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Exact-exchange-based quasiparticle calculations
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1Department of Physics, Ohio State University, Columbus, Ohio 43210
2Department of Physics, University of Illinois at Urbana-Champaign, Illinois 61801

3Lehrstuhl für Theoretische Chemie, Technische Universita¨t München, D-85748 Garching, Germany
~Received 15 September 1999; revised manuscript received 1 February 2000!

One-particle wave functions and energies from Kohn-Sham calculations with the exact local Kohn-Sham
exchange and the local density approximation~LDA ! correlation potential@EXX~c!# are used as input for
quasiparticle calculations in theGW approximation~GWA! for eight semiconductors. Quasiparticle correc-
tions to EXX~c! band gaps are small when EXX~c! band gaps are close to experiment. In the case of diamond,
quasiparticle calculations are essential to remedy a 0.7 eV underestimate of the experimental band gap within
EXX~c!. The accuracy of EXX~c!-based GWA calculations for the determination of band gaps is as good as the
accuracy of LDA-based GWA calculations. For the lowest valence band width a qualitatively different behav-
ior is observed for medium- and wide-gap materials. The valence band width of medium-~wide-! gap materials
is reduced~increased! in EXX~c! compared to the LDA. Quasiparticle corrections lead to a further reduction
~increase!. As a consequence, EXX~c!-based quasiparticle calculations give valence band widths that are
generally 1–2 eV smaller~larger! than experiment for medium-~wide-! gap materials.
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I. INTRODUCTION

The description of excited states in solids is a challeng
and important problem in condensed matter physics s
excited states are needed to determine transport and op
properties of materials. Until the mid-1980s, a commo
used way to determine, for example, band structures of
terials was based on density functional theory in the Ko
Sham formulation using the local density approximati
~LDA !.1,2 This approach maps the many-body problem o
a system of noninteracting, fictitious Kohn-Sham particl
Within the original formulation of Kohn-Sham theory, th
eigenvalues of the single-particle Kohn-Sham equations
pure auxiliary quantities without physical meaning. Only t
energy of the highest occupied Kohn-Sham orbital can
rigorously related to the ionization energy of electronic s
tems. Recent work provides evidence that Kohn-Sham eig
value differences are well-defined approximations to exc
tion energies.3,4 Indeed, Kohn-Sham band structures comp
rather well with experiment. The most notable exception
the band gap of insulators, which is generally 0.5–2.0
smaller than experimental values.

The discrepancy between experimental and Kohn-Sh
energy gaps has stimulated significant theoretical work. P
dew and Levy5 and Sham and Schlu¨ter6 pointed out that the
discontinuity in the exchange-correlation potentialDxc upon
addition of one electron to an insulator with completely fill
valence bands accounts for the discrepancy between
single-particle Kohn-Sham band gap«gap

KS and experiment,

Egap5«gap
KS 1Dxc5«gap

LDA1D«gap
LDA1Dxc . ~1!

While the sum of the errorD«gap
LDA of the LDA band gap

«gap
LDA and the discontinuityDxc is large, there is a contro

versy about the magnitude of the individual termsD«gap
LDA

and Dxc . According to the work of Godby, Schlu¨ter, and
Sham7 Dxc is large in semiconductors. In model systems,
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the other hand,Dxc is reported to be large in some cas
while it is determined to be small for others.

Very recently, new density functional methods have be
presented in the literature whose energy gaps generally a
much better with experiment than those of the LDA~for a
review see, for instance, Ref. 10!. In one such approach
which has been studied in much detail for semiconducto
all exchange-related quantities are computed exactly.11–13

This ‘‘EXX method’’ allows the determination of the exac
local Kohn-Sham exchange potential and generalizes the
timized effective potential method14—commonly used for
atoms—to solids. In particular, self-interaction errors due
incomplete cancellation of the self-Hartree and the s
exchange potentials are completely eliminated in exa
exchange density functional theory. Combination of ex
Kohn-Sham exchange with LDA or generalized gradient
proximations~GGA! for correlation leads for standard sem
conductors to energy gaps and structural properties that a
well with experiment.

An alternative way to describe the excited states of ma
rials is provided by computational many-body theory usi
the dynamically screened orGW approximation~GWA!. In
the GWA, the electronic self-energy, which describes
change and correlation beyond the Hartree approximation
expressed as the product of a single-particle propagatoG
and a screened interactionW ~for recent reviews of the
GWA, see Refs. 10 and 15!. In principle, the GWA requires
the self-consistent solution of a set of four coupled integ
equations as will be discussed in more detail below. GW
calculations that are~i! non-self-consistent,~ii ! use LDA en-
ergies and wave functions as input, and~iii ! neglect the
imaginary part of the self-energy describe the experime
electronic structure ofsp bonded semiconductors and ins
lators generally to within 0.1–0.5 eV.10

In this work we use orbitals and eigenvalues from a se
consistent calculation with the exact local KS exchange
tential and the LDA correlation potential as input for th
7121 ©2000 The American Physical Society
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7122 PRB 62AULBUR, STÄDELE, AND GÖRLING
GWA calculations. This approach is evaluated here for ei
semiconductors~Si, Ge, C, SiC, GaAs, AlAs, GaN, an
AlN !. An application of the method ford and f electrons is
left for a future study.

