro
small but finite errors in the relaxed positions of other atom
Qp differs from Qf and Qb because the wire has a finit
width. But here we are concerned only with the change
the barrier height due to the current. The errors we h
identified cancel when the current-induced changes in
barrier heights along different migration directions are cal
lated. This has been confirmed by repeating the calculat
for a smaller system, where the current-induced chang
the barrier height remained the same fraction of the to
barrier height.

With the application of a bias of 0.2 V, a total current
2.131024 A was produced. Assigning to each atom in t
cross-section of the wire the area per atom in the perfect
~111! plane gives a corresponding current density of 1
31010 A cm22. The change inQ for vacancy migration
along the direction of the electron current,DEf , was
10.0079 eV or11.23% ofQf , while for migration in the
opposite direction, the change inQ, DEb , was20.0085 eV
or 21.32% of Qb . As one might expect, the barrier fo
migration perpendicular to the current was little affected
the current, with a change in barrier height,DEp , of only
10.18% ofQp . These results indicate a vacancy drift in th
direction opposite the electron current, which agrees w
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experimental observations.34 It is this bias in the barrier
heights that causes a net drift of the vacancies within
metal.

A point of interest that should be mentioned here is t
DEf and DEb are not equal in magnitude, not even as
fraction of their respective values ofQ. One would expectFe
to be the same at each point along the migration path in
@111# direction whether traveling forward or backward, a
indeed that is the case. However, before any migration ta
place, the atoms within our wire undergo an additional rel
ation due to the current, changing the initial state of
system. Therefore,DEf and DEb differ because they are
measured relative to the zero-current state, and not the a
tionally relaxed current-carrying state.

The current density in our calculations exceeds that
typical EM experiments by more than four orders of mag
tude. We have confirmed that at a bias of 0.2 V the relati
ship between the current-induced forces and the curren
linear by observing that~i! the forces are halved when th
bias is reduced to 0.1 V and~ii ! the I -V relation is linear. For
typical experimental current densities of 106 A cm22, the
current-induced changes in barrier heights take on value
order DE51026 eV. However, these values forDE are
about five orders of magnitude smaller than the discrepan
in the various experimental values of the EM activation e
ergy QEM , which can differ by as much as several tenths
an eV in different experiments.5 Therefore, it is essentially
the intrinsic, zero-current migration energies of the vacanc
in various microstructural environments that are measure
experiment.

Once DE has been calculated, a vacancy drift veloc
vD , can be obtained by adding up the migration rates in e
direction. Assuming only nearest-neighbor hoppingvD
becomes35

vD5(
i 51

12

r in exp@2~Q1DEi !/kT#, ~7!

where i labels the hopping direction,r i is the change in the
position of the vacancy for the respective hop,n is the at-
tempt frequency for the hop, andDEi is the current-induced
change in barrier height for the hop. PuttingQ5(Qf
1Qb)/2, setting35 n52.131012 s21 and using the perfec
fcc lattice parameter for Cu of 3.61 Å , at 1000 K and at a
current density of 1.23106 A cm22, we find a vacancy drift
velocity of 14.4 mm s21 against the electron current. Rela
ing this to an edge displacement as measured in experim
is difficult, but with the assumption of noninteracting vaca
cies in an otherwise perfect crystal, the edge displaceme
CvD , whereC is the fractional vacancy concentration. A
suming a thermal equilibrium vacancy concentration an
vacancy formation energy of 1.31 eV~Ref. 33! gives an edge
displacement of 0.32mm day21, which agrees reasonabl
with experimental values.34

It is common to use a Nernst-Einstein type relations
for vD in which vD is expressed as a mobility times a drivin
force,vD5mFe . Expanding Eq.~7! to first order inDEi , the
mobility can be written asm5(a2n/kT)exp(2Q/kT),36 and
the effective driving force for electromigration as
e

t

e

es
-

e

di-

n
-
-
is

of

es
-
f

s
in

h

nt
-
is

a

p

Fe5
DET

d
d̂, ~8!

whereDET5DEf2DEb , d is the~111! interplanar distance
and d̂ is the unit vector in the negative@111# direction.

In order to predict the electromigration of a given defe
one must know the intrinsic, zero-current energy barrier
migrationQ for that defect. Furthermore, one would like
be able to express the EM driving forceFe on the defect in
terms of a suitably defined intrinsic property of the defe
Towards this goal we introduce a quantity, which we call t
EM susceptibilityr* that relates the EM driving force to th
current density in the specimen. We consider a macrosc
wire carrying an average electron current densityj and define
r* by

Fe5
DET

d
d̂5r* j . ~9!

Recalling the definition ofZ* in Eq. ~2!, we see thatr* is
related toZ* by r* 52reZ* , wherer is the bulk resistivity
of the wire. In spirit,r* is analogous to the constantK used
by Dekker et al.,37,28,29 but it differs from K in that K is
related to the electron-wind force, whereasr* is related to
the total force.

There are two important points aboutr* . The first is that
Fe is related not to the externally applied field, but to t
current density within the wire. The second is that the qu
tity r* should be an intrinsic characteristic of the defect a
its immediate surroundings, and nearly independent of
other defects that may be present.

This may be understood in the following way. The se
consistent potential and density matrix in the neighborho
of a defect immersed in a given current density are de
mined by the electron scattering caused by that defect.
self-consistent density matrix determines the current-indu
forces on atoms in the vicinity of the defect, via Eq.~5!.
Therefore, once we know the local current density in whic
defect is immersed, the current-induced forces in the vicin
of the defect are also known. In the limit of small conce
trations of defects the local current density in which a def
is immersed will be virtually the same as the experimenta
measured average current densityj . Then,r* —the constant
of proportionality between the EM force on a defect and
electron current density in the specimen—should be an
trinsic property of the defect and its immediate surroundin
For a vacancy in Cu we findr* 526.631025 eV cm A21.
This agrees within an order of magnitude with the value oK
for Cu in Ref. 28 although a quantitative comparison is d
ficult because of the difference in the definition ofK andr* ,
and in the method of their calculation.

In summary, we have calculated the current-induc
forces on atoms around a vacancy in a Cu wire using
self-consistent, current-carrying density matrix. By integr
ing these forces we have calculated the changes in the
vation energy for migration of a vacancy in a Cu wire due
an electric current. We have shown that for current densi
typical of electromigration experiments, the current-induc
changes in the activation energy for migration are 5 order
magnitude smaller than the activation energy in the abse
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of a current. Therefore the measured activation energies
electromigration are experimentally indistinguishable fro
the activation energies for defect migration in the absenc
a current. Finally, we have proposed that the constan
proportionality,r* , between the EM driving forceFe and the
current density should be an intrinsic property of a giv
defect and its immediate surroundings.
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