II. METHODOLOGY

This section summarizes important equations for both
EXX method and the GWA approach. For further details
refer the reader to Refs. 11~exact exchange! and 10~GWA!.

A. Exact-exchange density functional theory

In the Kohn-Sham formalism of density functional theo
a set of single-particle Kohn-Sham equations16 is solved,

S 2
¹2

2
1VKS~@r#;r ! DFnk~r !5«nkFnk~r !, ~2!

where n is a band index,k is a wave vector in the firs
Brillouin zone, andFnk and«nk are the wave function and
the eigenvalue of the ficticious Kohn-Sham particle. T
o

,
il-

na
or

a-
da
e

ni
e

t

e
e

e

Kohn-Sham potentialVKS is the sum of the external~ionic!
potentialVext , the Hartree potentialVH , the exchange po-
tential VX , and the correlation potentialVC :

VKS~@r#;r !5Vext~r !1VH~@r#;r !1VX~@r#;r !1VC~@r#;r !.
~3!

All potentials are functionals of the ground state dens
r(r ),

r~r !52(
vk

uFvk~r !u2. ~4!

The factor 2 accounts for spin degeneracy and the sum
over all occupied states in the first Brillouin zone. Since,
KS potential is a functional of the density functional of th
density, Eqs.~2! and~4! have to be solved self-consistentl

Exact-exchange density functional calculations determ
the exchange energy according to its definition as
EX@r#52
1

2 (
v,v8

(
k,k8

E E Fvk* ~r !Fvk~r 8!Fv8k8~r 8!Fv8k8
* ~r !

ur2r 8u
drdr 8. ~5!
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The Fvk are occupied Kohn-Sham orbitals~i.e., in pseudo-
potential schemes the valence Kohn-Sham orbitals!.17 The
exact local Kohn-Sham exchange potential is defined as

VX~@r#;r !5
dEX@r#

dr~r !
U

r(r )5r0(r )

~6!

with r0(r ) being the ground state electron density. Usage
the chain rule for functional derivatives leads to

VX~@r#;r !5
dEX@r#

dr~r !

5(
v,k

E E S dEX@r#

dFvk~r 8!

dFvk~r 8!

dVKS~r 9!
1c.c.D

3
dVKS~r 9!

dr~r !
dr 8dr 9. ~7!

In the above equation, one determinesdEX /dFnk from Eq.
~5!, dFvk /dVKS is given by first-order perturbation theory
anddVKS /dr is the inverse independent-particle polarizab
ity @see Eq.~16!; G50 terms are excluded in the inversion#.
In most applications of exact-exchange density functio
theory, correlation is included on the level of the LDA
GGA.

Exact-exchange plus LDA or GGA correlation calcul
tions have a number of advantages compared to stan
LDA calculations. The theory is largely self-interaction-fre
which may lead to a better description of localized electro
states than in the LDA.18 In addition, the exact-exchang
potential decays correctly as21/r for finite systems at large
f

l

rd

c

distancesr rather than exponentially as is the case in t
LDA. The ionization energy of finite systems and the d
scription of atomic Rydberg spectra are thus greatly i
proved in EXX~c! compared to the LDA. Significant im
provements in the description of, for instance, metal surfa
are likely, although explicit calculations have not been c
ried out yet.

B. Quasiparticle calculations

A successful approximation for the determination of e
cited states is based on the quasiparticle concept and
Green function method. The behavior of the quasiparti
wave functionCnk and energy«nk is governed by

S 2
1

2
¹21VH1VextDCnk~r !1E S~r ,r 8;Enk!Cnk~r 8!dr 8

5EnkCnk~r !. ~8!

Here Cnk and Enk are the quasiparticle wave function an
energy, respectively.

The central object of the Green function method is t
quasiparticle self-energyS, a non-Hermitian, energy
dependent, nonlocal operator that describes exchange
correlation effects beyond the Hartree approximation. A
termination of the self-energy can only be approximate an
working scheme for the quantitative calculation of excitati
energies in metals, semiconductors, and insulators is the
called dynamically screened or GW approximation.

In principle, the GWA requires a self-consistent soluti
of a set of coupled integral equations that link the self-ene
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PRB 62 7123EXACT-EXCHANGE-BASED QUASIPARTICLE CALCULATIONS
S, the Green functionG, the irreducible polarizabilityP, the
screened interactionW, and the bare Coulomb interactionv:

S~1,2!5 iG~1,2!W~11,2!, ~9!

W~1,2!5v~1,2!1E W~1,3!P~3,4!v~4,2!d~3,4!, ~10!

P~1,2!52 iG~1,2!G~2,1!. ~11!

Here 15(r ,s,t), 115(r ,s,t1d), d.0 and infinitesimal,
is a combined space, spin, and time vector. We neglect
explicit spin dependence in what follows. The above se
simplified Hedin equations19,20is closed by Dyson’s equatio
(E 5 energy!,

G~r ,r 8;E!5G0~r ,r 8;E!1E E G0~r ,r 1;E!

3S~r 1,r 2;E!G~r 2,r 8;E!dr 1dr 2, ~12!

in which G0 is the independent-particle propagator. The se
consistency cycle is schematically shown in Fig. 1.

In practice, the self-energyS is often evaluated non-self
consistently using the independent-particle Green func
G0,

G0~r ,r 8;E!5(
n,k

Fnk~r !Fnk* ~r 8!

E2«n,k
, ~13!

in Eq. ~9!. HereG0 can be, for example, the LDA, Hartree
Fock, or as in the present case, the EXX~c! independent-
particle propagator. The screened interactionW in Eq. ~9! is
determined in the random-phase approximation~RPA!, that
is,

WGG8~q;v!5
4p

uq1Gu2
~«GG8

RPA
!21~q;v!, ~14!
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wherev is the frequency of the screened interaction,q is a
vector in the first Brillouin zone, andG andG8 are recipro-
cal lattice vectors. The frequency dependence of the R
dielectric matrix«GG8

RPA(q,v) is in this work approximated by
a plasmon pole model21 and itsv50 value determined using
the independent-particle polarizabilityPGG8

0 (q) via

«GG8
RPA

~q;v!5dGG82
4p

uq1Gu2
PGG8

0
~q;v!. ~15!

The latter is given by the Adler-Wiser formalism22–24

PGG8
0

~q!5
4

V (
v,c

(
k

BZ MG
vc~k,q!@MG8

vc
~k,q!#*

«v,k2q2«c,k
, ~16!

whereV is the crystal volume, the sums are over valencev)
or conduction~c! bands or over the first Brillouin zone, an
«v,k2q and «ck are as in Eq.~13!. The matrix elements
MG

vc(k,q) are defined as

MG
vc~k,q!5E Fv,k2q* ~r !e2 i (q1G)•rFck~r !dr . ~17!

With vp(q) as plasmon eigenvalues andQpq(G) as suitably
scaled coefficients of the plasmon eigenfunctions10 the ex-
change (SX) and energy-dependent correlation@SC(E)#
parts of the self-energy can be determined as16 @^r um,k&
[Fmk(r )#

^m,kuSXu l ,k&52
4p

V (
v

occ

(
q

BZ

(
G

MG
v l~k,q!@MG

vm~k,q!#*

uq1Gu2
,

~18!
^m,kuSC~E!u l ,k&5
1

V (
q

BZ

(
n

occ1unocc

(
p

PPM bp
nm~k,q!@bp

nl~k,q!#*

E2«nk2q1vp~q!sgn~m2«nk2q!
, ~19!
the
ar-
nd

di-
off

ap-

00
where the matrix elements are defined as

bp
nm~k,q!5(

G
@MG

nm~k,q!#* Qpq~G!. ~20!

C. Technical details

All calculations were carried out at the experimental l
tice constants. The LDA and LDA-based GWA calculatio
use LDA Troullier-Martins pseudopotentials25 in the
Kleinman-Bylander form;26 the EXX~c! and EXX~c!-based
GWA calculations use semilocal EXX~c! Troullier-Martins
pseudopotentials. We have checked that the use of diffe
pseudopotentials does not significantly affect our result27

Nonlinear core corrections28 were not used. The LDA corre
-

nt

lation potentials use the Perdew-Zunger parametrization29 of
the Ceperley-Alder quantum Monte Carlo data.30

All numerical cutoffs are identical in the LDA and
EXX~c! calculations. We use 10 specialk points31 to deter-
mine the ground state density, the dielectric matrix, and
self-energy corrections. We use an energy cutoff of 12.5 h
tree for Si, Ge, GaAs, and AlAs; 22.5 hartree for GaN a
AlN; 25 hartree for SiC; and 32.5 hartree for diamond.32 We
keep 196 conduction bands in the determination of the
electric matrix for all materials and a reciprocal space cut
of 3.6 a.u.~Si, Ge, GaAs, AlAs!; 5.0 a.u.~GaN, AlN, SiC!;
or 6.0 a.u.~diamond!.

The energy dependence of the dielectric matrix is
proximated by the Engel-Farid plasmon pole model.21 The
number of bands retained in the sum overn in Eq. ~19! is
restricted to 200 for all materials except Si, for which 1
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7124 PRB 62AULBUR, STÄDELE, AND GÖRLING
bands are more than adequate for good convergence.10 The
reciprocal space cutoff used for the determination of the m
trix elements in Eq.~20! is 3.4 a.u.~Si, Ge, GaAs, AlAs! or
4.5 a.u.~C, SiC, GaN, AlN!. The number of plasmon pol
bands summed over is 60 for Si, 100 for Ge, GaAs, a
AlAs, and 120 for C, SiC, GaN, and AlN. Self-energy co
rections are determined in first-order perturbation the
without updating the energies in the Green function.

III. RESULTS

A. Densities and potentials

Figures 2 and 3 show~i! the valence electron densities
an exact-exchange calculation with LDA correlation and
an LDA calculation ~upper panel!, and ~ii ! the exact ex-
change, the LDA exchange, and the LDA correlation pot
tials along thê 111& direction in representative homopola
~Si and C, Fig. 2! and heteropolar~GaAs and GaN, Fig. 3!
semiconductors. All potentials are evaluated at the EXX~c!
density. Using LDA densities to evaluate the LDA exchan
and correlation potentials does not significantly modify t
shape of the potentials. Only minor quantitative chang
(,10% of total potential variation! can be observed. In eac
case, we have chosen a medium-gap material~Si and GaAs!
and a wide-gap material~C and GaN!. The LDA correlation
potential—used in both the LDA and the EXX~c!
calculations—is smaller by a factor of about 10 than
exchange potentials and featureless on the scale of the p

The upper panels of Figs. 2 and 3 show that EXX~c!
calculations concentrate more density in the bonding reg
than the LDA calculations. To understand this trend,
lower panels compare the exact-exchange and LDA
change potentials. While the qualitative features of both
tentials are similar, the exact-exchange potential is deepe
the bonding and shallower in the antibonding region than
LDA exchange potential. This behavior of the exa
exchange versus the LDA exchange potential is to be
pected since~i! EXX~c! eliminates most of the self
interaction errors inherent to the LDA and thus allows
larger electron density in the bonds,~ii ! self-interaction er-
rors are larger for occupied than unoccupied states, and~iii !

FIG. 1. Schematic representation of the self-consistent dete
nation of the self-energy in the GWA. Entries in boxes symbol
the mathematical relations that linkS, G, G, P, andW. P, W, andS
are constructed, for example, starting from a LDA, Hartree-Fock
EXX~c! independent-particle propagator. Subsequently,S updates
the quasiparticle wave functions and energies and a new G
function G is determined. This process is repeated until se
consistency is reached. Most practical applications either determ
only the quasiparticle energies self-consistently or do not upd
quasiparticle energies and wave functions at all.
-
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e
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e
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self-interaction errors generally lead to LDA states that
underbound~several eV in the case ofd and f electrons!.
Note that Hartree-Fock theory, which is self-interaction-fr
for occupied states, also leads to a stronger density loca
tion compared to the LDA.11,33

Comparison of the exact-exchange and LDA exchan
potentials in the lower panels of Figs. 2 and 3 suggests t
in a crude approximation, the potentials differ by two diffe
ent constants attributed to two regions of space. In the bo
ing region—where the valence electrons are concentrate
the difference between the exact-exchange potential and
LDA exchange potential isnegative. In the interstitial
region—where the conduction electrons are concentrate
the difference ispositive. Hence, one would expect that th
bonding~occupied! and antibonding~unoccupied! LDA and
EXX~c! wave functions that are located predominantly
one or the other region of space would be similar, i.e., h
overlaps close to unity. Determination of the overlap integ
z^Fnk

EXX(c)uFnk
LDA& z for the 10 lowest states at theG, X, andL

points in Si, C, GaAs, and GaN gives values that range
tween 0.9985 and 0.9999 for Si, 0.9987 and 0.9999 for d
mond, 0.9808 and 0.9998 for GaAs, and 0.9973 and 0.9

i-

r

en
-
ne
te

FIG. 2. EXX~c! ~solid lines! and LDA ~dashed lines! valence
densities~upper panel! and exchange potentials~lower panel! for Si
and C along thê 111& direction. In lower panel dot-dashed lin
shows LDA correlation potential. Solid circles symbolize the po
tions of the Si and C atoms, respectively. The unit cell average
the exchange potentials is zero. EXX~c! eliminates self-interaction
errors in regions of localized density such as the bonding reg
This leads to a deeper potential in bonding regions where vale
electrons are concentrated and opens up the EXX~c! band gap com-
pared to the LDA.
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TABLE I. Comparison of Si LDA, LDA-based GWA~LDA1GWA!, EXX~c!, EXX~c!-based GWA
~EXX1GWA!, and experimental~italic! energies at theG, X, and L points. For ease of comparison, a
valence band tops are set to zero. The calculations use pseudopotentials and plane waves, a plas
model, and determine self-energy shifts in first-order perturbation theory. All energies are given in e

Method G1v G25v8 G15c G2c8

Expt. 212.5(6), a–12.4~6! b 0.00 3.34–3.36, c 4.15(5), e4.1,d

211.4,p 211.2q 3.05d 4.21(2)f

LDA 211.96 0.00 2.56 3.18
LDA 1 GWA 211.90 0.00 3.25 3.86
EXX 211.58 0.00 3.27 4.45
EXX 1 GWA 210.88 0.00 3.53 4.65

X1v X4v X1c X4c

Expt. 22.9,e22.5(3),a 1.13,g1.25d

23.3(2)i

LDA 27.82 22.87 0.66 9.99
LDA 1 GWA 27.90 22.96 1.31 10.72
EXX 27.47 22.61 1.51 11.14
EXX 1 GWA 27.29 22.84 1.44 11.73

L2v8 L1v L3v8 L1c L3c L2c8

Expt. 29.3(4)a 26.8(2),a 21.2(2),e 2.06(3),h 3.9(1),e

26.4(4)b 21.5j 2.40(15)k 4.15(10)k

LDA 29.62 27.00 21.21 1.46 3.36 7.55
LDA 1 GWA 29.65 27.13 21.25 2.13 4.13 8.23
EXX 29.29 26.56 21.08 2.36 3.99 8.91
EXX 1 GWA 28.86 26.62 21.19 2.48 4.31 8.59

aReference 34. jReference 50.
bReference 35. kReference 51.
cReference 43. lReference 52.
dReference 44. mReference 53; gap atX.
eReference 45. nEstimated from Fig. 1 of Ref. 54.
fReference 46. oEstimated from Fig. 1 of Ref. 55.
gReference 47. pReference 36.
hReference 48. qReference 37.
iReference 49.
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for GaN. The corresponding shifts of the EXX~c! eigenval-
ues lead to EXX~c! band gaps that are larger than their LD
counterparts. The band gap increase is discussed in deta
instance, in Ref. 11 and can also be inferred from Tab
I–IX and Fig. 4.

B. Electronic structure

Table IX and Fig. 4 show that EXX~c!-based GWA cal-
culations yield fundamental band gaps that are in very g
agreement with experiment for all semiconductors stud
here. While quasiparticle corrections for semiconduct
whose EXX~c! band gap is already close to experiment a
small, the quasiparticle correction is significant~0.8 eV! for
diamond and necessary to obtain good agreement betw
theory and experiment. The accuracy of LDA-based qu
particle calculations is comparable to the accuracy
EXX~c!-based quasiparticle calculations. This suggests
EXX~c!-based GWA calculations are an alternative to LD
based GWA calculations which have the advantage of s
for
s

d
d
s
e

en
i-
f
at

rt-

ing from physically more meaningful KS band structure
Note that the eight semiconductors chosen represent sys
in which the LDA-based GWA approach works well and a
therefore a challenging test for EXX~c!-based GWA calcula-
tions.

1. Medium-gap semiconductors

This subsection compares LDA, LDA-based GW
EXX~c!, and EXX~c!-based GWA results for the band stru
tures of Si, Ge, GaAs, and AlAs with experiment. Amon
these four elements Si is special in the sense that c
relaxation and scalar- and fully relativistic effects decrea
the LDA band gap by only 0.1 eV compared to a total r
duction of about 1 eV in Ge and 0.9 eV in GaAs.10 This
indicates that the physics of the Si band structure is not c
plicated by relaxation and relativistic effects, which mea
that Si is a simple test case for theoretical calculations.
the same reason, performance assessment of a new tech
cannot be limited to a calculation of Si alone.
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TABLE II. Ge energies at high-symmetry points. Notation is the same as in Table I. All energies
eV.

Method G1v G25v8 G2c8 G15c

Expt.a 212.6,212.9(2)b 0.00 0.90,0.89c 3.25(1),3.006,c

3.206c

LDA 212.74 0.00 20.05 2.59
LDA 1 GWA 212.59 0.00 0.48 3.10
EXX 212.46 0.00 1.25 3.01
EXX 1 GWA 211.51 0.00 1.51 3.59

X1v X4v X1c X3c

Expt.a 29.3(2)b 23.15(20) 1.3(2)
23.5(2)b

LDA 28.88 23.02 0.70 9.50
LDA 1 GWA 28.87 23.08 1.15 10.04
EXX 28.56 22.99 1.34 10.41
EXX 1 GWA 28.12 23.08 1.30 11.19

L2v8 L1v L3v8 L1c L3c L2c8

Expt.a 210.6(5) 27.7(2) 21.4(3) 0.744 4.3(2),4.2(1)d 7.8(6),7.9(1)d

LDA 210.67 27.57 21.37 0.12 3.77 7.07
LDA 1 GWA 210.60 27.63 21.39 0.61 4.30 7.56
EXX 210.37 27.29 21.36 0.99 4.22 7.96
EXX 1 GWA 29.67 27.09 21.41 1.12 4.57 7.79

aReference 56 unless otherwise noted.
bReference 49.
cReference 57.
dReference 51.
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Results for Si.As shown in Table I, the LDA, LDA-based
GWA, EXX~c!, and EXX~c!-based GWA Si valence ban
structures all fall within the range of observed experimen
values. This agreement results from the large experime
uncertainties. Take theG1v state as an example. Early expe
ments determine its location at212.560.6 eV~Ref. 34! and
212.460.6 eV ~Ref. 35!, whereas more recent work finds
value of 211.4 eV ~Ref. 36! and 211.2 eV ~Ref. 37!. The
range of possible experimental values is about 2 eV or 1
20 % of the valence band width atG. Note that the accuracy
of the commonly quoted experimental value of 12.560.6 eV
has been questioned recently.38,39

Comparison of the LDA and EXX~c! valence band ener
gies shows that EXX~c! valence band widths are 0.1–0.4 e
smaller than their LDA counterparts. The addition of d
namical, nonlocal, and local field effects in the form
EXX~c!-based GWA calculations further decreases the
lence band width by 0.2 to 0.7 eV. In contrast to LDA-bas
GWA calculations, the self-energy corrections to the lowe
lying valence band are substantial.

For the higher-lying,p-derived valence bands, the sign
the quasiparticle correction becomes negative. Ag
EXX~c! p band widths are 0.1–0.4 eV smaller than th
LDA counterparts. But in this case quasiparticle correctio
increase the width of the EXX~c! p bands by about 0.1–0.
eV.

For the Si conduction bands, the quasiparticle correcti
to the EXX~c! band structure are generally a fraction~1/10–
l
tal

–

-
d
t-

,
r
s

s

1/2! of the difference between the EXX~c! and LDA band
structures. In contrast to LDA-based GWA calculation
EXX~c!-based GWA calculations give quasiparticle corre
tions that can be positive or negative. Also, these quasi
ticle corrections show a strong state- and wave-vec
dependent dispersion~for example, the correction forL2c8
equals 20.32 eV and forX4c 0.59 eV! rather than the
‘‘scissors-shift’’ behavior of LDA-based GWA calculations
Note that EXX~c!- and LDA-based quasiparticle calculation
give energies that agree to within 0.1–0.4 eV for all cond
tion states with the exception ofG2c8 ~0.8 eV! and X4c ~1.0
eV!.

Results for Ge, GaAs, and AlAs.Table II shows that in the
case of Ge, discrepancies exist between EXX~c!-based GWA
calculations and experiment. In particular, the lowest vale
band atG, X, and L seems to be about 1 eV too high
energy. Part of this discrepancy may be due to experime
uncertainties as discussed in the case of Si and further
perimental work may be necessary to clarify this point. Als
the lowest conduction band atG ~L! is about 0.6~0.4! eV too
high in energy. This discrepancy results from the neglec
core polarization and relaxation effects in the present wo
Shirley et al.40 showed that these effects shift gaps in Ge
about 0.3 eV for LDA-based GWA calculations. Note th
inclusion of spin-orbit effects in the theoretical data wou
further reduce the calculated band gaps by about 0.1 eV

As in the case of Si, the valence band width is smaller
EXX~c! compared to LDA and the difference is increas
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FIG. 3. Same as in Fig. 2 but for the heteropolar semiconduc
GaAs~medium gap! and GaN~wide gap!. The filled circle symbol-
izes the cation~Ga!, the filled diamond the anion~As or N!.
still more by quasiparticle corrections. Exactly the same
servation holds for the GaAs and AlAs valence bands. Al
the conduction band quasiparticle corrections are qua
tively similar in Si, Ge, GaAs, and AlAs. We will therefor
not discuss GaAs and AlAs in detail and limit ourselves
summarizing the results in Tables III and IV. To compare t
GaAs and AlAs EXX~c!-based GWA calculations with ex
periment, note that core polarization and relaxation effect
omitted in the present study—affect low-lying conductio
bands in GaAs~AlAs! by about 0.4~0.2! eV ~see Ref. 40!.

The fact that the valence band width is smaller in EXX~c!
than in LDA calculations is surprising at first sight. For e
ample, in GaAs one would expect that the valence ba
minimum—which is predominantly cations-like and more
localized than thep-like valence band maximum—would b
lowered with respect to the valence band maximum due
the elimination of self-interaction in EXX~c! compared to
LDA.29 This offset would produce a larger rather than
smaller bandwidth. However, the dominant factor seems
be a stronger electronic density localization in EXX~c! com-
pared to LDA calculations, leading to an overall bandwid
narrowing.

2. Wide-gap semiconductors

The results for the band structures of the wide-gap ma
rials C, SiC, GaN, and AlN are summarized in Tables V–
and Fig. 4. Most of the qualitative points discussed
medium-gap semiconductors also apply for wide-gap se
conductors. The main qualitative difference between
wide-gap and medium-gap materials is the fact that the
lence band width is generally larger in EXX~c! than in the

rs
given
t room
TABLE III. GaAs energies at high-symmetry points. Same notation as in Table I. All energies are
in eV. Spin-orbit splitting is neglected in the experimental data. Most of the experimental data are a
temperature.

Method G1v G15v G1c G15c

Expt.a 213.21 0.00 1.52 4.61
LDA 212.62 0.00 0.47 3.80
LDA 1 GWA 212.46 0.00 1.16 4.47
EXX 212.33 0.00 1.82 4.37
EXX 1 GWA 211.26 0.00 1.90 4.76

X1v X3v X5v X1c X3c X5c

Expt.a 210.86 26.81 22.91 1.90 2.47
LDA 210.29 26.78 22.57 1.42 1.62 10.19
LDA 1 GWA 210.12 26.98 22.68 2.00 2.24 10.93
EXX 210.02 26.29 22.48 2.15 2.31 11.20
EXX 1 GWA 29.17 26.36 22.63 2.06 2.42 11.95

L1v L1v L3v L1c L3c L1c

Expt.a 211.35 26.81 21.41 1.74 5.45b 8.6b

LDA 211.01 26.56 21.09 0.97 4.68 7.74
LDA 1 GWA 210.84 26.74 21.12 1.62 5.38 8.40
EXX 210.72 26.16 21.04 1.94 5.19 8.71
EXX 1 GWA 29.81 26.24 21.11 2.05 5.58 8.61

aReference 58 unless noted otherwise.
bReference 44.
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TABLE IV. AlAs energies at high-symmetry points. Same notation as in Table I. All energies are in

Method G1v G15v G1c G15c

Expt.a 0.00,20.27 3.13
LDA 211.89 0.00 1.87 4.22
LDA 1 GWA 211.51 0.00 2.74 5.06 9.43 10.04
EXX 211.53 0.00 3.20 4.90
EXX 1 GWA 210.47 0.00 3.42 5.39

X1v X3v X5v X1c X3c X5c

Expt.a 22.41 2.23
LDA 29.92 25.45 22.18 1.32 2.17 10.19
LDA 1 GWA 29.67 25.55 22.27 2.16 3.04 10.98
EXX 29.59 25.06 22.02 2.26 2.93 11.38
EXX 1 GWA 28.72 25.30 22.23 2.26 3.23 12.05

L1v L1v L3v L1c L1c L3c

Expt.a EL1c
23.92 2.36b

LDA 210.47 25.60 20.83 2.00 4.62 7.59
LDA 1 GWA 210.19 25.69 20.87 2.84 5.52 8.46
EXX 210.14 25.19 20.76 2.99 5.27 8.82
EXX 1 GWA 29.22 25.46 20.85 3.27 5.75 8.87

aReference 56 unless otherwise noted.
bReference 59.
an
th

ly,
or

al-
bout
LDA for the former. Quasiparticle corrections to the EXX~c!
band structure lower the energy of the lowest valence b
even further. As a consequence, the theoretical bandwid
about 1–2 eV larger than experiment.

Agreement between LDA- and EXX~c!-based GWA cal-
d
is

culations is generally to within 0.1–0.7 eV. Occasional
low- or high-energy states show differences of 1.0 eV
more. Note that differences in various LDA-based GWA c
culations for wide-gap materials can also be as large as a
1 eV.10
s are
TABLE V. Diamond~C! energies at high-symmetry points. Same notation as in Table I. All energie
in eV.

Method G1v G25v8 G15c G2c8

Expt.a 224.261,221(1) 0.00 7.3 15.3(5)c

223.0~2! b

LDA 221.35 0.00 5.58 13.10
LDA 1 GWA 222.88 0.00 7.63 14.54
EXX 221.51 0.00 6.28 13.96
EXX 1 GWA 222.01 0.00 7.74 15.11

X1v X4v X1c X4c

LDA 212.61 26.26 4.63 16.91
LDA 1 GWA 213.80 26.69 6.30 19.50
EXX 212.76 26.17 5.43 18.10
EXX 1 GWA 213.39 26.52 6.21 20.42

L1v L1v L3v L1c L1c L3c

Expt.a 215.2(3)c 212.8(3)c 2061.5
LDA 215.51 213.33 22.78 8.39 8.76 15.67
LDA 1 GWA 216.95 214.27 22.98 10.63 10.23 18.14
EXX 215.81 213.14 22.74 9.17 9.32 17.04
EXX 1 GWA 216.45 213.75 22.91 10.77 10.40 18.41

aReference 56 unless noted otherwise.
bReference 60.
cReference 61.
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TABLE VI. Cubic SiC energies at high-symmetry points. Same notation as in Table I. All energie
given in eV. Experimental energies are deduced from the following transitions of Ref. 58 unless
otherwise:X3c-X1c53.10 eV, L3v-X1c53.55 eV, X5v-X1c56.0 eV, X5v-X3c58.3 eV, L3v-L3c59.7 eV,
L3v-L1c57.5 eV ~from Ref. 62!, G15c 5 7.75 eV, andX1c 5 2.39 eV.

Method G1v G15v G1c G15c

Expt.a 0.00 7.4b 7.75
LDA 215.34 0.00 6.21 7.16
LDA 1 GWA 216.08 0.00 7.19 8.18
EXX 215.23 0.00 7.36 8.11
EXX 1 GWA 215.24 0.00 7.65 8.68

X1v X3v X5v X1c X3c X5c

Expt.a 23.4b 2.39, 2.417 5.2(3)
LDA 210.22 27.82 23.20 1.31 4.16 13.78
LDA 1 GWA 210.96 28.44 23.53 2.19 5.23 15.23
EXX 210.48 27.41 23.02 2.50 5.08 15.35
EXX 1 GWA 210.65 28.01 23.44 2.32 5.46 16.34

L1v L1v L3v L1c L3c L1c

Expt.a 21.15 6.35 8.55
LDA 211.71 28.56 21.06 5.33 7.12 9.90
LDA 1 GWA 212.46 29.19 21.21 6.30 8.25 11.32
EXX 211.85 28.07 21.01 6.30 8.07 11.45
EXX 1 GWA 211.99 28.77 21.17 6.69 8.59 11.97

aReference 58 unless otherwise noted.
bReference 62.
cReference 63.

TABLE VII. GaN energies at high-symmetry points. Same notation as in Table I. All energies are i
Reference 67 givesL3v-L1c57.03 eV but does not determine the position of these levels with respect t
valence band maximum.

Method G1v G15v G1c G15c

Expt. 212.5a 0.0 3.2b,3.3c

LDA 215.5 0.0 2.0 10.5
LDA 1 GWA 216.7 0.0 3.1 12.0
EXX 215.64 0.00 3.49 11.80
EXX 1 GWA 216.05 0.00 3.44 12.45

X1v X3v X5v X1c X3c X5c

Expt. 211.85a 26.1a 22.0a 5.63d

LDA 212.4 26.1 22.4 3.3 6.7 11.9
LDA 1 GWA 213.5 26.8 22.7 4.4 8.1 14.0
EXX 212.92 25.53 22.35 4.95 8.05 13.31
EXX 1 GWA 213.27 26.35 22.71 4.54 8.50 14.68

L1v L1v L3v L1c L1c L3c

LDA 213.2 26.8 20.8 4.8 8.9 10.5
LDA 1 GWA 214.3 27.6 20.9 6.1 10.8 11.9
EXX 213.59 26.23 20.84 6.24 10.52 11.79
EXX 1 GWA 213.97 27.17 20.94 6.48 11.48 12.30

aReference 64.
bReference 65.
cReference 66.
dReference 67.
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IV. CONCLUSION

On the exact-exchange-plus-LDA-correlation lev
Kohn-Sham band structures alone give a good descriptio
the electronic structure of thesp bonded semiconductors S
Ge, GaAs, AlAs, SiC, GaN, and AlN. EXX~c!-based GWA
calculations for these systems lead to little changes in
fundamental band gaps and thus preserve the good a
ment of theoretical and experimental data. The good ag
ment of EXX~c!-based GWA calculations with experime
and with LDA-based GWA calculations shows that EXX~c!
wave functions and energies are good zeroth-order appr
mations for quasiparticle wave functions and energies.

While quasiparticle corrections are small for all materi
with EXX~c! band gaps close to experiment, they are s
stantial ~about 1 eV! for diamond. For diamond, a 0.7 eV
discrepancy between the EXX~c! band gap and experiment
eliminated within EXX~c!-based GWA calculations. Not
also that quasiparticle corrections are expected to be sub
tial and to lead to good agreement with experiment for so

TABLE VIII. AlN energies at high-symmetry points. Same n
tation as in Table I. All energies are in eV. The experimental ga
5.11 eV~Ref. 68!.

Method G1v G15v G1c G15c

LDA 215.1 0.0 4.2 12.3

LDA 1 GWA 217.0 0.0 6.0 14.6

EXX 214.85 0.00 5.66 13.57

EXX 1 GWA 215.32 0.00 5.98 14.63

X1v X3v X5v X1c X1c X3c

LDA 212.3 25.0 21.8 3.2 8.4 14.1

LDA 1 GWA 214.3 25.6 22.1 4.9 10.5 17.3

EXX 212.45 24.46 21.63 5.03 9.69 15.40

EXX 1 GWA 212.83 25.29 22.01 4.89 10.44 17.41

L1v L1v L3v L1c L1c L3c

LDA 212.9 26.0 20.5 7.3 10.0 11.0

LDA 1 GWA 214.9 26.7 20.6 9.3 12.6 13.2

EXX 213.02 25.24 20.46 8.59 11.57 12.30

EXX 1 GWA 213.44 26.29 20.55 9.23 12.71 13.13

TABLE IX. Summary table: calculated and experimental fund
mental band gaps for eight semiconductors and insulators. All
ergies are in eV. For Si, the numbers refer to theG-X gap.

Material LDA LDA 1 GWA EXX EXX 1 GWA Experiment

Ge 20.05 0.48 0.99 1.12 0.74
Si 0.66 1.31 1.51 1.44 1.2
GaAs 0.47 1.16 1.82 1.90 1.52
AlAs 1.32 2.16 2.26 2.26 2.23
SiC 1.31 2.19 2.50 2.32 2.39,2.42
GaN 2.0 3.1 3.49 3.44 3.2,3.3
AlN 3.2 4.9 5.03 4.89 5.11
C 4.17 5.85 4.92 5.76 5.50
,
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hydrogen, Ne, and Ar. These materials are currently be
studied41 and they have EXX~c! band gaps that are smalle
than experiment by a few eV.

The valence band width of medium-gap semiconduct
is generally 1–2 eV too small compared to experiment wh
the corresponding quantity for wide-gap semiconductors
1–2 eV too large. While this discrepancy is in part caused
large experimental uncertainties for low-lying valence stat
it may also be caused by the choice of LDA correlation
the EXX~c! calculations.

Since EXX~c! density functional calculations have on
small self-interaction errors they potentially offer a bet
single-particle basis than the LDA for quasiparticle calcu
tions of d and f electron systems. In particular, an EXX~c!
basis should lead to good agreement between standard,
self-consistent quasiparticle calculations and experiment
the energy eigenvalues of localized and delocalized e
trons. Starting from a LDA basis, two separate calculatio
are required to describe, for instance, the electronic struc
of CdS:42 a non-self-consistent calculation for the band g
and a self-consistent calculation for thed electron level. A
study of d and f electron systems within the EXX~c! and
EXX~C! GWA approach will be the subject of future work
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